Assessment 


Cambridge IGCSE* and O Level 
Additional Mathematics 
Coursebook 

Second edition 


Sue Pemberton 


Sue Pemberton 


Cambridge IGCSE® and O Level 


Additional 
Mathematics 


Coursebook 


This coursebook |s for students and teachers folowing the Cambridge 
IGCSE® and O Level Additional Mathematics syllabuses (0606/4037). 
The book takes a practice-based approach, with explanations of 
mathematical concepts followed by exercises for students to consolidte 
the skills required. 

This second edition has been fully updated to rellect the syllabus, 
requirements for examination trom 2020. 


Features: 


‘+ Recap sections to check prior knowledge 

* Clearly explained concepts with worked examples 

* Group discussion exercises for developing mathematical ideas 
* Additional challenge questions 


uovequieg eng yooqasunoD 
[9A87 © puke .ASOD! eBpuqueo 


Additional Component 


Practice Book 978-1-108-41285-6 
Teacher's Resource 108-43965-7 


> 
a 


2379 Completely Cambridge 

Cambridge University Press works with Cambridge Assessment 
Intemational Education and experienced authors to produce 
high-quality endorsed textbooks and digital resources that support 
Cambridge Teachers and encourage Cambridge Learners worldwide, 
To find out more about Cambridge University Press visit 
cambridge.org/cambridge-international 


sonewouey jeu 


Supports the full Cambridge IGCSE and 
O Level Additional Mathematics syllabuses 
(0606/4037) for examination from 2020 


CAMBRIDGE 
USIVERSITY PRE: 


rigotus quay assuronce process Taleo teet 
Devoloped by subject experts | WT l| 
1108"4 11660" 


For Cambridge schools worldwide 97811 


‘Scanned with CamScanner 


Sue Pemberton 


Cambridge IGCSE® and O Level 


Additional 
Mathematics 


Coursebook 


Second edition 


o CAMBRIDGE 
UNIVERSITY PRESS 


CAMBRIDGE 

UNIVERSITY PRESS 

‘Universcy Printing House, Cambridge CB2 8BS, United Kingslom 

(One Liberty Plaza 20th Floor, New York, NY 10006, USA. 

477 Wiliamsiown Road, Port Melbourne, VIG 3207, Australia 

$14-821, 3rd Floor Plot 3, Splendor Forum, Jasola District Centre, Ney Delhi ~ 1200 


India 
79 Ansovs Road, 06-04/06, Singapore 070906 


Cambridge University Press part ofthe Uni 


sity of Gunbridge: 


Ik farthers the University’ mision by disseminating knowledge in the pursuit of 
‘education, learning and research at the highest international levels of excellence. 


‘worw.cambridge.org, 
Information on this tile: cammbridge.org/9781108411600 
© Cambridge University Prost 2018 


“This publication is in copyright, Subject to statutory exception 
and to the provisions of relevant collective licensing agreements, 
ho reproduction of any part may take place without the written 
permission of Cambridge University Press 


First published 2016 


20 19 18 17 10 45 14 13 12 11 10987654582 
Printed in Malaysia by Vivar Printing 


A catalogue cord for this publication is available from the British Library 


ISBN 9781108411660 Paperback 
ISBN 978] 108411738 Cambridge Elevate Editon 
ISBN 9781108411745 Paperback + Cambridge Elevate Edition 


Cambridge University Press has no responsibility forthe persistence or accuracy 
(OT URLs for external or third-party iaternet websites referred to in this publication, 
‘and does not guarantee that any content on such websites i, or will remain, 
‘accurate or appropriate. Information regarding prices, travel timetables, and other 
factual information given in this wotk i correct atthe time of first printing but 
Cambridge University Press does not guarantee the accuracy of such information 
therealter 


IGCSE® is a registered trademark 

ast exam paper questions throughout are reproduced by permission of Cambridge 
‘Assessment International Education 

Cambrelge Assessment International Education bears no responsibility forthe example 
answer to questions taken from its past question papers which are contained in 

this publication, 

‘All exanstyle questions and sampleanswors in ths ttle were writen by the authors, 

In exaininations, the way marks are awarded may be different. 


Tis illegal to reproduce any part of this work in material form (including 

photocopying ancl elcetrouie storage) except under the following circumstances: 

{i}. where you are abiding by a licence granted ¢o your School or institution by the 
‘Copyright Licensing Agency; 

(Gi) where no such licence exists, or where you wish to exceed the terms ofa licence, 
find you have gained the written permission of Cambridge University Press, 

(ii) where you are allowed to reproduce without permission under the provisions 
‘of Chapter 3 of the Copyright, Designs and Patents Act 1988, which covers, for 
‘example, the reproduction of short passages within certain types of educational 
‘anthology and reproduction for the purposes of setting examination questions. 


‘Scanned with CamScanner 


Contents 


Acknowledgements vi 
Introduction vii 
How to use this book viii 
1 Functions 1 
1.1 Mappings 2 
1.2. Definition of a function 8 
1.3. Composite functions 5 
14 Modulus functions 7 
1.5. Graphs of y= |{(2)] where {(.) is linear 10 
1.6. Inverse functions 12 
1.7 The graph of a function and its inverse 15 
Summary 18 
Examination questions 19 
2. Simultaneous equations and quadratics 23 
2.1 Simultaneous equations (one linear and one non-linear) 25 
2.2 Maximum and minimum values of a quadratic function 28 
2.3. Graphs of y= |f(x)| where f(x) is quadratic 34 
24 Quadratic inequalities 37 
2.5 Roots of quadratic equations 39 
2.6 Intersection ofa line and a curve 42 
Summary 44 
Examination questions 16 

3. Indices and surds 49 | 
3.1 Simplifying expressions involving indices 30 
3.2. Solsing equations involving indices 51 
3.8 Surds 55 
3.4 Multiplication, division and simplification of surds 37 
3.5. Rationalising the denominator of a fraction 60 
3.6 Solving equations involving surds 63 
Summary 67 
Examination questions 67 
4 Factors and polynomials 70 
4.1 Adding, subtracting and multiplying polynomials a 
4,2. Division of polynomials 3 
4.3. The factor theorem 5 
4.4 Cubic expressions and equations 78 
4.5 The remainder theorem 82 
Summary 86 
Examination questions 87 
5. Equations, inequalities and graphs 89 
5.1 Solving equations of the type Jax —b 90 
Solving modulus inequalities 94 
Sketching graphs of cubic polynomials and their moduli 98 


Solving cubic inequalities graphically 102 


5. Solving more complex quadratic equations 103 
Summary 105 
Examination questions 107 

6 Logarithmic and exponential functions dit 

1 Logarithms to base 10 ug 

2 Logarithms to base a 115 
6.3. The laws of logarithms 118 


‘Scanned with CamScanner 


10 


u 


IGCSE and 0 Level Additional M 


6.4. Solving logarithmic equations 

6.5 Solving exponential equations 

6.6 Change of base of logarithms 

6.7 Natural logarithms 

6.8 Practical applications of exponential equations 

69 The graphs of simple logarithmic and exponential functions 

6.10 The graphs of y= he™ +aand y= kin (ax-+ 6) where n, k, a 

and bare integers 

6.11 The inverse of logarithmi 
jummary 

Examination questions 

Straight-line graphs 

7.1” Problems invalving length ofa line andl midpoint 

7.2 Parallel and perpendicular lines 


nd exponential functions 


7.8 Equations of siraight lines 
74 Areas of rectilinear figures 

7.5 Converting from a noninear equation to linear form 
7.6 Converting from linear form to a non-linear equation 
7.7 Finding relationships from data 

Summary 

Examination questions 

Circular measure 


8.1 Circular measure 
8.2 Length ofan are 
8.3 Area of a sector 
Summary 

amination questions 


‘Trigonometry 
9.1 Angles between 0° and 9 
9.2 ‘The general definition of an angle 

9.3 Trigonometric ratios of general angles 

9.44 Graphs of trigonometric functions 

9.5 Graphs of y=|f(x)], where f(a) is a trigonometric function 
9.6 Trigonometric equations 

9.7 Trigonometric identities 

98 Further trigonometric equations 

9.9 Further trigonometric identities 

Summary 

Examination questions 


Permutations and combinations 
10.1 Factorial notation 

10.2 Arrangements 

10.3. Permutations 

10.4 Combinations 
Summary 

Examination questions 


Pascal's triangle 
‘The binomial theorem 

Arithmetic progressions 

Geometric progressions 

Infinite geometric series 

Further arithmetic and geometric series 
‘Summary 

Examination questions 


120 
122 
124 
126 
198 
199 


130 
133 
134 
135 
138 
140 
143 
145, 
148 
151 
155 
159 
165 
165 
170 
171 
174 
177 
180 
181 


186 
187 
190 
192 
195 
205 
209 
a4 
216 
218 
290 
221 
224 
225 
226 
229 
284 
237 
238 
243, 
24d 
249 
252 
257 
262 
267 
270 
271 


‘Scanned with CamScanner 


12 


13 


4 


15 


16 


Differentiation 1 
12.1. ‘The gradient function 

12.2 The chain rule 

12.3. The product rule 

124 The quotient rule 

12.5 Tangents and normals 

12.6 Small increments and approximations 

12.7. Rates of change 

12,8 Second derivatives 

12,9 Stationary points 

12,10 Practical maximum and minimum problems: 
Summary 

Examination questions 

Yeetors 

13.1 Further vector notation 

13.2 Position vectors 

13,3 Vector geometry 

13.4 Constant velocity problems 

Summary 

Examination questions 


Differentiation 2 

14.1 Derivatives of exponential functions 
14.2 Derivatives of logarithmic fimetions 
14,3. Derivatives of trigonometric functions 
14.4 Further applications of differentiation 
Summary 

Examination questions 


Integration 

15.1 Differentiation reversed 

15.2 Indefinite integrals 

15.3 Integration of functions of the form (a+ 8) 
15.4 Integration of exponential functions 

15.5 Integration of sine and cosine functions 


15.6 Integration of functions of the form and 
15.7. Further indefinite integration 

15.8 Definite integration 

15.9 Further definite integration 

15.10 Area under a curve 

15.11 Area of regions hounded bya line and a curve 
Summary 

Examination questions 


il 
axtb 


Kinematics 

16.1 Applications of differentiation in kinematics 
16.2. Applications of integration in kinematics 
Summary 

Examination questions 


Answers 


Index 


274 
275 
280 
282 
285 
987 
291 
294 
298 
300 
305, 
310 
31 


BIS 
317 
319 
323 
327 
331 
335 


336 
337 
341 
345 
850 
356 
357 
361 
362, 
365 
367 
368 
370 
372 
375 
378 
383 
385 
392 
397 
398 
402 
404 
419 
418 
Ag 
422 
454 


‘Scanned with CamScanner 


ambridge jal Mathematic 


Acknowledgements 


Past examination paper questions throughout are reproduced by permission of Cambridge Assessment 
International Education 


‘Thanks to the following for permission to reproduce images: 


Cover artwork: Shestakovych /Shuterstock 
Chapter 1 Fan jianhua/Shutterstock; Chapter 2 zhu difeng/Shutterstock; Chapter 3 LAGUNA 
DESIGN/Getty Images; Chapter 4 Michael Dechev/Shutterstock; Fig. 4.1 Steve Bower/Shutterstock; 
Fig. 4.2 Laboko/ Shutterstock; Fig. 4.5 irin-k/ Shutterstock; Chapter 5 zentilia/Shutterstock; Chapter 
6 Peshkova/Shutterstock; Chapter 7 ittipon/Shutterstock; Chapter 8 Zhu Qiu/EyeEm/Getty Images; 
Chapter 9 paul downing/Getty Images; Fig. 9.1 aarrows/Shutterstock; Chapter 10 Gino Santa Maria/ 
Shutterstock; Fig, 10.1snake8d /Shutterstock; Fig. 10.2 Keith Publicover/Shutterstock; Fig. 10.3 
Aleksandr Kurganov/Shuucrstock; Fig. 10.4 Africa Studio/Shutterstock; Chapter 11 elfinadesign/ 
Shutterstock; Chapter 12 AlenKadr/Shutierstock; Chapter 13 muratart/ Shutterstock; Chapter 14 
Neamov/Shutterstock; Chapter 15 Ahuli Labutin/Shutterstock; Chapter 16 AlexLMX/Getty 


Scanned with CamScanner 


Introduction 


‘This highly illustrated coursebook covers the Cambridge IGCSE® and O Level Additional Mathematics 
syllabuses (0606 and 4037). ‘The course is aimed at students who are currently studying or have 
previously studied Cambridge IGCSE® Mathematics (0580) or Cambrilge O Level Mathematics (4024). 


Where the content in one chapter includes topics that should have already been covered in previous 
studies, a recap section has been provided so that students can build on their prior knowledge. 


‘Class discussion’ sections have been included to provide students with the opportunity to discuss 
and lear new mathematical concepts with their classmates, with their class teacher acting as the 
facilitator. The aim of these class discussion sections is to improve the student's reasoning and oral 
communication skills, 


‘Challenge’ questions have been included at the end of most exercises to challenge and stretch high- 
ability students. 


Towards the end of each chapter, there is a summary of the key concepts to help students consolidate 
what they have just learnt. This is followed by a ‘Past paper’ questions section, which contains real 
questions taken from past examination papers. 


A Practice Book is also available in the Cambridge IGCSE® Additional Mathematics series, which offers 
students further targeted practice, This book closely follows the chapters and topics of the coursebook 
offering additional exercises to help students to consolidate concepts learnt and to assess their leaming 
after each chapter. A ‘Teacher's Resource, to offer support and advice, is also available. 
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How to use this book 


Chapter - 
will learn in this chapter 


th chapter begins with a set of learning objectives to explain what you 


Tis setin lato ou Row io: 
ins intwoukrowry nian a sen 
Rl share idee ected Ne 


Recap — check that you are familiar with the introductory skills required for 


the chapter 
Se SETS 


Two examples ae shown below, 
track Boge 17 suburce 34 


Class Discussior 


Recess 
Discuss what the graphs would bellike for esch pair of equations, 


Scanned with CamScanner 


How to use this book 


Worked Example — detailed step-by-step approaches to help students solve problems. 


a Ww 
*h ast 
newer 
Bt _BXTK KSA CAD) 
a Bxweaxeet 
Bx 7x6 
385 


It _Ucoxaxni reece! 
WaT xd nx OSE 
20 
“es 
=tts 


Note — quick suggestions to remind you about key facts and highlight important 
points. 


Note: 
Jogia90 can also be written as lg 90 or tog 30. 


Challenge — challenge yourself with tougher questions that stretch your skills. 


CHALLENGE 
6 This design is made from 
blue circle, 4 orange circles 
and 16 green circles 
‘The circles touch each other. 
Given that the radius of each, 
green circle is | unit, find the 
exact radius of 
the orange circles, 
b the blue: 


Summary ~ at the end of each chapter to review what you have learnt. 


‘Summary 
‘One radian (Ios the sive othe ange tended 
atthe cent ee aus ya ate enh 


‘When 8 meanired in radians 
the tength fare A = 
the awa of ector Aon = Lyi9, 
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Examination questions — exam-style questions for you to test your knowledge and 
understanding at the end of each chapter. 


Exai 


ation questions 


Worked example 


‘The function fis such that f(x) = 4s* — Se! + ar 4, where and bare constants, [tis given that 
2e—1 is factor of fx) and that when f(a) i divided by x +2 the remainder is 20. Find the 
inler wher a) fs divide! by x ~ 1 6) 


oid CSE Ao Matti 0806 Pr 1 (2 2011 


Answer 
1s) = 4s! 


T-GF 


—it) 

Rematnvter = 20 when divided by 4+ 2, means that f(-2) = 20, 
4(-2) - 8(-2)" + a(-2) +8 = 20 
“32-82~ta+ b= 20 


From (I) ¢= 3-26 
Substituting in (2) gives: -2(8-28)+ 6 = 84 

Bebe b= Md 
%0 
bois 


80 w= 89,6 = 18, 


Remainder when f(s) = 44° — Sa —hx+ 18 is dived ty (8 1) ist0), 
Remainder = 4(1)* —8(1)' = 80(1) +18 

4-8-93+18 

“19 


Activity — for you to apply your theoretical knowledge to a practical task. 
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This section will show you how to: 


understand and us ction, d nge (imagk ine functi 
function and composition of functio 


Use the notation f(s) = 2x? + 


y it 
jon and form composite functions 


ip between a function and its 


ni 
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1.1 Mappings 
Input Output 


—- (2 


2|— >| 3 
3 | —— | 4 | iscalleda mapping diagram. 
4 ——-. 5 


The rule connecting the input and output values can be written algebraically 
as xe tl 


Thisis read as ‘xis mapped to x-+ 1’ 


xt] 


‘The mapping can be represented graphically by 
plotting values of x+ 1 against values of «. 


The diagram shows that for one input value 
there is just one output value, 

It is called a one-one mapping. 

‘The table below shows one-one, many-one and 
one-many mappings. 


For one input value For two input values 


|For one input value 


there isjust one output | there is one output there are two ourput 
valu vahte. _|values. 
Exercise 1.1 
Determine whether cach of these mappings is one-one, many-one or 
one-many. 
Lo xiext] xeR Zxax+5 veR 
Bo xuxt  xeR axe ceR 
1 F 
5 xe KER, x>0 6 vixt+l] ceR x20 
x 
12 
T x= xeR,x>0 Bxite seR, x=0 
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1.2. Definition of a function 


A function is a rule that maps cach xvalue to just one yvalue for a defined set 
of input values 


ai ' one-one ' 
This means that mappings that are either are called functions. 
many-one 


The mapping x+ x +1 where x¢ R, is a one-one function. 


f:xat] xeR 
Itcan be written as fe Sal eR 


(£ :©+3 x41 is read as ‘the function fis such that xis mapped to x+ 1’) 


f(x) represents the output values for the function 
So when f(x) = #41, ((Q) =2+1=3. 
‘The set of input values for a function is called the domain of the function, 


The set of output values for a function is called the range (or image set) of 
the function, 


WORKED EXAMPLE 


f(a) =2x-1 KER, 
a Write down the domain of the funetion f, i> | 
b Sketch the graph of the function f, 


© Write down the range of the function f, 


Answers 


a Thedomainis -1 <x <3. 
b The graph of y = 2x —1 has gradient 2 and a yintercept of -1. 


When y=2C1)-1 
When x=3,y=2(3) -1=5 
F(x) 


Dom 


© The range is -8 < f(x) <5. 


‘Scanned with CamScanner 


mbridge IGCSE and O L jathematics 


The function fis defined by F(« 


P43 ford <x <6, 


Sketch the graph of the function, 
Find the range of f. 


Answers 
f(x) = (x- 2)" +3 is a positive quadratic function so the graph will be of the form \_/ 
(G23 This part of the expression isa square so it will always be 

i The sunallest value it can be is 0. This occurs when 2. 


‘The minimum value of the 


expressions 0+ 3=3.and ra (6,19) 
minimum occurs when x = 2. 
So the function f(x) =(x~2)* +3 
will have a minimum point at & 
the point (2, 8), 2 
When x =0, y=(0-2)° + 7 
When x = 6, y= (6— 2)" +: 
‘The range is 3< f(x) <= 19 eH 7 
° 
Domain 
Exercise 1.2 
1) Which of the mappings in Exercise 1.1 are functions? 
2 Find the range for cach of these functions. 
a fi)=x-5,  -254=7 b fQ@)=3e+2, O<x<5 
¢ f@)=7-2x, -l<x<4 d f(x) =x", 3<x<3 


e fx) =2*, 3<x<3 f r@y=t, I<x 
3 The function gis defined as g(x) = x7 +2 for x > 0. 
Write down the range of g 
4 = The function f is defined by f(x) = x°—4 for xe R 
Find the range of f. 
5 The function fis defined by f(x) =(x- 1)? +5 for x =1 
Find the range of £ 
6 The function fis defined by f(x) = (2x +1)? = 5 for x 


Find the range of f, 


7 The function f is defined by £ : x +> 10 —(x 
Find the range of f 


for 2<5<7 


N 
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8 The function fis defined by f(x) = 3+ Ve—2 for x >2, 
Find the range of f 


1.3 Composite functions 
Most functions that you meet are combinations of two or more functions, 


For example, the function x + 2x +5 is the function ‘multiply by 2 and then 
add 5’, It is a combination of the two functions g and f where: 


gin Qe (the function ‘multiply by 2") 
fixrexts (the function ‘add 5') 
So, x +9 2x-+5 is the function ‘first do g then dof’ 

f 


fg 
When one function is followed by another function, the resulting function is | 
called a composite function. 


fg(x) means the function g acts on x first, then facts on the result. 


Note: 
£?(@) means ff(x), so you apply the function f twice. 


WORKED EXAMPLE 3 


‘The function fis defined by £(x) = (x—2)*— 8 for x > 2. 
2x46 


a for 8. 


x2 


“The function g is defined by g(x) = 
Find f(7) 


7)+6 
2(7)+6 _ 

7-2 
Cis the function ‘take 2, square and then take 3° 


gacts on 7 firstand g(7 
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-1 for xeR gix)=x°+5 for x eR 


Find a igi) ghia) £%x) 


acts on x frst and gia) =a +5 


{i the inevion ‘double and take | 


228x849 
Facts on xfs ancl f(x) =2x — 1 
448 the fianction ‘square and acd 5 


expand brackets 


P¢xymeans m1) 
{acu on x fire and f(x) =~ b 


fis the Funetion “double and take 1 


gx 
Find fg(2). 

2 f(x)=x?-1 for xeR 
glx) =2x+3 for xeR 


1 for xeR 


Find the value of gfi5). 


f(x) = (x+2)'-1 for xeR 


wo 


+Jx=2 for x= 2, 


"The function g is defined by g(x) - 12-1 for «> 0 
x 


Find gf(s). 


4 The function fis defined by f(x) 


5 The function fis defined by f(x) =(x-1)*+3 for x>-1 


The function g is defined by g(x) for x>5. 


Find fg(7). 
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6 h:xtsx+2 for x>0 


kixro Vx for x>0 
Express each of the following in terms of h and k. 


a xrovet2 bo rryyx+2 
7 ‘The function fis defined by £: x+9 8x +1 for xe R. 


‘The function gis defined by g: #1 for x #2. 


2 


Solve the equation gf(a) =5. 
8 gQ)=%+2 for xeR 

h(x) = 8x —5 for eR 

Solve the equation gh (x) = 51. 
9 {x)= 22-3 for x>0 

g@)=2 for x>0 

Solve the equation fg(x) = 13. 
10 The function fis defined, for xe R, by fsx 


Sx +5 


‘The function gis defined, for xe R, by g ix 
Solve the equation gf(x) = 12. 

12 f(x) = (x +4) +3 fore >0 & 
ge)= 22 for e>0 
Solve the equation fig(x) = 39. 

12 The function gis defined by g(x) = x°-1 for x>0. 
‘The function his defined by h(x) = 2x—7 for x =0. 
Solve the equation gh) =0. 


13 The function f is defined by f : x+s x° for ve R 
‘The function gis defined by g:x+9x-1 for xe R. 
Express each of the following as a composite function, using only fand/or g: 
axre(-I® b xeex3-1  ¢ xHex-2 d xpox? 


1.4 Modulus functions 


‘The modulus of a number is the magnitude of the number without a sign 
attached. 


‘The modulus of 4 is written |4] 
[4|=4and |-4|=4 


Ibis important to note that the modulus of any number (positive or negative) is 
always «positive number; 


‘The modulus of a number is also called the absolute value, 
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‘The modulus of x, writen as |x|, is defined as: 


x ifx>0 


0 ifx=0 


lal 


x ifx<0 


Ali says that these are all rules for absohute values: 
carl le ~yl=l1-[y] 


2 


lary! 


leyl=lelx|yl 


Discuss each of these statements with your classmates and decide if they are: 


a) 


You must justify your decisions. 


The statement |x| = k, where k= 0, means that x = hk or x =k, 


This property is used to solve equations that involve modulus functions. 


So, if you are solving equations of the form |ax + 6| = A, you solve 
the equations 
ax+hbak and ax+b 


Ifyou are solving harder equations of the form | ax +4] = 8 + d, you solve 
the equations 
axt+b=oxtd and ax +b =—(cx +d), 


licated equations you must always cheek your 
1 equation, 


‘When solving these more con 
answers to make sure that they satisfy the origin 
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WORKED EXAMPLE 


Sobve. 
alav+i]=5 — b [4-3] d |x-3)= ae 
Answers 
a [+1] b |4x-3]=x 
2x+l 4x-3=x or 4-3 
Qe Bx=3 be=3 
x=2 x=-3 xsl = 0.6 
CHECK: |2 x 241|=5 ¥ and CHECK: | 4 * 0,6 ~ 8) = 0.64 and 
Qe—-Sell=ae \4xl-S3}=14 
Solution is: x = -3 or 2. Solution is: x = 0.6 or 1. 


CHECK: |-8- 3) = 2-5 x 
and |1-3|=2«1 4 


wi=6v 
Solution is: x = 1. 


-10|=6y 
=-4, -2, 2or 4. 


Exercise 1.4 


1 Solve 
a |3e-2 


. 
a 
1 
ea 
zm. 
W 


10 b 


ayaxt4 
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1.5 Graphs of y =|f(x) | where f(x) is linear 
Consider drawing the graph of y =| |. y 


First draw the graph of y 


You then reflect in the x-axis the part of the line 
that is below the x-axis. 


| x | WORKED EXAMPLE 6 


Sketch the graph of y 
graph meets the axes 


showing the coordinates of the points where the 


‘Answers 5 
First sketch the graph of 


Thetive has gedent anda 
yinterceptof-L 2 a 


‘You then reflect in the #axis the part 
of the line thatis below the waxis. 
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In Worked example 5 you saw that there were two +1 


answers, x =—3 or x =2, to the equation | 2x + 1| = 
These can also be found graphically by finding the 


»-coordinates of the points of intersection of the 
graphs of y=|2x +1] and y =5 as shown. 


In the same worked example you also saw that 
there was only one answer, x = 1, to the 

equation | x— 8] = 2x. 

‘This can also be found graphically by finding the 
s-coordinates of the points of intersection of the 
graphs of y=|x—$| and y = xs shown, 


Exercise 1.5 
2 Sketch the graphs of each of the following functions showing the 
coordinates of the points where the graph meets the axes. 


a y=|z4]| b y=|2x-3] © y=|5-x| 
a y=|de-s e y=[lo-25| ot yale 
2 a Complete the table of values for y 2) 43. 
3 9 -1 oO . z: 2 4 
_ se 


b Draw the graph of y=|x—2|+3 for -2<x<4, 
3 Draw the graphs of cach of the following functions. 
a y=|z|tl b y=|x|-3 © y=2-|x| 
d@ y=|x-3]+1 e [20+ 6)-3 
4 Given that each of these functions is defined for the domain ~3 <x <4, 
find the range of 
a fixe 52x b gixte|5-2x| © hixre 5—|2x]. 
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fixie3-2x for -l<x<4 

gixre[3-2x| for -1=x=4 

hisho3-[2x| for -lsx=4 

Find the range of each function. 

a Sketch the graph of y =|2x44] for -6<x<2 showing the 
coordinates of the points where the graph meets the axes. 

b On the same diagram, sketch the graph of y=x+5. 

© Solve the equation |2x+4| =x +5. 

A function fis defined by f(x) =|2x - 6|~3, for 

a Sketch the graph of y =f(a). 

b State the range of f 

© Solve the equation f(x) =2 

a Sketch the graph of y=|3x-4| for —2<.x <5, showing the 
coordinates of the points where the graph meets the axes. 

b On the same diagram, sketch the graph of y= 2x, 

€ Solve the equation 2x =|3x—4]. 

CHALLENGE Q 


9 a Sketch the graph of F(x) =|x +2] +|«—2|. 


b Use your graph to solve the equation | x-+ 3) +|x—2 


1.6 Inverse functions 


‘The inverse of a function f(a) is the function that 
undoes what f(x) has done, 

The inverse of the function f(x) is written as f(x) 
The domain of {\{x) is the range of {(x). 

The range of f""(x) is the domain of f(x). 


It isimportant to remember that not every function atl 


has an inverse. 


f(x) 


An inverse function f(x) can exist if, and only if, the function f(x) is a 
one-one mapping, 


You should already know how to find the imerse function of some simple 
one-one mappings. 


‘The steps to find the invesse of the function (x) = 5x —2 ar 
Step l: Write the finetion as y = —— y= 5r-2 


Step 2: Interchange the xand y variables, ——> x = 5y—2 


Step 3: Rearrange to make y the subject. ——> y 
£7) = 


xt2 


xt? 
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SS DISCUSSION 
£(x) 


Discuss the function f(x) = x* for xe R. 

Does the function f have an inverse? 

Explain your answer. 

‘How could you change the domain of fso that f(x) = x* 
does have an inverse? 


O = 
f(x) = ve+1-5 for x>-1 
a Find an expression for f(x) 
b_ Solve the equation f(x) = (35) 
Answers 
a f(x) =Jee1—5 for x > 
Step li Write the function as y = —a y=Vet1-5 
Step 2:Interchange the x and y variables, ———» sa jytl-5 
Stop 3: Rearrange to make ythe subject, ———» x +5= Jy+1 
(xt 5yi=y41 
ya(x+5)-1 


f(x) = (e+ 5-1 


b £(35) = V3541-5 
(x45) — 


x=-5+ 2 or gz 
‘The range of fis f(x) =—5 so the domain of Fis a> 6. 
Hence the only solution of f(x) =£(35) is x =-5 + V2. 


Exercise 1.6 
1 f= (e+ 


~7 for x > —5. Findan expression for f(x). 


6 
2_f)= 5 for + = 0. Find an expression for M0). 


3 (x)= (Qx-3)' +1 for x= u . Find an expression for (x). 


4 f(x)=8-¥e—3 for x > 3, Find an expression for f 1(x), 
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for 
Q-x 


gx xe 


Express f(s) and g(a) in terms of x 


(+2) -5 for x>-2 


dan expression for f"(x), 


f(x) =(x-4)" +5 for x>4 


a Find an expression for f"(x). 


for <>1 


a 
a Find an expression for g(x). 


f(x) ==+2 for xeR 


a Find 1). 


f(x) =x°+2 for xeR 


Solve the equation gfx) = g1(17). 


Solve the equation f(x) = g7l(x). 


b Solve the equation f(x) = 3. 


b Solve the equation f 


£(0). 


b Sole the equation g(x) 


22x for xe R 


Bla) = 
b Solve fa(x) = f(x), 


g@) =20+3 for xeR 


-3, 
giz for x>-5 


f(x) =3x — 24 for x = 0. Write down the range of &. 


fixrex+6 for x>0 


gixneve for «>0 


Express « +9 x*~6 in terms of fand g. 


Prxis3-2e for 05x <5 


gixro|3—2x| for 0< x 


h:x93-|2x| for 0= 


State which of the functions f, g and h has an inverse, 


f(x) =a? +2 for x=0 


a Write down the domain of f!, 


x20 


b Write down the range of g 


‘The functions f and g are defined, for ve R, by 


£:x +> 3x —h, where his a positive constant 


bx 


4 
gee s where x #1. 


x4 


a Find expressions for f ' and g'. 


b Find the value of k for which f"(5) = 6. 


¢ Simplify g'g(x). 
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a7 f:xrex? for xeR gixtex—8 for xeR 
Express each of the following as a composite function, using only f, g, £7 
and/or g7': ; ‘ 
a xte(x-8)s 0b oxrex"+8 0c eH A -8 
d xeo(x48)i 


1.7 The graph of a function and its inverse 

In Worked example 1 you considered the function f(x) = 2x —1 xe R, 
-l<¥ <3, 

The domain of f was “1 = x = 3 and the range of f was—3 < f(x) <5. 
atl 


2 
‘The domain of f+ is -3 = x <5 and the range of f! is 1<f"(a) <3. 


‘The inverse function is £-1(x 


Drawing f and f! on the same graph gives: 


Cuddy 


Note; 
‘The graphs of fand f+ are reflections of each other in the line y = x. 


This is true forall one-one functions and their inverse functions, 
This is because: ff \(x) = x =f f(x). 


Some functions are called self-inverse functions because fand its inverse f! 
are the same, 


6 (2) = 4 fore #0, then f(x) =} for x 20, 
x x 


So f(x) = + for x #0 isan example of a selFinverse function. 
x 


When a function Fis selFinverse, the graph of f will be symmetrical about the” 
line y=x, 
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F(a) =O 


(On the saine axes, sketch the graphs ofy = f(x) and y= "(x), showing clearly the 
points where the curves meet the coordinate axes. 


Answers 


Reflect Cin y= 


CLASS DISCUSSION 


Sundeep says that the diagram shows the graph of 

the function f(x) = x* for <> 0, together with its inverse 
function y =f""(x). 

Is Sundeep correct? 

Explain your answer. 
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Exercise L.7 
1 Ona copy of the grid, draw the graph 
of the inverse of the function f. 


oy 


2 Ona copy of the grid, draw the graph By 
of the inyerse of the function g- 


6 2 0 2 4 6* 
; 
‘ 


3 f(x)=x2 48,020. 


On the same axes, sketch the graphs of y =f(x) and y=f1(3), showing 
the coordinates of any points where the curves meet the coordinate axes. 


4 g(x)=2 for xeR 
On the same axes, sketch the graphs of y= g(a) and y = g(x), showing 
the coordinates of any points where the curves meet the coordinate axes. 
5 g(x)=x?-1 for x= 0. 


Sketch, on a single diagram, the graphs of y= g(x) and y= g(a), showing 
the coordinates of any points where the curves meet the coordinate axes. 


Sx53, 


6 (x)= 4x-2 for - 
Sketch, ona single diagram, the graphs of y= f(x) and y= f(x), showing 
the coordinates of any points where the lines meet the coordinate axes, 

7 The function fis defined by fsx 3-(«+1)' for x =-1. 


a Explain why Chas an inverse. 


B-Findian expression for? "in terms of = 


On the same axes, sketch the graphs of y= f(x) and y =f-l(x), showing 
the coordinates of any points where the curves meet the coordinate axes, 
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CHALLENGE Q 
2x+7 
x-2 

a Find fin terms of x. 


8 fxn 


for x #2 


b Explain what this implies about the symmetry of the graph 


of y = f(x). 
Summary 
Functions 
A function is a rule that maps each x-value to just one »-value for a defined set of input values, 
; one-one 
ings that are either are uw 15. 
Mappings that are eith aa called functions, 


‘The set of input values for a function is called the domain of the function. 
‘The set of output values for a function is called the range (or image set) of the function, 


Modulus function 


‘The modulus of x, written as | 
x ifx>0 


Ixl=4 0 ifx=0 


x ifx<0 


Composite functions 
fg(x) means the function g acts on x first, then f acts on the result. 
£? (x) means f(x). 


Inverse functions 

‘The inverse of a function f(a) is the function that undoes what f(s) has done. 

The inverse of the function f(x) is written as f1(x). 

The domain of f(x) is the range of f(x). 

‘The range of {“1(s) is the domain of f(a). 

An inverse function f(x) can exist if, and only if, the function f(x) is a one-one mapping. 
‘The graphs of fand f" are reflections of each other in the line y= x. 
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Examination questions 


Worked example 
‘The functions f and g are defined by 


fe) = ran forse 0, 


xt 
gle) =Vx+1 for x>-1. 
a Find ig(8). 2] 
b_ Find an expression for f(s), giving your answer in the form where a, band care 
integers to be found. Bere [3] 
¢ Find an expression for g(x), stating its domain and range. [4] 
Cambridge IGCSE Additonel Mathematics 0606 Paper 21 Q2%, i am 2014 
Answers 
2x 
substitute 8 for xin 
x+1 
2 2x 
substitute —2 for xin 
xt etl 


simplify 


multiply numerator and denominator by x+1 


“etl 
a=4,b=3ande=1 
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c g(x)=VEFT for x>4 


Step 1: Write the function as y = ——-» y=vse 
Step 2: Interchange the xand y variables, ———» x = Jy+1 


Step 3: Rearrange to make y the subject. ———* x? = y 41 


gt) =a2=1 
The range of g is g(x) > 0 s0 the domain of gis x > 0. 


‘The domain of g is x >—I so the range of gis x > 1. 


Exercise 1.8 
Exam Exercise 
1 Solve the equation |4x—5| = 21. [3] 


Canbridge IGCSE Additional Mathematics (606 Paper 21 QI Nev 2011 


3+ 5x|, showing the coordinates of the points where your graph 


2 a Sketch the graph of ) 


meets the coordinate axes (21 
a b Solve the equation |$ + 5x| 12] 
Cambridge IGCSE Additonal Mathematics 0606 Paper 11 Qlisi New 2012 
3. a Sketch the graph of 5 |, showing the coordinates of the points where the graph 
meets the coordinate axe: roa] 
y 
| 

ta) x 

b Solve | 2x — el 


Gamtmidge 1GCSE Additional Mathematics 0666 Paper LI Qi fun 2012 


4 A function fis such that f(x) = 1 for-10 = x <8, 
a Find the range of f. [3] 
b Write down a suitable domain for f for which f exists. ol 
Canbridge IGCSE Additional Mathematics 0606 Paper 11 Ql2aigi Nov 2013 
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5 The functions fand g are defined for real values of xby 
f(x) = Je=1 38 for x>1, 


Bla)= sy for x>2. 

a Find gf(37). [2] 
b Find an expression for f(x). 2] 
€ Find an expression for g(x). (2] 


Cambrige ICSE Additional Mathematics 0606 Paper 21 Q4 Now 2014 


6 A function g is such that g(x) = rest forl<x <3. 
a Find the range of g. i) 
b Find g(x). (2) 
¢ Write down the domain of g(x). m 
d Solve g* (x) =3. (3) 


Cambridge IGCSE Additional Mathematics 0606 Poper 11 Q0%i0 Now 2012 


7 a The functions fand gare defined, for xe R, by 


fixes Qv+3 
sae a 
Find fg(4). [2] 
b The functions h and k are defined, for x > 0, by 
fixes xt4 
kines ve. 
Express each of the following in terms of hand k. 
boxe Vetd wu 
xr xt8 a 
tii xe at-4 (2) 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5,bi,iiti Now 2011 


8 The function fis defined by f(x) =2- Vx+5 for -5 =x <0. 
i Write down the range of f. [2] 
fi Find £\(s) and state its domain and range. [4] 
The function g is defined by g(x) = 4 for 5 <x<-1. 
iii Solve fg(x) = 0. [3] 
Cambridge IGCSE Additional Mathematics 0605 Paper 11 Q6 Jun 2016 
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9 a The function fis such that f(x) = 2x* - 8x + 5. 
i Show that f(x) = 2(x + a)* +b, where aand bare to be found. [21 
ii Hence, or otherwise, write down a suitable domain for f so that £! exists, a 


b The functions g and h are defined respectively by 
gi)=x°+4,x20, h(a) =4x-25, 720, 
i Write down the range of g and of h7!. [2] 
ii = g(x), showing 


i On a copy of the axes below skeich the graphs of y = g(x) and of. 


the coordinates of any points where the curves meet the coordinate axes. [3] 
y 
oO 5 


Find the value of x for which gh(x) = 85. ra 


Cambridge IGOSE Additional Mathematics 0606 Faper 11 QU Laity jun 2011 


@ 10 i Onthe axes below, sketch the graphs of y=2-x and y=|3 + 2x]. ial 


ii Solve [3 +2x|=2- x. (3] 
Cambridge 160 


F Additional Mathematics 0606 Paper 12 Q4 Mar 2016 
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simultaneous equations) 


Elimination method Substitution method 
Solve 5r+2y=25 -- Solve Bet 2y= 25 
Ye-y=l Bx-y=l 
‘Multiply (2) by Make y the subject of equation 
betty =2 
4x —Qy Substirute for yin equation 


Add the equations to eliminate y, 5x +2(2x—1) 
Oe = 27 Ox- 2 


x 


Substitute for xin equation (2) 
ay 


Substitute for win equation |) 
$= Se yt 

Solution ie x = 3, 5 y=8 

Solution is x = 8, y=5. 
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‘You should already know how to usea graphical method or an algebraic method to solve quadratic equations. 


‘To solve quadratic equations algebraically you should know the factorisation method, the quadratic formula 
method and the completing the square method. 


Factorisation method ‘Quadratic formula method 
Solve ata dy-12= 0. 4x12 = 0. 
Factorise: a, band ¢ 
(x= 6)(x42) = 0 a=1b=—4and e=-12 
5-620 or r+2=0 Use the formala: 
Solution is =6 or #=-2 


ee 
Substitute for a, band ¢ 


(‘comptetngihe squaremetnod —( eet 


Vix 
Solve x? -de-12=0, 2x1 
Complete the square. ya tt ved 
(v2) -4-12=0 2 
(x-2y' =16 atts 
Square root both sides, 2 


CLASS DISCUSSION 


x84 r+ 4 


2.1 Simultaneous equations (one linear 
and one non-linear) 


In this s 
simulta 


ction you will learn how to solve 
cous equations where one equation is 
linear and the second equation is not linear, 


‘The diagram shows the graphs of y =x +1 
and y= "= 5: 


The coordinates of the points of intersection 


of the two graphs are (-2, -1) and (3, 4). 
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We 
simultancous equations 


4 are the solutions of the 


=x+1and y=x*-5 


y=-land x 


ay that x = — 


‘The solutions can also be found algebraically: 


) 


(2) 


+1 
25 


-5 rearrange 
factorise 


xtox-6 
(x +2)(x-3)=0 


x=-Qorx 


Substituting x =—2 into (1) gives y=-2+1 
Substituting x = 3 into (1) gives y= 3+ 1=4. 
The solutions are: x =—2, y =—I and x =3, y= 


Solve the 


Wty =7 


From |), x 


expand brackets 


49 — 98) + 4y" 


- ay =8 uliiply both sides by 4 
49.- 28y + 4y* — 16y? = 32 rearrange 
12y? + 28y—-17 = 0 factorise 
(67 +17)(2y-1)=0 
5 1 
ye-Beory=s 


A 
Le reerer st 


6 


Substituting 


1 
Substituting. = 5 into (1) gives x =3. 


The solutions are: x = 
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Exercise 2.1 


Solve the following simultaneous equations. 


1 y=x 2 y=x-6 
yaxt6 tay 8 
5 6 Sy=4e-5 
x? + Bay = 10 
9 10 y=2x 
tay 
a3 x+3y= 1 xty=4 


2x? + By 


37 B+xtax7=0 18 xy=12 
Qxt+5y=8 (x -1)(y +2) = 15 
19 Calculate the coordinates of the points where the line y=1-2x cuts the 
curve x? + y?=2 
20 ‘The sum of two numbers xand yis 11, 
The product of the two numbers is 21.25. 
@ Write down two equations in xand y, | 2 | 
b Solve your equations to find the possible values of x and 9. 
21 The sum of the areas of two squares is 818 cm?. 
‘The sum of the perimeters is 160cm. 
Find the lengths of the sides of the squares. 
22 The line y=2~2x cuts the curve 3x? - 
Find the length of the line AB. 


23 The line 2x+5y=1 meets the curve x" +Sxy-4y? +10 =0 atthe 
points Aand B. 


Find the coordinates of the midpoint of AB. 


=8 atthe points A and B. 


24 The line y= x~10 intersects the curve x®+5%+4x+6y-40=0 at 
the points Aand B. 
Find the length of the line AB. 

25 The straight line y= 2v~2 intersects the curve x? 
Aand B. 
Given that A lies below the x-axis and the point Plies on ABsuch that 
AP: PB=3:1, find the coordinates of P. 


=5 at the points 


26 The line_x~2y= 2 intersects the curve_x + y*= 10 at two points Aand B. 


Find the equation of the perpendicular bisector of the line AB. 
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2.2 Maximum and minimum values of a quadratic function 


——— SS aS 


‘The general equation of a quadeatic function is {(x)= ax? +bx +c, where w, band care constants and a 0, 


‘The graph of the function y ~ ax* + 6x + ¢ is called a parabola, The orientation of the parabola depends on the 
‘value of a, the coefiicient of x 


\ 


If a> 0, the curve hasa minimum point which If <0, the eurve has 2 maximum point which 
‘occurs at the lowest point of the curve. occurs ar the highest point of the curve 


‘The maximum and minimum points can also be called turning points or stationary points, 
Every parabola has a line of symmetry thal passes through the maximum or minimum point. 


WORKED EXAMPLE 2 


F(x) = x8 -3e-4 xeR 


a Find the axis crossing points for the graph of y = f(s) 


b Sketch the graph of y =f(x) and use the symmetry of the curve to find the 
coordinates of the minimum poin 
€ State the range of the function f(x) 


Answers 


a y=x-Sx-4 
When x=0, y= 
When, 


(e+ 1x) =0 


lary =4 


Axes crossing points are: (0,4), (-1, 0) and (4, 0), 


b The line of symmetry cuts the waxis 


midway betveen ~1 and 4, , ’ 


So the line of symmetryis «= 1.5 


When x= 1.5, 30.5) 4 


3 


Minimum point 6.25). 


© The range is f(a) > 6.95. 
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Completing the square 
Ifyou expand the expressions (x +d)" and (x—d)* you obtain the results: 
(x 4d)? = x? + 2dw+d? and (x -d)* =x? - Qdv +d? 


Rearranging these give the following important results: 
x? + 2dx = (x +d)'-d? 
x? —2dx = (x —d)*—d? 


‘This is known as completing the square. 


To complete the square for x* + 8x: 
8+2=4 


“ 
xt 48x = (x44) = 4? 
x? +Bx = (x44)? -16 


‘To complete the square for x* + 10x - 
10+2 


he 
x2 410-3 = (x+5)'- 5? -3 
x? +10x-3 = (x +5)" 28 
To complete the square for 2x? — 8v+14 you must first take a factor of 2 out of 
the expression: 
2x* - Bx+14 = 2[x*-4x +7] 


42252 
Ne, 
x? 4x47 =(x-2)?-224+7 


x? 4x43 =(x-2)° +3 
So, 2x? - 8x46 = 2[(x- 9° +3]= 26-29 +6 


You can also use an algebraic method for completing the square, as shown in the 
following example, 


WORKED EXAMPLE 3 


Express 2¢—4x-+5 in the form p(x— @®+», where p, gand rare constants to 
be found. 


Answers 

Qe 4+ 5=plx—g?+r 

Expanding the brackets and simplifying gives: 

Qe — det B= pr — 2p pu +r 

Comparing coefficients of +, coefficients of x and the constant givest 
2=p- prey raain = p+ 1-—(3) 

Substituting  =2 in equation (2) gives ¢=1. 


So 2x? — 4x45 =2(x- 1)? +3. 
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Completing the square for a quadratic expression or function enables you to: 
+ write down the maximum or minimum value of the expression 


* write down the coordinates of the maximum or minim 


mn point of 


the function 


«sketch the graph of the function 
* write down the line of symmetry of the function 
# state the range of the function. 


In Worked example 3 you found that: 
Qe? de = 2 (e—1) 3 


This part of the expression isa square so 


it will aly 0, The smallest value it 


can be is 0. This occurs when x 


‘The minimum value of the expression is 2x0 +3 = 3 and 
this minimum occurs when x = 1 

So the function y = 2x* ~ 4x + 5 will have a minimum 
point at the point (1, 3) 

When x= 0, y= 5. 


2x? 


can now be sketched: 


The graph of y 


i) ad y= 2x! 4x +5 


‘The line of symmetry 


The range is y > 8, 
‘The general rule is 
For a quadratic function f(x) = ax® + bx + c thatis 
written in the form f(x) = a(x— A) +k, 


i if a>0, the minimum pointis (i, &) 
ii if 2 <0, the maximum pointis (h, 2). 
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wor! 4 
f(x) = 2+ Bx 2x” xeR 
a Find the value of a, the value of band the value of ¢for which £(x) = @— b(x +e)". 


b Write down the coordinates of the maximum point on the curve 9 


A(x). 
€ Sketch the graph of y = f(x), showing the coordinates of the points where the 
graph intersects the and yaxes. 


d_ State the range of the function f(x). 


‘Answers 
a 248x-2x* =a—H(xte}" 
(x? +2042) 


a= tx = 2004 ~ bo* 


Comparing coefficients of x*, coefficients of x and the constant gives: 


2 » be ~ 2=a-be - ) 
‘Substituting 6 =2 in equation (2) gives ¢= 
Substituting 6 =2 and ¢=—2 in equation (i) gives a = 10. 


So.e=10, b= 


b y=10-2((x~-2)*) This part of che expression is a square so it willalways | 
my bie > 0, The smallest value it can he is 0, This acews 


‘The maximum value of the expression is 10—2 x 0= 10 and this maximum occurs 
when x=2. 


So the function y = 2+ 8x ~ 2x* will have maximum point at the point (2, 10). 


© y=2+8x- 2x7 
When x=0,y=2. 


When y=0, 
10-2 (x-2)' =0 
2(x-2) =10 


‘Axes crossing points are: (0,2), (2—v5,0) and (2+ 5,0). 


The range is f(x) <0. 
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Exercise 2.2 
1 Use the symmetry of each quadratic function to find the maximum or 
minimum points. 


Sketch each graph, showing all 
-5x-6 by 


xis crossing points. 
—x-20 € +4x-21 


15 + 2x 


+3x-28 e yasttdet+1 ff 


2. Express each of the following in the form (x — m)® +n. 
a xt_8e b x*- 10x © xt- be d xt ae 


e xttdy f 


Tx g xb 49x ho xti3x 


ss each of the following in the form (x —m)* +n. 
a x*-8e+15 b x*—10x- © #6242 d 


ex'+6x+5 f xf+6e+9 gg xttdx-17 hh 
4 Express each of the following in the form a(x — p)’ +4. 
1th d 
h 


a 2x°-S8x+8 b Qx'-12e+1 


@ 2x’ +4yt] f Ox? + 7x 


|: | a Gx— 2" b 10xs—x © Sx—x? do 8x2? 


6 Express each of the following in the form a —(x + 4)" 
a 5-2x-x* b 8-42- 


© 10-5x-x?  d 7+3x-x% 


7 Express each of the following in the form a— p(x+q)" 


a 9-6x- bo l-4x-2x* ¢ 7+ 8e-2x? od Q+5x- 3x7 


8 a Express dx® + 2x46 in the form a(x +b) +e, where a, band 
are constants, 


b Does the function y= 4x" + 2x +5 meet the «axis? 
Explain your answer 
9 f(x) = 2x? -8x+1 


a Express 2x? — 8x +1 in the form a(x +6)* +c, where aand 5 
are integers. 


b Find the coordinates of the stationary point on the graph of y =£(2). 


10 f(x) =x"-x-5 forxe R 


a Find the smallest value of f(x) and the co 


sponding value of x, 
b Hence write down a 
11 f(x) 


a Write f(x) in the form p—2(x—q)', where pand qare constants to 
be found, 


jitable domain for f(x) in order that f-"(x) exists. 


7x — 2x" for xe R 


b Write down the range of the function f(x). 


‘Scanned with CamScanner 


Chapter 2: Simultaneous equations and quadratics 


12 f(x) = 14 + 6x— 9x? for xe R 
a Express 14 + 6x — 9x in the form a+ b(x +c)", where a, band ¢ 
are constants. 
b Write dewn the coordinates of the stationary point on the graph 
of y= fl). 
€ Sketch the graph of y = f(a). 
13 (x)= 74 5x—x? for O< x =7 
a Express 7 + 5x — x! in the form a — (x +4)", where a, and b 
are constants. 


b Find the coordinates of the turning point of the function f(x), stating 
whether it is a maximum or minimum point. 

© Find the range of f. 

d State, giving a reason, whether or not f has an inverse, 


14 The function fis such that f(x) = 2x* - 8x + 3. 


a Write f(x) in the form 2(x+ a)* +4, where a, and bare constants to 
be found. 


b Write down a suitable domain for f so that f°! exists. 


15 f(x) = 4x® + 6x—8 where x > m 
Find the smallest value of m for which f has an inverse. | | 


16 f(x) =14+4x—x? forx =2 


a Express 1+4x in the form a—(x +)* where aand bare constants 
to be found. 

b Find the coordinates of the turning point of the function fia), stating 
whether it isa maximum or minimum point. 

¢ Explain why f(x) has an inverse and find an expression for 
£"(x) in terms of x, 
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2.3 Graphs of y =|f(x)| where f(x) is quadratic 


To sketch the graph of the modulus function y =| ax? + ox + ¢|, you must: 


first sketch the graph of y = ax® + bx + ¢ 


reflect in the x-axis the part of the curve y = ax* + be + ¢ that is below 
the x-axis, 


Answers 


First sketch the graph of y = 
When x=0,y=—3. 
So the yintercept is 3, 
When y=0, 

= 2e-3=0 
(x+1)(2-3)=0 


x=-lor x=3, 


2x3, 


So the xintercepts are ~1 and 3. 
1438 


2 
The y-coordinate of the minimum point = (1)* — 2(1)- 
The minimum pointis (1,4) 


The xcoordinate of the minimum point = 


3 thatis below the waxis, 
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A sketch of the function y 


=6 


(2,16) 


+ 4x — 12| is shown below, 


IP ya|xt+ 4-12] 


2 


oO 2 Fs 


Now consider using this graph to find the number of solutions of the equation 
|x* +4x—12| =k where k= 0, 


+dy— 19] 
0, 


+ 4x—19|= 20 has 2 solutions 


16 |x? + 4-12] = 16 has 3 solutions 


7 |x*44x-12]= 7 has 4 solutions 


|x?+4x—12| = 0 has 2 solutions 


=5 o 2 

The conditions for the number of solutions of the equation | x* +4 - 12) =k 

are: 

(Value of k 0<k<16 —k> 16 
‘Number of solutions 2 4 2 


Equations involving 


To solve | x? + 4a — 12] = 16+ 


x? +4x—12= 
x24 dx- B= 


x 


16 ort +4x-12 
0 or xi+dxt4=0 
44 J = 4 «1x (28) 
tl or (x+29)(x+9)=0 
—4+ 128 
— oF x= 
Qe ae 


(x = 8.66 or x = -7.66 to 3 sf) 


The exact solutions are x = -2—4y2 or x = -2 or x = -2+ 4y2. 


£(x)], where f(a) is quadratic, can he solved algebraically: 
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(@) Note: 
The graph of y =| x? + 4x~ 12| is sketched below showing these 
three solutions. 


2-4 


Exercise 2.3 
1. Sketch the graphs of each of the following functions. 
—4x+3| b y=|x*-2x-3] cy 
d@ y=|x?-2x-8]| @ y=|2x*-Ilx-6| f 9 
2 f(x)=1-4x—2° 
@ Write f(x) in the form a —(x+ 5), where aand bare constants. 
b Sketch the graph of y = f(x). 
¢ Sketch the graph of y= |£(x)| 
3 f(x) = 2x" +x-3 
a Write f(x) in the form a(x +b)* + ¢, where a, band care constants, 
b Sketch the graph of y =|£(x)| 


25x44] 


3x? + 5x — 2] 


4 a Find the coordinates of the stationary point on the curve 
y=|(x-7)(e+1)]- 
b Sketch the graph of y =|(x—7)(x+1)]- 
for which |(x— 7)(x+1)[ = has 


€ Find the set of values of 


four solutions. 


5 a Find the coordinates of the stationary point on the curve 
y=|(x+5)(x+1)] 
b Find the set of values of k for which |(x+5)(x+1)| = & has 
twa solutions, 
6 a Find the coordinates of the stationary point on the curve 
y=|(x-8)(e-3). 


b Find the value of & for which |(x—8)(«—3)| = & has three solutions. 


7 Solve these equations. 
a |x*-6]=10 
d |x? + 2x] = 94 


+2n-4| 


¢ |x?—5x|=6 
f [x2 +3x-1] 
i |x? - 4x47] 
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CHALLENGE Q 
8 Solve these simultaneous equations. 
a yaxtl b 2y=x44 © y= 2x 


x? — 2x -3| 


2.4 Quadratic inequalities 


QE ee EE ee 


‘You should already know how to solve linear inequali 


‘Two examples are shown below. 


Soke 2x5) <9 expand brackets subtract from both sides 
2-10<9 ade 10 to both sides divide both sides by -3 
2x <19 divide both sides by 2 
wos 
Note: 
Itis very important that you remember the rule that when you multiply 


or divide both sides of an inequality by a negative number then the 
inequality sign must be reversed. This is illustrated in the second 4 
example above, when both sides of the inequality were divided by -3. 


Robert is asked to solve the inequality 
Hewrites % +12 


+12 


She writ 


the original iMequality 


Discuss Robert's working out with your classmates and explain Robert's error. 


Tet 12 
Now solve the inequality “= = correctly 
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Quadratic inequalities can be solved by sketching a graph and considering 
when the graph is above or below the x-axis, 


WORKED EXAMPLE 6 


Solve xt —Sx—4>0 


Answers 


Sketch the graph of y =x" 
When y=0, x°~3r—4 


So the saxis crossing points are—1 and 4, 
For x* —3x~4 > 0 younced to find 

the range of values of x for which the 
curve is positive (above the axis). 


‘The solution is ¥ <-1 and x>4. 


WORKED EXAMPLE 7 


Solve 


Answers: 
Rearranging: 2x? + x-15 <0. 
Sketch the graph of y = 2x" +—15, 
When y= 0, 2x7 44-15 =0 
(2x-5)(x+8)=0 
s=25 or x 


So the xaxis crossing points are ~8 and 2.5, 
2 


For 2x?+x-15 <0 you nerd to find 
the range of values of x for which the 
curve is either zero or negative (below the waxis) 


‘The solution is -3 = x = 2.5. 


Exercise 2.4 
1 Solve, 
a (x+3)(x-4)>0 b (x-5)(x—1)S0 © (x~-3)(x+7) 20 


d x(x-5)<0 € (2x41)(@e-4)<0f (3-x)(e+1) 20 
g (2x+3)(x-5)<0h (x5) =0 i (x-3)? <0 
2 Solve 


a x¢+5r-14<0 b 
d x°+2e-48>0 


c x?-9x+2050 
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3. Solve. 
a x? <18—3x Bb 12v< x2 +35 
© x(3—2x) d xf 44x <8(x+2) 
e@ (x#3)(l-x)<x-1 fF (de +3)(3x=1) < 2e(x +3) 
4 Find the set of values of x for which 
a xt-llyt+24<0 and e+3<13 
b xt-4r<12 and 4x-3>1 
© x(Qx-1)<1 and 7-2¢<6 
dox?-3x-10<0 and x*~10x+21<0 
exttx-2>0 and x*-2x-320, 
5 Solve, 
a |x'+2x—2/<13 b |x?-S8xt6)<6 € —6x+4| <4 
CHALLENGE Q 


6 Find the range of values of x for which = 


2.5 Roots of quadratic equations 


The answers to an equation are called the roots of the equation. |» | 
Consider solving the following three quadratic equations using the 
=b+ Vi" = 4ac 
formula x =~", 
2a 
x +2x-8=0 xt + 6x +9 =0 xi +Qv +650 
~24 2 4x1 x(-8) bs -6 + V6? — 4x 1x9 -2+ yB?-4K1x6 
= x= 
. 2x1 2x1 2x1 
2+ JIG vo 
eo x= 
2 
x=2orx=—4 x= -Lorx=—1 no solution 
2 distinct roots 2 equal roots O roots 


‘The part of the quadratic formula underneath the square rootsign is called 
the discriminant. 


discriminant = 
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ign (positive, zero or negative) of the discriminant tells you how many 
roots there are for a particular quadratic equation. 


6? — dace Nature of roots | 
>0 | Qreal distinct roots 
0 2 real equal roots 


O real roots 


There isa connection between the roots of the quadratic equation 
‘ax? + bx-+c= 0 and the corresponding curve y= ax? + bx-+c. 


Nature of roots of 


2 
BE dae | ox? + bet C= 0 


Shape of curve y = ax? + by+¢ 


2 real distinct x OF # 


20 roots \ 


suls the axis at2 distinct points. 
f a< oF 


\ 


2 real equal roots 


‘The curve touches the axis at 1 point, 


ni fy fe 
i 


<0 | Oreal roots 


| ‘The curve is entirely above or entirely below 


| the xaxis. 


WORKED EXAMPLE 8 


Find the va 


Bx +6 = A(w 2) has two equal roots 


Answers 


xP Br + 6— ket k= 0 
xP-(3t k)x+6+2k=0 
For two equal roots b? — 4ac = 0. 


(3+k)-4x1x(6+2k)=0 


W46k+9-24-8h=0 
# -2h-15=0 
(4+3)(k-5)=0 

So k=-3 or h=5. 
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WORKED EXAMPLE 9 


Find the values of for which x* + (#—2)x-+4 =0 has two distinct roots. 


Answers 
x 4(k-2)e44=0 
Fortwo distinct roots 6 — 4ac > 0 
(k-2° -4x1x4>0 
4k +4—-16 >0 
H-4k-12>0 
(k+2)(k-6) > 0 
Gritical values are -2 and 6. 
So k<-2 or k>6. 


Exercise 2.5 
1 State whether these equations have two distinct roots, two equal roots or 
no roots 


bo xP4dy—21 0 € x? 49x41 


f 4x7 490x425 g 3x7 49047 h 5x* 2-9 fs | 
1 
Find the values of k for which x® + kx + 9 = 0 has two equal roots. 

Find the values of k for which Ax® = 4x +8 = 0 has two distinct roots, 


2 

3 

4 Find the values of k for which 3x* + 2x + k= 0 has no real roots. 

5 Find the values of k for which (k +1)x* + kx — 2k = 0 has two equal roots, 
6 


Find the values of k for which Ax® + 2(k+3)x + # =D has two 
distinct roots. 


7 Find the values of k for which $x* — 4x + 5~ k =0 has two distinct roots, 
8 Find the values of kfor which 4x* -(k-2)x +9 =0 has two equal roots, 
9 Find the values of kor which 4x* + 4(k—2)x + k= 0 has two equal roots. 


10 Show that the roots of the equation x +(k—2)x-2k=0 are real and 
distinct for all real values of k. 


11 Show that the roots of the equation Ax* +5x—2k = 0 are real and distinct 
for all real values of k. 
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2.6 Intersection of a line and a curve 


When considering the intersection ofa straight line and a parabola, there are 


three possible situations. 
Situation I i 
¥ eed | 
| 
— — ae 
2 points of intersection | 1 point of 0) points of intersection 
‘The line cuts the curve at two | The line touches the curve at_| The line does not intersect 
distinct points, one point. This means that the curve. 
the line isa tangent to the 
curve. 


You have already learnt that to find the points of intersection of the line 
y = 2-6 with the parabola y = x — $x —4 you solve the two equations 


simultaneously. 
This would give x°-8v-4 = x-6 

4x +2=0. 
‘The resulting quadratic equation can then be solved using the 


quadratic formut: 


b+ Vb 


Aac 


‘The number of points of interse 


will depend on the value of 5? —dac 
‘The different situations are given in the table below. 


Line and curye 


stinet roots _ | 2distinet paints of interse | 


| 
i 


2 real equal roots 


‘The condition for a quadratic equation to have real roots is b* - 4ac> 0. 
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WORKED EXAMPLE 1 


Find the value of k for which 9 = 2x +k isa tangent to the curve y= x! —4x +4 
Answers 
Sa detda eth 


xt -6x+(4—-h) = 0 


Since the line isa tangent to the curve, 


0 dac = 0. 
(-6)¥ 4x1 x (4 8) =0 
‘36-16+4k=0 

k= 


WORKED EXAMPLE 11 


Find the range of values of kfor which 
distinct points. 


5 intersects the curve y= he? 8 attwo. 


Answers 
kat 6 
od 1 
Since the Tine intersects the curve at two distinct points, |e | 
B8 dae > 0. 
(-1)?-4xkx(-1)>0 
1+4k>0 


1 
Bat 


WORKED EXAMPLE 12 


Find the values of kfor which y 


x3 does not intersect the curve y=" ~ 2x +1 


Answers 
ste t1 = he 3 
x(2+k)+4 


Since the line and curye do aot intersect, 
Aa <0. 
(24h) -4x1x4<0 
Ke 44he 4-16-60 
+ak-12<0 
Ade) 2) ¢.0 
Critical values are ~6 and 2. 
So-B<h<2 
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Exercise 2.6 


1 


Find the values of k for which y= kw +1 is a tangent to the curve 
yomrteees 

Find the value of for which the w-axis is a tangent to the curye 

pas" 4(3- be-bk 43). 

Find the values of the constant ¢ for which the line y= #¢ isa tangent to 

2 
the curve y= 8¢+= 
x 

Find the set of values of k for which the line y = 3x+1 cuts the curve 

y= x" thx +2 in two distinct points, 

‘The line y= 2x+k is a tangent to the curve x* + 2xj +20 =0 

a Find the possible values of &. 

b For each of these values of k, find the coordinates of the point of contact 

of the tangent with the curve. 

Find the set of values of k for which the line y= k—» cuts the curve 

y= 2° -7x=4 in two distinct points. 

Find the values of & for which the line y= kx~10 meets the curve 

#4 y% = 1e 

Find the set of values of mfor which the line y= mx— does not meet the 
curve y= x5 — 5x44 

The line y = mx +6 is a tangent to the curve y= x" —4x+7. 

Find the possible values of m. 
Summary 
Completing the square 


For a quadratic function f(x) = ax? + bx+ c that is written in the form f(x) = a(x— f)* +k, 


i if a> 0, the minimum pointis (A, &) ii if a< 0, the maximum point is (A, &). 
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Quadratic equation (ax? + bx +c =0) and corresponding curve (y = ax? + bx +c) 


hape of curve y = ax® + bx + ¢ 


a>0 a<0 


>0 2 real distinct roots 


The curve cuts the waxis at 2 distinct points, 


a>0 de ac 
2 real equal roots 
x 


The curve touches the .axis at 1 point, 


x 
1 2>0 an a0 
<0 | Oreal roots 
x 
The curve is entirely aboye or entirely below the axis, | 
= 45 


Quadratic curve and straight line 


' 2 Situation 3 


LL 
2 points of intersection I point of intersection 0 points of intersection 
‘The line cuts the curve attwo | The line touches the curve at_ | The line does not intersect 
distinet points. one point. This means that the | the curve. 


line is a tangent to the curve. 


Solving simultaneously the equation of the curve with the equation of the line will give a quadratic 
equation of the form az” + x + ¢ = 0. The discriminant 6% ~ 4ac, gives information about the 
roots of the equation and also about the intersection of the curve with the line. 


2 real distinct roots distinct points of intersection 


2 real equal roots 1 point of intersection (line is a tangent) 
4 pe E 
aL <0} no real roos____| no points.of intersection. _—— 


‘The condition for a quadratic equation to have real roots is 6® —4ac > 0. 
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Examination questions 


Worked example 
‘The line y = 2x—8 cuts the curve 2x* + y® — 5ay + 32 = 0 at the points Aand B, 
Find the length of the line AB. (71 
Cambridge IGCSE Additional Machenatcs 0606 Paper 21 Q8 Jun 2013 
Answers 
=2x-8 


2x* + y? — Bay +82 = 0 


Substitute for y from (1) in ( 


2x? + (2x - 8)* — 5x(2x-8) +32 =0 expand brackets 
Qe? 44x? — 82x + 64 10x" +40" +32 =0 collect like terms 
4x? +8x+96 = 0 livide by ~4 
x2-2x-24=0 —— factorise 
(x-6)(x+4)=0 
x= 6 or yy A(6,4) 
When x= 6, y= 2(6)-8=4, ‘ 


When x =—4, y = 2(-4)-8 = 
The points of intersection are A(6, 4) and B (-4, -16). 
Using Pythagoras: AB® = 20° + 10% 
AB* = 500 
AB = 500 
AB = 22.4103 sf B(-4,-16) To 


16, 


20 


Exercise 2.7 
Exam Exercise 


1 Find the set of values of k for which the line y= k(4x—3) does notintersect the curve 
x + 8x — 8, (5) 


Gambriige IGOSE Additional Mathematics 0606 Paper 11.04 jun 2014 
2 Find the set of values of x for which x(x +2) <x. (31 


Cambrdige IGCSE Additional Mathematics 0606 Paper 21 QI fun 2014 


~x+6 in the form p(x—4) +7, where p, gand rare constants to be found. [3] 
b Hence state the least value of 2x ~x +6 and the value of xat which this occurs. 2] 


3 a Express 


Additional Mathematics 0606 Paper 21 Q5iiifun 2014 
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4 Find the sct of values of k for which the curve y = (k +1)x* ~ 3x-+ (k-+1) lies below the x-axis. 


fl 
Gombridge IGOSE Additional Methematies 0606 Paper 11 Q2 Nov 2013 


5 Find the set of values of x for which x* <6 - 5x. (3) 
Combrilge IGCSE Additional Mathematics 0606 Paper 21 QU Now 2013 


6 Find the values of k for which the line y = k-6xis a tangentto the curve y= x(2e+k). [4] 
Combridge IGCSE Adzitional Mathematics 0606 Paper 11 Q2 Nov 2012 


7 Icis given that f(x) = 4+ 8x—a%. 


a Find the value of wand of # for which f(x) = @—(x + b)® and hence write down the 
coordinates of the stationary point of the curve y = f(x) [3] 


b On the axes below, sketch the graph of y = f(x) , showing 5 
the coordinates of the point where your graph intersects 
the yraxis. 


|| 
(2 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 (4i,i# Now 2012 


8 Given that the straight line y = $x +c isa tangent to the curve y = x? + 9x + hy express kin 
terms of « (4) 
Cambridge IGCSE Additional Mathenaties 0606 Paper 21 2 New 2011 


9 Kind the set of values of for which the line y= 2x—5 cuts the curve y=x* + kx+ 11 in 
two distinct points. [6] 


Cambridge IGCSE Adtitional Mathematics 0606 Paper 21 Q4 fun 2011 


10 The equation ofa curve is given by y = 2x* + ax +14, where ais a constant. 


Given that this equation can also be written as y= 2(x ~ 3) + é, where bis a constant, find 
a the value of aand of b, [2] 
b the minimum value of . a 
Cambridge IGCSE Additional Mathematics 0606 Paper 11 QUisi Now 2010 
11 Find the sct of values of m for which the line y = mx—2 cuts the curve y = x* + 8x47 in two 
distinct points. [6] 
Cale NCE Aaa Mae OE PaHeF 20 OS NOG 2010" 


ss 
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12 a Ona copyof the grid to the right, sketch the 
graph of y=|(x-2)(x+3)| for -5 <x <4, 
and state the coordinates of the points where 


the curve meets the coordinate axes, a) 
b Find the coordinates of the stationary point on the curve y =|(x-2)(+3)| B3] 
¢ Given that k isa positive constant, state the set of values of & for which | (x —2)(x + B)l=k 

has 2 solutions only. (31 


Camibrilge IGCSE Adaitionel Methematics 0606 Paper 11 Qc iti Now 2017 


13 Find the value of k for which the curve y= 2x'~Sx+h 


| i passes through the point (4,-7), ni 


ii_ meets the waxis at one pointonly. [2] 
Cambridge IGCSE Additionat Mathematics 606 Paper 11 QI jun 2016 

14 Find the range of values of é for which the equation kx? + k= 8x—2xk has 2 real distinet 
roots. [4] 


Cambridge IGCSE Additional Mothematies 0606 Paper 11 QU Now 2015 


15 a Find the set of values of xfor which 4x? + 19x-5 <0. 13] 
bi Express 27+ 8x-9 in the form (x+ a)2+0, where aand bare integers. (21 


Use your answer to parti to find the greatest yalue of 9-8x— x2 and the value of xat 
which this occurs. [2] 


Sketch the graph of y= 
intersection with the coor 


-8x- x’, indicating the coordinates of any points of 
late axes. [2] 


Cambridge IGCSE Adcitional Methematies 0606 Paper 21 Q9 Jun 2015 
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This section will show you how to: 


perform simple operations with indices and surds, including rationalising 
the denominator, 
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“You should already know the ig of (he words Index, power, exponent and base: 


index, exponent or power 
oxoxaxeast 
ie 
The plural of the word index is inclices. 


‘You should also know and be able to apply the following 1ules of indices: 
(These rales are always true 


the bases @and hare positive real numbers and the indices mand mare real 


RULE 1 a" xa'=a"t* 


RULE 6: 
RULE? "or Seat" RULET: 
RULE 3: RULES 
RULE 4 ahh ab)" auieist 
RULES: a ~(" 

Note: 


* Ifthe bases aand bare negative then the indices mand n must be integers for Rules 1-5 to be allyays true, 
Rules 6 and 7 are also true if base ais negative, 


3.1 Simplifying expressions involving indices 
When simplify 


ing expressions involving indices you often need to use more 
than one of the rules for indices, 


In Worked Example 1 
positive real numbers. 


and Exercise 8.1 you may assume that all bases are 


4 
Simplify 


Answers 


(ax'yy4x yoxty 


(9)? (92 (FY? 
Gy) : 


HH 
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Exercise 3.1 
1 Simplify cach of the following. 


a (x")9 b xxx? eves 
a Vx" a ts 
3 9 1° 
g x ble? x (2) i 3x2yx5x'y" 


a 
i ee y7 k (2854) l 
2 Simplify cach of the following. 
taxis 
a 
é 


(s6x!)* 
Bx" x 3x 


x 


2° 3! x5 evaluate a, band & 


4 Given that =x" y’, find the value of @and the value of &. 


5 Given that 


;* b, find the value of xand the value of 9. 
@ 


(a’* 


6 Given that =a’ b', find the value of xand the value of y. 


Fy 1 
Simplify (1 +x)? (1432. 


~ 


3.2 Solving equations involving indices 
Consider the equation 2" = 64, 


‘The equation has an unknown exponent (or index) and is called an 
exponential equation. You have already Jearnt how to solve simple exponential 
equations such as 2° =64. In this section, you will learn how to solve more 
complicated exponential equations. 
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CUSSION 


ASS 


The diagram shows the graph of y = 2* for-8 = « <3. 

Discuss the following questions with your classmates: 

‘+ How does the graph behaye when x> 9? 

* How does the graph behave when x<—$2 

* How does the graph of y = 3* compare with the 
graph of y= 2"? 

+ How does the graph of y= 4" compare with the 
graphs of y= 2* and y =3*? 


Now answer the following question: 
* If a> 0, is it possible to find a value of xfor which a’ is either 0 or negative? 


WORKED EXAMPLE 2 


Sohe the equation 2°"! =, 


Answers 


xg) = 23. 


Solve the equation 


Answers 
3*-' x97"! 


st) (92) og 
giely 


33 29) exqune thelidiows 
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WORKED EXANPLE 4 


Solve the simultaneous equations 


Answers 
9° (27) =1 elnnyge tor base 
4* + (¥B) = 128 Arange to hase 
33% <3? uli indices on the left hand side 
1 
2% 4997 = 27 ——subiractinelicesun the lett uel side 
ahd oqquating the nvdices gives 2+ 3y =0 


1 


ae 


equating the andices gives 2x 


Qe 3y <0 suthumset the wwe equuations 


Substituting y =—2 into 2x+3y = 0 gives x =3. |= | 
‘The solution is 


WORKED EXAMPLE 5 


‘a Solve the equation 4y* +3y 
b Use your answer to part a to solve the equation 4(2")° + 3(2*) - 


Answers 
a 4ay"+3y-1 =0 Taeortye 
(DOr) 
4y-1=0 ory + 

1 


comparing with Ly? + y—1= O gives y= 2 


\ 
replace + with 2 
r 4 
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Exercise 3.2 
1 Solve each of the following equations. 


a 5257-1 


€ 78 378-2 
2 
¢ Q"tF= 198 
tome 
i 128 
3 
¢ Bix-7 2952 


£ 252841 a oRse+2 


j 5° +5 sont k 3*-t=o7* if 


4 Solve each of the following equations. 


a 2 41 = 64 bg 


| = | c (2-48) =8 


5 Solve cach of the following equations, 


eT = 188 


ate re 
Saar 
ane 
¢ Bot 
oP be 
6 Solve each of the following equations. 
a 3x ore b 2x 5*=8000  ¢ 5*x4*=—1_ 
18 1000 


7 Solve each of the following pairs of simultaneous equations. 


a 4*+2)=16 b 277=9(3) « 


Bx 9 =27 *e87=1 


8 a Solve the equation 2)°—7y-4=0. 
b Use your answer to part a to solve the equation 2(2")?— 7(2*) -4=0. 


9 a Solve the equation 4y* =15 +79. 


b Use your answer to part a to solve the equation 4(9*) = 15 + 7(3*). 


Solve the equation 3) =8 +3. 


b Use your answer to part a to solve the equation 3. 
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and Surd: 


3.3 Surds 


A surd isan irrational number of the form vm, where nis a positive integer 
that is not a perfect square. 


\2, 15 and VI are all surds. 
19 isnota surd because V9 = V3" 
Other examples of surds are 2+ 15, 17 - V2 and 


3. 


When an answer is given using a surd, it is an exact answer. 


CLASS DISCUSSION 


‘The frog can only hop 
onto lily pads that 
contain surds. 

Itis allowed to move 
along row (west or 
east) or acolumn 
(north orsouth) but 

is notallowed to move 
diagonally. 

Find the route that the 
frog must take to catch. 
the fly. 


You can collect like terms together. 
6VIT + 8VIT = 9VIT and 5V7 - 207 =3V7 


WORKED EXAMPLE 6 


‘Simplify 4(5 — V3) - 2(5V3 - 1). 


Answers 
(5 — 8) -2(645 -1) expand the hvackets 
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Exercise 3.3 


1 Simplify. 

a 8N5 + 7V5 b sVl0+2V10 ¢ sVil+VIl od 6Y3-VS 
2 ABE+7NS BAB-33 Cc WT-V 

Simplify. 

a A+B bA-C c¢ 2A+3B d 5A+2B-C 


3. The first 4 terms of a sequence are 
24+8V7  2+5N7  247NT 2+ 917. 
a Write down the 6th term of this sequence. 
b Find the sum of the first 5 terms of thi 


sequence. 
€ Write down an expression for the nth term of this sequence, 


4 a Find the exact length of AB. A 
b Find the exact perimeter of the triangle. on 
| B Tan © 
CHALLENGEQ 
5 The number in the rectangle «@) 


on the side of the triangle is, 
the sum of the numbers ai the 
adjacent vertices. 


Find the value of x, the value of 
yand the value of 


CHALLENGEQ 
6 This design is made from fA®) 
I blue circle, 4 orange circles a Se = 
and 16 green circles. VY 
The circles touch each other. | 
Given that the radius of each it: 3% ¢ 
green circle is | unit, find the NOZaw 
exact radius of or 
@ the orange circles, 


b the blue circle. 
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3.4 Multiplication, division and simplification of surds 


You can multiply surds using the rule: vax Vb = Vab 


WORKED EXAMPLE 


Simplify. 
a Bx 


b (va)? © W5x3V5 


Answers 

a W8xve=Vax5= V5 

b (V8) =WBxVB=VGE=8 Note: vis = 0 
¢ 25 x3v5 =6V15 


WORKED EXAMPLE 8 


Expand and simplify. 
a (4-93)* b (v3 +5v2{v2 +V3) 


Answers 
a 48) pare suas adil lel 
= (4 8Ka - V3) pine ben 
=16- 415 —4v5+8 io teams 
= 19-83, 
b (VE +5vEvE +5) spinel the beakers 
=WO+5+1045V6 1 ke wre 
=13+06 


98 can be simplified using the multiplication rule, 


NOB = VA9 KD = V49 x 2 = TZ 
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WORKED EXAMPLE 9 


Simplify ¥ 


Answers 
V5 VIR 

= 195 x ¥3- V4 x V3 
xV5-2x 13 collect like terms 
NE 


You can divide surds using the rule: 


WORKED EXAMPLE 10 


i 
simptity 272, 
Py 


Answers 


Exercise 3.4 


1 Simplify. 
a VI8 x v2 b 2x72 d (ya)? 
e (vis)? # (5) ho WE x v7 
2 Simplify. 
vig p 2 a 
26 
Vis 
* Us h 
8 
; 188. 
1 
5 ovr 
3. Simplify. 
awe b Vi2 © 20 d 28 
e 50 f V7 g vis h 52 
i 80 j 90 k V5 Lo 
m 44 n 125 o V7 p 200 


Scanned with CamScanner 


2 


a 


_ 


and Surds 


4 V5 + \a007 5 MO oe 

u $500 v QOx VIO wx AB x BG 

y 245 x V5 

Simplify. 

a 5V8 + V48 b V2+ V3 c \¥20+3V5 

a V75 +2N38 e 32-28 f 125 + 80 

e Vi5- V5 h 20-55. i V175 - 28 + Ves 

j VO0+V79-V18 kk VQ00-2VI8+V72 LBBB - 3163-7 
m V80+2¥20+4V45 on 512 -3V48 +2175 © Vi2+V8- 98 + V0 
Expand and simplify, 

a V2(3 +2) b y3(2V3 +12) ¢ ¥2(5-22) 

d ¥5(\27 +5) e \3(V3-1) V5 (2v5 + V20) 

g (V2 +12 -1) h (V5 +5)(\3 -1) i (2+ W)2v5 +1) 

5 (3-v2\(3+ 2) k (4+ V3)4- 8) U (1+ 5) -%5) 

m (4+ 208)(4-2V8) on (V7 + V5) V7 +205) 0 (34 2v9)(5 +29) | 
Expand and simplify, 


a (2+.5)* b (5-18)? oe (4458)? ds (V2 + 98)" 


A rectangle has sides of length (2 + V8) em and (7-12) em. 

Find the area of the rectangle. 

Express your answer in the form a+ 6Y2, where aand bare integers. 
a Find the value of AG?, 

b Find the value of tan x. A 


Write your answer in the form © a 


where aand bare integers. NS 
¢ Find the area of the triangle. = 
Write your answer in the form 5—, B 5va 


7 
where pand gare integers, 


Accuboid hasa square base, 
‘The sides of the square are of length (1 +2) cm. 
The height of the cuboid is (5 - V2) cm. 

Find the volume of the cuboid, 


Express your answer in the form a+ bV2, where and bare integers. 
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CHALLENGE Q 
10 Find the exact value of \2 +13 - \2- 18. 
(Hint: let x = V2 + V3 — V2 — 5 and then square both sides of the equation.) 


CHALLENGE Q 
la Given that Y6=4V2 = va- 4b, find the value of aand the value of b. 


b Given that 123 — 616-42 = ve+ Vd find the value of cand the vahue of d 


3.5 Rationalising the denominator of a fraction 


CLASS DISCUSSION 


— os 


‘You rationalise the denominator of a fraction when it isa surd. 


‘To rationalise the denominator of a fraction means to urn an irrational 
denominator into a rational number, 


In Exercise 3.4, question 5m you found that 
(4+ 2V3\(4~ 2B) = (4)? - 8V5 + 8V3 —(2V3)° = 16 - 12=4 


This is an example of the product of two irrational numbers (4 + 2V3) and 
(4-28) giving a rational number (4). 


4+ 2V3 and 4 ~ 2V3 are called conjugate surds. 
‘The product of two conjugate surds always gives a rational number, 


‘The product of conjugate surds a+ bY¢ and a—bvé isa rational number, 


So you can rationalise the denominator of fraction using these rules: 


For fractions of the form tp snultiply numerator and denominator by va. 


For fractions of the form — 15, multiply numerator and denominator by 


a- WE. 
* Yor fractions of the form —1-, multiply numerator and denominator by 
at bye, 
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Note: 


To find products such as (4 + 2V3)(4 - 2V3), it is quicker to use the 
algebraic identity: 


(s+ P@e-y) =x -y 
So (4 + 2V3\4 - 293) 


~(2V5)? =16-12=4 


WORKED EX, E 


Rationalise the denominators of 


authiply numeraior anel denominator by V5 


multiply numerator and denominator by (2 


3) 


— 10-5V3 
o 
“esahs«) me [she jh = 07 = 3! we onpand the denominator 
(V7 - VeKV7 + 8) 
— 7+N14 +3V14 +6 
(vay? = (v2)? 
B+ 
ort 
Exercise 3.5 
1 Rationalise the denominators. 
vee Se 
NB 2 
4 12 
°e ‘6 
i 3 j Vz 
a 182 
a == 
™ 22 " 28 
a Sov , Mov 
2 VW 
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2. Rationalise the denominators and simplify. 


at. b « d 
1+2 
5 
5 f h 
"oe e 
fl , 
‘os-e8 
3. Rationalise the denominators and simplify. 
228 p Lhe < 2241 d 
2+ 3-2 
( a 
e M541 ¢ M7-ViT h 
S245 VI7+V1 
4 Write asa single fraction. 
1 1 2 1 2 L 
+ Be ee = 
+1 B-1 We Ve °‘ Ee ne 


5 The area of a rectangle is (8 + V10) em?, 
‘The length of one side is (V5 + V2] cm. 
Find the length of the other side in the form aV5 + 6V2, where @and bare 
integers. 
6 Acuboid has a square base of length (2 + V5) cm. 
‘The volume of the cuboid is (16 + 75) cm. 
Find the height of the cuboid. 
Express your answer in the form a+ 6¥5, where aand bare integers. 
7 Aright circular cylinder has a volume of (25 + 14V3)a cm and a base radius 
of (2+ V8) cm, 
Find its height in the form {@ + V3) cm, where aand bare integers. 


8 a Find the value of tan x, 
Wits youremmwerin tie him STE, 4 
where a, band care integers. eae. 
b Find the areaofthe wiangle, | 
White your answer in the form 2+ 2 B = C 
where p, gand rare integers. 142N8 
9 Find the value of cos 6, 
Write your answer in the form 2+ V7, A 
where a, band care integers. 2 +NT)em_/ Bem 
B Cc 


Bem 
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CHALLENGEQ 


10 The blue circle has radius 2 and the green 
circle has radius 1, ABis a common tangent 


andall three circles touch each other. 
Find the radius of the smaller circle. 
OS 


3.6 Solving equations involving surds 


WORKED EXAMPLE 12 


Solve V5 x= \Ex+ 17. 
Answers 
NB x= V2xtV7 
Bx Ba 7 
15 — V2) = V7 
peetie 
6-8 
2 SEW) 
(V5 - V2\(V5 + V2) 
Pen cenice 
Wo) (a 
_ Vei+ Via 
~ o-2 
35 + Vi 
Racers 


collects on one side 
fnctorise 
divide both sides by (V5 - V2) 


imulaply numerator and denominator by [VB + V3) 


use (+ 9) (4 y) = 82 = yt expand the clenominauon 
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WORKED EXAMPLE 13 


Solve the simultaneous equations 
dwt 5y =20 
VE x—5V2y=8 


Answers 
xt Sy =20 aultigay tbe Hess equation | 
IF x- 51D y =8 


BY x4 5VBy = 200 he were 


V2 x-5V2y =8 
412 x = 20V2 48 fetus heathy viele ty 
4 
(202 + 8) x-V2 


Substituting x = 
BB was 


CLASS DISCUSSION 


Haroon writes: e=2 
x+2=¢ 
+4 t4= 16 

x +4x-12=0 

& + Oe -2=0 
9x = -60rx 


Discuss this with your classmates. 


Explain why he now has two values for x, 


In the class discussion you found that if you square both sides of an equation 
and then solve the resulting equation, you sometimes find that you have an 
answer that is not a valid solution of the original equation, Hence, it is always 
important to check your answers by substituting the answers back into the 
original equation. 
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WORKED EXAMPLE 14 


Solve V¥=2x—6, 
Answers 
VE 

x 

x 
4st 9524 36 
(4x- 9) (x4) =0 

x=Sorx=4 
Check x =4in the original equation: 


3 9 


lS = Sanax'! — 
| Ra taaceaar tang a 


Check x = 4 in the original equation: 
Vi =2and 2x |— 
So the final answer is x= 4. 


1,80 


square both sides 
expand the bruckess 
collect like terms 
fac 


3,10 x= Sis not a valid solution of the original equation. 


is a solution of the original equation, 


Solve Yx+ 4 -V2x+1=1 


Answers 

N8x+4— 12x41 =1 
Your 4 =1+VOeFT 
Bx44 =(14 V8xF 114 VOe4T 
Syed =1+2V0EFT 2x41 


xt2 =202e4T 
(x42)? =4@+1) 
Padetd =Bx44 
4x =0 
a(x-4) =0 
x=Oorx=4 


Check x =0 in the original equation: 
Vix044- VEx04T = VE - VT 
Check x =4 in the original equation: 
VIxT44- VER IFT = Vib -VO= 
equation, 

So the final answeris x=0 or x= 4. 


inokite one of the square roots 
ayquatte bod sides 

expand the brackets 

iwolate the square rot and collect 
like terms 

square both sides 

expand the brackets 

collet like terms 

finetorise 


1, sox = 0 isa sohition of the original equation. 


is ak a solution of the original 
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Exercise 3.6 
Fi 
a Vi2x—V5 x= V5 b 


Ive these equations, 


c VIT x= 218 x+ V5 


2. Solve these simultaneous equations, 


berty=5 
Woxt 2 =12 
e x+ y=5+4V2 
sty=8 
3 Solve these equations. 
a 10VE-4=7\E+6 — b GvE+4 © 7VE+9=10VE+10 
d V2x-1-3=0 e ¥2x-3 
g 3+ V5x+6=12 he 


4 Solve these equations 


a \Qx-1 ¢ \Ort+3 
d Vi0-2x+x=1 f Vet4+2=% 
g Vx+5+1 i ve=22-6 


j VBx+T-x-1=0 
5 Solve these equations. 

a Vax+7=Vx+3+1 bv 

¢ V8xt4—Vax+1T=1 d Ve+T- 

e Vx+1+ 2 f \16- 


24+ \36+ Gx 


6 The roots of the equation a° —2Vhx+5 =0 are 
p a+ bo 
Write f in the form 2+"%5, where a, band care integers. 
T Find the positive root of the equation (4 — V2) x* — (1 + 2V2) x— 
a+ bye 


Write your answer in the form ** 7° where a, band care integers. 


and 9, where p> 


0. 
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Summary 
Rules of indices Rules of surds 
RULE]: a™xa"=a™*™ RULEL: Vab= vax Vb 
RULE 2: RULE: fe=~2 

bb 
RULES: RULES: vax va= 
RULE4: ‘The product of conjugate surds a+ bvé and 
RULES: a-— bNé isa rational number. 
RULE6: 
RULE?: 
RULES: 
RULES: 


Examination questions 


Worked example 


24V5 


Without using a calculator, find the value of cos 8, giving your answer 


2+ WS where a, band care imegers. 


Comtbridge IGCSE Additional Mathematies 0606 Paper 21 Q3 Nov 2011 


in the form 
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Answers 
Using the cosine rule: 


3% = (2+ 18)? +2" -2x(24 V8) x2x cos 9 


Rearrange to make cos 6 the subject: 


(2418)? +2 


tor eS square brackets in the numerator 
2x (2+ V3)x2 : c 
(2+. 4+2V3+2V8+ + 43 
cos 6 = 1+4NB +4—9 collect like terms in the numerator 
42+ 98) 
Sat 2 
cos = 2498 multiply numerator and denominator by (2- 18) 
(2+ 18) 
2 2-8 3 z 
cong = B+ 42-18) (2 +4NB\Q— 1B) = 4-218 + 8V5 - 12 =- 8+ 6S 


4(2 + ¥8)(2 — v8) 


= (V3 


(2+ v8)(2 
8+ 68 
cos 0= ree divide numerator and denominator by 2 
congo 1205 


| Exercise 3.7 
Exam exercise 


1 Solve 2" -* 


(al 


Camiridge ICSE Additional Mathemates 0606 Psper 21 QI1a Jun 2014 


or 


2 Solve the simultaneous equations, 


4" _ 1099. 
56? = 1024 
8x07 243 15] 


Canbridge IGCSE Additional Mathematics 0606 Paper 21 Q5 Now 2013 


3. Solve the equation (41 


ey ag t™ 
Cambridge IOCSE Addtional Mathemetis 0606 Paper 21 Q5b fun 2012 


4 Integers aand bare such that (a+ 3V5)° + a—0N5 = 51. Find the possible values of aand the 
corresponding values of b. (61 


Cambridge IOCSE Additional Mathematics 0606 Paper 21 Q9 Now 2014 


S Without using a calculator, express 6(1 + ¥3)~* in the form a + V5, where wand bare imtegers 
to be found 41 


Combe 1GCSE Additional Methematies 0606 Paper 21 Q2 Jun 2014 
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6 Do notusea calculator in this question. 
(4v5 -2)* 
NB-1 


Express in the form pv5 + g where pand gare integers. 4] 
Cambridge IGCSE Additonal Mathemetics 0606 Paper 21 Q2 Now 2013 


7 Do notusea calculator in any part of this question. 


a i Showthat 3V¥5—2y2 isasquare root of 53~ 12V10. w 
fi State the other square root of 53-1210. ie] 
b Express ase in the form a+ V6, where @and bare integers to be found. 4) 


Camtiridge IGCSE Additional Mathematics 0606 Paper 11 Q7a,bi,it Noo 2012 


8 Calculators must not be used in this question. 


5-2 


Cc 
a 5-1 


The diagram shows a triangle ABCin which angle A= 90°. 
Sides ABand ACare V5 —2 and V5 + 1 respectively. 
Find tan Bin the form a+ bV5, where aand bare integers. Bl je | 


Cambridge ICCSE Additional Mathematics 0606 Paper 11 QU: fun 2013 


4 
z 

9 Given that 1 p'g'r’, find the values of a, b, and & 13] 
i 


£ Additional Muthematies 0606 Paper 12 Q2 Mar 2016 


10 Do notuse a calculator in this question, 


1435 I 

i \* 

a o 
6+2V3 5-Y3 


The diagram shows two parallelograms that are similar. The base and height, in centimetres, of 
each parallelogram is shown, Given that x, the height of the smaller parallelogram, 


is Beat , find the value of each of the integers pand q [51 


Cantbridge IGCSE Additional Mathemeties 0606 Paper 22.06 Mar 2016 
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4.1 Adding, subtracting and multiplying polynomials 
A polynomial isa an expression of the form 
ax” + a, +a, ot? +... tage? + ax? + ay 
where: 
* visavariable 
© nis anon-negative integer 
© the coefficients @,,4,-1-4y_95 + +@2+4),4y are constants 
© a, iscalled the leading coefficientand a, #0 
© ay iscalled the constant term. 
The highest power of x in the polynomial is called the degree of 
the polynomial. 
You already know the special names for polynomials of degree 1, 2 and 3. 
These are shown in the table below together with the special name fora 
polynomial of degree 4. 


Polynomial expression Degree Name 
axt+h, a#0 1 linear 
a+ix+c, az0 | 2 ‘quadratic 
ax toxttaxtd, aZ0 3 cubic | | 
ax‘ +i +ext+dxt+e, a#0 4 quartic 


‘The next example is a recap on how to add, subtract and multiply polynomials, 


WORKED EXANPLI 


If P(x) = 2x! ~ 6x? =5 and Q(a) = 29 +2x~1, find an expression for 
a PR)+QH), —b PR)-QQ), —€ -2G), —d_ PHRIQG. 


Answers 
a P(x)+ Q(x) = 2x —Gx®- 5495+ 2x-1 —coolleey like werins 
3x? — Gx? + 2-6 


b P(x)— Q(x) = (2e3 — Gx? - 5)— (29 4 2x1) oruve bichon 
Bx! Gx? —5—x— 2x41 collect like terms 
x 6x? - Be 4 


© 2Q(s) =2(x3 + 2x1) 
=BeS+4x-2 


dd P(x)Q (x) = (2x° — 6x? —5)(x? + 2x -1) 


ax! + 4x — 2x8 — 6x5 — 123 + 6x? — 5x8 —10 +5, 
= 2x9 — Ox? + 4x4 ~ 198? + Ox" 102 +9 
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CLASS DISCUSSION 


P(x) isa polynomial of degree p and Q(s) is a polynomial of degree g, where p> 4. 
Discuss with your classmates what the degree of each of the following polynomials is: 


PO) +20) 2P(x) 
-8Q(a) P¥ay [Qe]? 
PQQ’ QP(x) Qla) — P(x) 


Exercise 4.1 
1 If P(x) = 3x! + 2x*—1 and Q(x) = 2x* +.x* +1, find an expression for 


a P(x) + Q(x) 
b 3P(x) + Q(x) 
€ P(x) 2Q(x) 
d P(x)Q(x). 


2. Find the following products. 


a (2v—1)(4x° +x+2) b (x3 + 2x? -1)@x+ 2) 
© (3x? +2x—5)(x' +x? +4) d (x +2) (3x* +x-1) 
e@ (x? —5x+2)° f (3x-1)* 


3. Simplify 
a (Qe —3)(x+2)+ (w+ I)(x-1) 
b (3x +1)(x? + 5x + 2)— (x? -4a + 2)(x +3) 


(2x4 +4 ~1)(x* +3x— 4) —(x + 2)(x? - x? + 5x +2) 


ch of the following, 


4 If f(x) =? =4 and g(x) = x? + 5x +2, find an expression for 


a f(x) + mg(x) 
b [F(x)] 
¢ £%(x) 


4 gflx). 
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4.2. Division of polynomials 


To be able to divide a polynomial by another polynomial you first need to 
remember haw to do long division with numbers. 


‘The steps for calculating 5508 + 17 are: 


324 
17/5508 Divide 55 by 17 


51} x 17=51 
40 5 , bring down the () from the next column. 
S4. Divide 40 by 17, 2 17=34 
68 40- . bring down the 8 from the next column: 
68 Divide 68 by 17,4 * 17=68 


) 68-68=0 
508 +17 = S24 


f » 
if * 


/ 
dividend divisor quotient 
‘The same process can be applied w the division of polynomials. 


Divide a3 — Sx? + 8x—4 by x—2. | 


Answers 


So 


being down the 8x from the uext colume 


Po4e 
oe eer ee 
#-28 
“Bx + 8x divide 3x! by x,-By" 5 y= 
“3x! + 6x multiply (x ~ 2) by “Bx, -SaCe “3x4 Ga 
Qe— 4 subblract, (x? + 8x) - (Sy? + G0) = 2 
boring dow the ~4 fiom the next column 
Step 4: Repeat the process 
Ba art2 
ee ear 
2-20 
“Sx + Be 
3x + 6x 
Qe 4 divide Bx bys 


Qe—4 multiply (x 


So (x! — Bx! + Be — 4) +(e 2) = 92-9042 
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WORKED EXAMPLE 3 


Divide 223 — x + 51 by 48 


‘There are no x* terms in 2x3 —¢-+51 so wewrite itas 22° + 0x? 


Answers 
Step 1 
22 
x+3)284 0M a 5i vile the Fir wil 
Bre? | amnaltiply (xv +3) by 2a, aE 4 +x 
“oe aiberaet Ne) — (2a + Bx) 


Step 2: Repeat the process 


2xt— bx 
x43) 28408— x51 
2x8 46x" 
62- x f by a, -€ 0 
6x — 18x Kiply: Iv #39) by tix, fixe = 9) = =fe2— 1 
Vix+ 61 bivset, (ti 692-183) = 
Step 9: Repeat the process 
~ Gr417 
x43)20408—— x+5l 
22463" 
~6- 
x — 18s 
Te+51 divide Vx by x, 17 1 
V7e4.51 hhiph 317 175 
0 suberaes, (17x * 51) ~ (17k +51) =0 


So (2x* — x +51) + (x43) =x" -6x417. 


Exercise 4.2 
1 Simplify each of the following. 


a(x" + 3x" - 46x — 48) +(x +1) b (x3 ~x? - 3x42) +(x-2) 
€ (x — 20x" + 100x-125)+(e-5) ds (x3 -3x-2)+(x—9) 
e@ (x5 — 3x? - 38x +35) +(x-7) f 


2 Simplify each of the following. 


(x) + 2x2 — Oe — 18) + (x + 2) 


a (3:9 + 8x! +3e—9) = (v4 9) 


b 3x — 2) + (3x +1) 
© (8x3 — 11x? +20)+(x—2) (8x8 - 212? + 4x — 28) +(x - 7) 
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3. Simplify. 


Sx} — 8x2 — dy +4 bp Bet Oxt + 95 
xo x45 
é 3x5 — 50x +8 a 
3x? + 12x-2 
4 a Divide x1 by(x+1). b Divide x°—8 by (x- 2). 


4.3 The factor theorem 


In Worked example 2 you found that x-2 divided exactly into 
(x® - 5x? + 8x —4). 


(x3 - Bet + 8x —4) + (x 2) = x* - Bx +2 
This can also be written as; 

(x3 —5x® + Bx — 4) = (x 2)(x? — 3x +2) 
Ifa polynomial P(x) is divided exactly by a linear factor x ~ c to give the 
polynomial Q(x), then 

P(x) = (x- QU). 


Substituting x 


Hence: | 


If for a polynomial P(x), P(e) =O then x—c is a factor of P(x). 


into this formula gives P(c) = 0. 


‘This is known as the factor theorem, 
For example, when x =2, 
4x3 - Bx? — x +2 = 4(2)* - 8(2)' -2+2= 32—32-2+2=0. 
Therefore x ~2 isa factor of 4x*— 8x? - x +2. 
‘The factor theorem can be extended to: 
Tf for a polynomial P(x), (2) =0 then ax— 6d isa factor of P(x). 


For example, when x = 4, 
A 
4x3 — 2e2 + 8x - 4 = (2) -( 
2 2 
‘Therefore 2x ~1 isa factor of 4x° - 2x? + 8x4, 
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CLASS DISCUSSION 


Oxt— xP + Bx¥— Oe —5 


6x3 = 10x" — 18 


WORKED EXAMPLE 4 


Show that x—3 isa factor of x*—6x"+11x—6 by 
a algebraic division 
|b the factor theorem. 


Answers 
a Divide 2° 6x? + Ihe 6 by x3. 
Pa 3x42 


x- 3) —6x + lx 6 


‘The remainder =0, 0 x ~9 isa factor of x°— 6° +L1x-6. 
b Let f(x) = x} ~6x*+ 1-6 hen vet 


£(3) = (3)° - 6(3)" +11(8)-6 
~54+33-6 


=o 
So x—3 isa factor of x* 


+1le-6, 
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WORKED EXAMPLE 


2s? +x 1 isa factor of 2x? — xt 


taxth, 
Find the value of aand the yalue of #. 


Answers 

Let f(x) = 9x3 — x2 bat, 

If 2x® + x—1 = (2x 1)(x-+ 1) isa factor of f(x), then 2x ~ 1 and x + 1 are also factors 
of f(x). 


Using the factor theorem (3) =0 and {(-I) =0, 
1 Fb erik 1 
o(g)=0 eves2(5) -(5) +-(3)+5-0 
Garten “) 


-Q-1-atb 


(2) = (1) gives 6-3, 
3h 
4 

‘Substituting in (2) gives a= 

Soa=-2,b=1. 


Exercise 4.3 
1. Use the factor theorem to show: 
a x-4 isafactor of x*- 3x" —6x +8 
b x41 isafactorof x*-3x~2 
© x-2 isafactor of 5x3—17x" +28 
d 8x+1 isa factor of 6x! + Lx? —$x—2. 


2. Find the value of ain each of the following. 
a x+1 isafactor of 6x! + 27x? +ax+8. 
b x+7 isafactorof x*~ 5x? ~6x+a. 
€ 2x+5 isa factor of 4x5 + ax + 29x + 30. 
3 x-2 isa factor of x° + ax® +bx-4. 
Express bin terms of a. 
4 Find the value of aand the value of bin each of the following. 
a x'+3x-10 isa factor of x* + ax* +bx +30. 
b 8s! 1x4 5-isa factor of ax} —17x*+ be 15. 
© 4x? -4x-15 isa factor of 4x + ax* + he +30. 
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5. tis given that x* ~ 5x+ 6 and x° — 6x* + 1x +a have a common factor, 


Find the possible value of a. 
6 x~2 isa common factor of 8x* —(a—b)x ~ 8 and x5 - (a+ b)x +30, 
Find the value of aand the value of A, 
7 x—3 and 2x ~1 are factors of 2x° — px? — 2gx+ 4. 
a Find the value of p and the value of q. 
b Explain why x +3 is also a factor of the expression. 
8 x+a isa factor of x + 8x? + dax—3a, 
a Show that a’ — 4a" +3a=0. 
b Find the possible values of «a. 


4.4 Cubic expressions and equations 

Consider factorising x* — 5x? + 8v—4 completely. 

In Worked example 2 you found that (x? ~ 5x" + 8% - 4) +(x —2) 3x+2. 
(#— 2)(x* - 3x +2). 
Factorising completely gives: x? — Bx? + Bx —4 = (x — 2)(x— 2)(x—1). 


x* —Bx® + 8x 


This can be rewritien, 


Hence if you know one factor of a cubic expression it is possible to then 
factorise the expression completely. The next. example illustrates three 
different methods for doing this, 


WORKED EXAMPLE 6 


13x +15 completely. 


Factorise 


‘Answers 

Let f(x) = x? — 3x" — 138 +19. 

‘The positive and negative factors of 15 are +1, +8, +5 and +15. 
£(1) = ()* - 3x (1)? - 18x (1) +15 =0 

So x —1 isa factor of f(x). 

‘The other factors can be found by any of the following methods. 
Method 1 (by uial and error) 

£(x) = x - 3x? - 18x +15 

£(0) = (8 (1)? - 18 (1) 415 =0 

So x —1 isa factor of f(x). 

£(-8) = (-3)° -3 x (-8)' - 13 x (-8)+15=0 

So x +3 isa factor of f(x). 

£(5) = (5) - 3x (5)' - 13 x(5) +15 =0 

So x —5 isa factor of f(x). 

Hence £(x) = (x — 1)(x - 5)(x +3) 
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Method 2 (by long division) 
a Qe 15 
x - 1) 8 - Bx — 134 15 
roe 
Be 13% 
Bt Ox 
AIBxt 15 
Bat 15 
0 
£(x) = (e- 1)(x* - 2x - 15) 
= (e=1)(x—5)lx +3) 


Method 3 (by equating coefficients) 
Since x —1 is factor, x*—3x*—18x+15 can be written as 
x8 — Ba — 18x 415 = (x— I)fax® + bx +o) 


eae eiy ‘| eee 


x3 — 3x? — 18x +15 = (x 1)(x? + bx - 15) expand and collect like terms 
a8 Bx? — 18x + 15 = 2° + (b= Ix + (C= 15) +15 
Equating coefMiciems ofx%: 9-1 = -8 
b=-2 
f(x) = (x — 1)(x* - 2e- 15) 
= (x-I)(e-5)(e+3) 


WORKED EXAMPLE 7 


Solve 2x! — 38% - 18x— 


=O. 


Answers 
Let f(x) = 2x3 — 8x4 — 182-8. 
‘The positive and negative factors of 8.are +1, +2, +4 and 48, 
£(-2) = 2(-2)' - 3x (-2)* -18 x (-2)-8=0 
So x +2 isa factor of f(x). 
Be — Be — 18x — 8 = (+ 2)(ax* +e + 0) 
= % 


it rie 


pees | eee 


2x! — Be? — 18x — 
2x1 — Set — 18x 


(x + 2)(2x? + be - 4) expand and collect like ferme 
= 2a + (b+ Hat + (2b-4)x—8 
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Equating coefficients of x*: b+4 =-3 
b= 

F(x) = (x +2)(Se* -7x- 4) 

= (x +2)(2x +1) (e-4) 

Hence (x +2)(2x +1)(x— 4) = 0. 


So x =-or x= forma. 


WORKED EXAMPLE 8 


Solve 2x3 + 7x" 0. 


Answers 

Let £(x) = 2x3 + 7x? — 2x 1. 

‘The positive and negative factors of -1 are #1. 

£1) = 2C-1)' + 7x" -2x(-1)-1 40 
Fl) = 207 +7 0)? -2x()-140 


So x =1 and ¥ +1 are not factors of f(.) 


mse (2) m8) 2) 


So 2x~1 isa factor of: 
Qe! 4 Ma? — Qe —1 = (2x1) ax? + de +d) 


2x! + Ix 2x -1= (2x-1)(x" + bx+ 1) 
Bd + xt Be 2 


Equating coefficients of x*: 2b -1=7 
baa 
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1 be factorised into 3 linear factors, 


Not all cubic expressions, 

Consider the cubic expression x3 + x? — 36, 

Let f(x) = x2 +x" - 36. 
£(3) = (3)" + (3)? —3 


So x —3 isa factor of f(x). 
28 + x? - 36 = (x —3)(ax® + dx +) 
7 eo 
coefficient of x" is 1,s0 a= 1] constant term is 
since 1 1= | since-3 x 1 


x8 + x? - 36 = (x —3)(x” + bx +19) 
xo tx? - 36 = x9 +()-5)x? + (12 — 80) — 36 


cients of xt: 6-3 =1 
be4 
So xb-+x%-36 = (x—3)(x% + 4x4 12) 


(Note: x? + 4x + 12 cannot be factorised into two further linear factors, since 
the discriminant <0.) 


Equating coe 


Exercise 4.4 
41 a Showthat x—1 isa factor of 2x* 


22x41, 


b Hence factorise Qx* — x —2x +1 completely. 


2 Factorise these cubic expressions completely, 


a x3 42x? —3x—10 b x3 445% 4-16 
€ 2x5 — 9x? — 18% d x5 8x? 45414 
e@ Qe) — 13x? 417% +12 f 3x54 9x? 19846 
g 4x3 -8x"- 242 hh Qe! + Sx® —38~ +15 

3. Solve the following equations. 
a x5 8x? 83¢4+95 = 0 b x3 — 6s! 411y-6=0 
© 3x3 417%? +18x—8=0 d Qe! + 854-17 419 = 0 
e@ 9x9 —3x? - lle +6=0 f Qh 47x? -5r-4=0 
B 43 +12x' +5x-6=0 h 2x5 — Sx? — 29x +60 = 0 


4 Solve the following equations. 
Express roots in the form a + bJe, where necessary. 
a xi 4x? de 0 b x3 +802 +12r-9=0 
co xi42x?- 72-250 d 2x5 + Sx? 17x 412 = 0 


5 Solve the equation 2x5 + Gx? — 14x —9 


Express roois in the form @ £0/e, where necescary, 
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6 Solve the equation x? + 8x? +12: 


Write your answers correct to 2 decimal places where necessary. 
7 a Showthat x—2 isa factorof x°-x*-x-2 
b Hence show that x° — x* -x—2=0 hasonly one real root and state 
the value of this root, 
8 fix) is a cubic polynomial where the coefficient of x* is 1. 
Find f(x) when th 
a -8,1and5 b -5,-2and4 © -3,0and 2 


ols of f(x) =0 are 


9 f(x) isa cubic polynomial where the coefficient of x° is 2. 

Find f(x) when the roots of f(x) =0 are 

a -0.5,2and4 b 0.5, land 2 © 15, Land 5. 
20 f(x) is a cubic polynomial where the coefficient of x* is 1, 

The roots of f(z) = 0 are - 3,1 + J2 and 1-2. 

Express {(a) as @ cubic polynomial in x with integer coefficients. 
11 f(x) is a cubic polynomial where the coefficient of x* is 2. 


‘The roots of f(x) =0 are i 2+ V3 and 2-3. 


Express f(s) as a cubic polynomial in x with integer coefficients. 
12 2x +3 isa factor of 2x4 + (a? +1)x5 - 3x2 +(1- a3)x +3. 

a Show that 4a5-9a* +4 =0. 

b Find the possible values of a, 


4.5 The remainder theorem 

Consider £(x) = 2x3 - 4x? + 7x — 37, 

Substituting = 8 in the polynomial gives £(3) 3) — 4(3)" + 7(3)- 37 = 2. 

When 2x* ~ 4x" + 7x - 37 is divided by x —3, there is 
Qt Qet 13 


x—3)20— 4x74 7x-37 
2x? — 6x* 
Qt Te 
2x? 6x 
13x-37 
13x-39 
2 


remainder, 


The remainder is 2. This is the same value as f(3). 
f(x) = 2x9 - 4x? + 7x - 36, can be written as 
f(x) = (x —3)(Qe? 4 2e-413) +2 
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In general: 


Ifa polynomial P (x) is divided by x —c to give the polynomial 
Q(x) and a remainder R, then 


P(x) = (x Q(x) +R. 
Substituting x =c into this formula gives P(c) = R 


‘This leads to the remainder theorem: 


Ifa polynomial P(a) is divided by x 


, the remainder is P(o). 


‘The Remainder Theorem can be extended to: 


Ifa polynomial P(a) is divided by ax ~ 6, the remainder is (2). 


WORKED EXANPLE 9 


Find the remainder when 7a + 6x® ~ 40x +17 is divided by (x + 3) by using 
a algebraic division b the factor theorem, 


(eo > | 


& Divide 729 + 6x* — 40x +17 by (x43). 
Tet Wx + 5 
x+3)TO+ 6840x417 
a4 at 
“5x? 40x 
Bet 45x 
Sx +17 
Bx 415 
2 


‘The remainder is 2. 
b Let {(x) = 7x3 + 5x" —40e +17. 
Remainder = £(-8) 
7(-3)' + 6(-8)* - 40(-8) +17 
189-454 + 120-417 
2 
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WORKED EXAMPLE 10 


F(x) = 2x5 = ax! — Ox eb 


When f(x) is divided by x —1, the remainder is | 


When f(x) is divided by x +2, the remainder is 19. 


Find the value of aand of 6 


Answers 
f(x) 
When f(x) is divided by x1, the remainder is 1 means that: {(1) = 1 
2(1)' a(t}? —9(1) + 
240-94 
at ily 

When f(x) is divided by x +2, the remainder is 19 means that: f(-2) = 19, 

2(-2)' + a(-2)* - 9(-2) + = 19 


Bed bast — On 4b 


AG + 4a+18 +5 =19 
4a+b=17 2) 
(2)= (1) gives 8a =9 
a= 
Substituting a =$ in equation (1) gives 6= 5 


a=3andb=5 


Exercise 4.5 
1. Find the remainder when 

a x342x?-x* 43 is divided by x—1 

b x= 6x? +11x—7 is divided by x-2 
33x +30 is divided by «+2 
x -18v+11 is divided by 2x—1. 


2 a When x*+x*+ax—2 is divided by x—1, the remainder is 5, 


Find the value of a, 
b When 2 
Find the value of b. 


— 6x? +7 +b isdivided by x +2, the remainde; 


¢ When 2x° + x + x- 10. isdivided by 2x—1, the remainder is—4 
Find the yalue of «. 
3 f(y) 


f() has a factor of © 


Stax? + by 


1 and leaves a remainder of 3 when divided by x +2. 
Find the value of aand of é. 

4 fy) =x + ax? 4 1e+ 
f() has a factor of »—2 and leaves a remainder of 24 when divided by x —5. 


Find the value of aand of é. 
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u 


12 


a3 


and polynomi 


f(a) = x9 - 2x? ax +b 

f(a) has a factor of x—$ and leaves a remainder of 15 when divided by x +2, 
a Find the value of a and of b. 

b Solve the equation f(x) =0. 

f(x) = 4x3 + 8x2 + aw tb 

f(a) has a factor of 2x —1 and leaves a remainder of 48 when divided by x - 2. 
a Find the value of and of b. 

b Find the remainder when £(2) is divided by x ~ 1. 

fa) = 2x5 + (a+ Ix? - ax +6 

When f(x is divided by x ~1, the remainder is 5. 

When f(x) is divided by x ~2, the remainder is 14. 

Show that a= -4 and find the value of 6, 

f(x) = ax? + bx? + 5-2 

‘When f(x) is divided by x ~1, the remainderis 6. 

When f(s) is divided by 2x + 1, the remainder is ~6. 

Find the value of aand of &, 


£(3) = x5 - 5x" + ax +b 

£(3) has a factor of x— 2 

a Express bin terms of a. 
b When f(x) is divided by x +1, the remainder is -9. 

Find the value of aand of b. 

f(x) = x" + ax® tox +c 

The roots of f(x) =O are 2, 3, and k. 

When f(x) is divided by x ~ 1, the remainder is -8, 

a Find the value of k, 

b Find the remainder when f(x) is divided by x +1. 

Ss) = 4x" + ax? + 13x40 

f(x) has a factor of 2x —1 and leaves a remainder of 21 when divided by x — 2. 
a Find the value of aand of 

b Find the remainder when the expression is divided by x + 1. 

f(a) = x3 — Bx? + kx - 20 

When f(x) is divided by x — 1, the remainder is R. 

When f(x) is divided by x — 2, the remainder is 4R, 

Find the value of k. 

£3) = x3 + 2x" 6x49 

‘When f(a) is divided by x + a, the remainder is R. 

When f(@ is divided by va, the remainderis 92. 7 
a Show that 3a — 2a? 184-9 = 0. 


b Solve the equation in part a completely. 
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14 f(x) = x" + 6x? + ke — 15 
When f(s) isd 


led by x ~ 1, the remainder is R. 
When f(x) is divided by x +4, the remainder is -R. 
a Find the value of k 


b Hence find the remainder when the expression is divided hy x +2. 


15. P(x)=5(¥-1)(x—2)(w—4)+.a(x—1)(x— 2) + W(x-1) +e 


Itis given that when P(x) is divided by each of x—1,x-2 and x—3 the remainders are 7, 2and 1 
respectively. Find the values of a, b, and c 


CHALLENGE Q 
16 f(x) = x9 + ax? +x tc 


The roots of f(x) 


Oare 1, k,and k +1 
When f(x) is divided by x — 2, the remainder is 20. 
a Show that k* — $k—18 = 0, 


b Hence find the possible values of k. 


Summary 
The factor theorem: 


If, fora polynomial P(x), P( =0 then x —c isa factor of P(x). 

If, for a polynomial P(x), (2) =0 then ax —6 isa factor of PG), 
a 

‘The remainder theorem: 

Ifa polynomial P(x) is divided by x—« the remainder is P(). 


Ifa polynomial P(x) is divided by ax —0, the remainder is (2) { 
a 


Scanned with CamScanner 


Chapter 4: Factors and polynom 


Examination questions 


Worked example 
remainder when f(x) is divided by x~1 


Answer 
f(x) = 4x9 — Bx? tax tb 


+2=3 a) 


Remainder = 20 when divided by x +2, means that f(-2) = 20. 
4(-2)°— 8-2)? + a(-2) +b = 20 
-82—82—Qa+ b= 20 

-2a+b = 84 — 


From (1) a=3—2b. 


Substituting in (2), gives: -2(3 ~ 26) +b = 84 


6+ 4b+b= 84 
5b = 90 
b=18 


So a =—33, b= 18. 


Remainder when f(x) = 4x? ~ 8x" ~ 33x +18 is divided by (x —1) is f(1). 
(1)’ - 8(1)* ~ 33(1) +18 
-8-334+18 


Remainder = 


The function Fis such that f(x) = 4x* — 8x" + ax +6, where aand dare constamts, Itis given that 
2x — 1 is a factor of f(x) and that when f(x) is divided by x + 2 the remainder is 20, Find the 
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[6] 
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Exercise 4.6 

Exam Exercise 

1 a Show that x ~2 isa factor of 3x" — 14x? +32. a 
b Hence factorise 3x* ~14x* +32 completely. 4] 


Cambridge IGCSE Additioual Mathematics 0606 Paper 21 QI2iii Now 2012 


2 The function f(x) = ae’ + 4x? + bx — 9, where aand bare constants, is such that 9x —1 isa 
factor. Given that the remainder when f(x) is divided by * — 2 is twice the remainder when 
f(a) is divided by x + 1, find the yalue of aand of b, 


[6] 
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when the expression x* + 9x* + bx +c is divided by x —2 is twice the 
xpression is divided by x — 1, Show that ¢ = 24, [5] 


3 a The remaind 
remainder when the 


b Given that x +8 isa factor of x° + 9x? + 6x + 24, show that the equation 
x + 9x2 +x +24 = 0 has only one real root. (4) 
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4 The expression x° + 8x? + px — 25 leaves a remainder of R when divided by x Tanda 
remainder of -—Rwhen divided by x +2. 
a Find the value of p. el 
b Hence find the remainder when the expression is divided by x +3. rea] 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5i,i Jun 2011 


5  Factorise completely the expression 2x3 — L1x* — 20% — 7. [5] 
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6 The expression x° +ax* ~ 15x +6 hasa factor of x 2 and leaves a remainder 75 when divided 
by x +3. Find the value of wand of b. [5] 


Cambridge IGCSE Additional Methematies 0606 Paper 21 Q2 Now 2010 


7 The polynomial f(x)= ax" +7x"—9x-+b is divisible by 2x— 1, The remainder when f(s) is 
divided by x~ 2 is 5 times the remainder when f(a) is divided by x + I. 


i Show that a= 6 and find the value of 0. (4) 
fi Using the values from part a, show that (x) =(2x—1)(ex’+dx+e), where ¢ dand eare 
integers to be found. (2) 


Hence factorise f(x) completely, [2] 
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5.1 Solving equations of the type | ax+b|=|cx+d| 


Using the fact that | p|” = p" and |q|’ =9" youcan say that: 


Using the difference of two squares then gives: 


#4 =(\Al-lal)(jal+lal) 


Using the statement above, explain how these three important results can be obtained: 


(The symbol <> means ‘is equivalent to!.) 
© [Al=lal @ pr=a 

+ Lalla = >a? 

# lalslal @ pi <q", ifge0 


The next worked example shows you how to solve equations of the form 
|ax+6|=|cx+d| using algebra. To solve this type of equation you can use the 
techniques that you learnt in Chapter 1 or you can use the rule: 


Ipl=lal @ p'=a" 


Solve the equation | ~5] 


[x4 1] using an algebraic metho. 


Answers 


Method 1 


CHIKER: (2 


‘The solution 


Method 2 
je] =] 41) vise |p] =|ql 9 pt = g 
G expand 
10e +25, Splits 


2 
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‘The equation |x—5|=|x+1| could also have been solyed graphically. 


‘ 
2 


a a a ae) 4° 6° 8” fo” wax 


The solution is the coordinate where the two graphs intersect. 


Solve the equation |2x+ | =|x~—3) using an algebraic method. 


Answers 


91 


CHECK: |2( 1) +t = 


Solution is x 2 or x 


Method 2 
[2x41] =12—3] tise | a =[gl-22 9 = 
(2x41) = (x8 expat 
4xt+4e¢1= 28 - 6x49 innphity 
3x? +10x-8=0 Tactowise 
(x —2)(e+ 4) =0 
2 
zat orx 
3 
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To” 19% 


From the graph, one of the answers is clearly 
obvious and algebra is needed to find this ex 


4. The exact value of the other answer is not so 


The graph of y=|x~3| can be written as: 


The second answer is found by finding the xvalue at the point where y=—(x— 8) and y= 
intersect, 


Qe+1= 
Qet1 


Hence the solution is x=—4 or x= 
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WORKED EXAMPLE 3 


Solve |x + 4|+|x—9] = 11, 


Answers 
[x4+4]4|x-5|=11 anbiract [y= 5] from both sides 
[e+ 4] =11-|2-5) split the equation into to pats 
xt4=ll-|z-5)  —(1) 
xt4=|x-5|-11 —() 


Using equation ||) 


|x-5|=7-x split Utis equation into two parts 
or x-5=-(7-a) 
or O=-2 — V=-2in babe 
Using equation 2) 
|x—Bl=x415 split this equation inna two parts 
Sst15 or x-5=-(x+15) 
o or 0=20 iv false 
CHECK: [64 414 |G a} 114, [-A4 4) +|-8=8] = 114 Bo 
The solution is x= 6 or x=—5. 
_ 
Exercise 5.1 
1 Solve. 
a |2x—1)=|x) b |x+5]=|x-4] © |2x-3|=|4—x) 
ds |5x+1|=[1-3a| @ |1-4x|=|2-s| f 
g |3x- h |2x-1|=2|3-x| i 


2. Solve the simultaneous equations y=|x~5| and y=|8 


3. Solve the equation 6|x+2)' +7|x+2|-3=0. 


4 a. Solve the equation x" ~6|x|+8=0. 


b Use graphing software to draw the graph of f(x)=<"—6|x/+8 


© Use your graph in part b to find the range of the function £ 


——— = 
5 Solve the equation |x+1|+|2x—3 
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CHALLENGE Q 


6 Solve the simultaneous equations y=|x—5| 


and y=|3—2x|+2 


CHALLENGE Q 


7 Solve the equation 2)3x+4y—2|+3/25—5x-+2y = 0. 


5.2 Solving modulus inequalities 


‘Two useful properties that can be used when solving modulus inequalities are: 


|plsq  -gsp<q and | pl>q @ p<-g or po 


The following examples illustrate the different methods that can be used when solving modul 


Solve [2x —1] <3. 


is inequalities, 


Answers 
Pe peskeeneee 
Iex-1) <8 r t 

“S<2x-1<8 

-2<x<4 

-l<xc2 
‘Method 2 (using a graph) 
The graphs of j =|2x~1| and y=3 intersect at the points Aand B. 


Bet it «> 
fms 4 


~(2e-1) if x< 

ALA, the line y=—(2x~1) intersects the line y=3, 
-(2e-1 
-2x+ 


At B, the line y= 2x~1 intersects the line 
Qx-1=3 
2s 


‘To solve the inequality [2x ~ 1] <8 you must find where the graph of the function 


1 =[2x—1 is below the graph of y= 


Hence, the solution is -1 <x< 9. 
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WORKE 


Solve [2x +3] >4. 


Answers 
‘Method 1 (using algebra) 


[ox43]> 4 use |p] > 9 = pep an pry 
Qet3e—4 or Bxt3>4 

Qxc-7 or xd 

ve-k oor x>e 


Method 2 (using a graph) 
‘The graphs of 7 =|2x +3] and y=4 intersect 
at the points A and B, 


f dtd if xed 
[2x43] = ; 
erty ar xcat 


ACA, the line y=—(2x+3) intersects the line y=4. _{ 5 3 _] O| 
(2x43) =4 - 


ALB, the line y= 2x43 intersects the line y=4. 
Bxt3=4 
axel 


1 


2 
‘To solve the inequality |2x + 3] > 4 you must find where the graph of the function 
y =|2x-+3] is above the graph of y=4. 


1 
Hence, the solution is x < + or > 5. 
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WORKED EXAMPLE 6 


Solve the inequality |2x +1] = |3= x1 


Answers 
Method 1 (using algebra) 
[2x41] > [3-2] so | pl = [ql es p= y 
(2x41) = (3-2) 
dx? + 4xt+1>9- 6x42 
3x? +10x-8 > 0 actorise 
(3x-2)(x+4)>0 


Critical values are 2 and—4, 


Hence,x<—4 or x> 5. 


Method 2 (using a graph) 
The graphs of y =|2e +1] and y=|8—x| intersect at the points A and B. 


[sea it eof 
aesa}=< 
[ean i vet 


2 5 a3 if B38 
valtle- 31> 9G) ut nd 
ACA, the line y=~(2x+ 1) intersects the line y=~(x—8) 
Beil me 

xo4 
AUB, the line y=2x+ 1 intersects the line y 
Bet] =-(x- 38) 

3x 


(x~ 3) 
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and graphs 


74S AS3TO TIS TEETER 


‘To solve the inequality |2x +1] >|3~x| youmust find where the graph of the 
function y =|2x+1| is above the graph of y=|3—a1. 


Hence, »<—4 or x>2. 


ch 


Exercise 5.2 
1 


12345678 9 107 
‘The graphs of y=|2—2| and y=|2x—10| are shown on the grid 
‘Write down the set of values of x that satisfy the inequality |x~2| >| 2x~10] 


2 a On the same axes sketch the graphs of y=|3x-6| and y=|4—a]. 
b Solve the inequality |3x—6|>|4—x|. 


3 Solve. 
a |2x-3]>5 b |4—ax|<9 € |8-3x]<2 
[2x7] >3 e [axtl|>8 f |5-2x|<7 

4 Solve. 

a |2x-3|<x-1 b |5+x)>7-2e © |x-2|-3x<1 

‘5~Solve: 

a |2x-1]<|3x| b [x+1]>[3| © |x|>[82-3] 
d [4x+3]>|x| e@ |x+3/>[2x| f |2x/<|x-3] 
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6 Solve. 


a |x+l[>|x—4| ¢ [xt]|<[3x+5| 


di [2x43)<|x—3] f [3x-2]>|x+4] 


T Solve. 
a Ax—-3]>|3x4]] b 3|x—1) <|2x+l] © |2x—5| <3] 2x41] 


8 Solve the inequality |x+2k|>|x—3k| where kis a positive constant, 


9 Solve the inequality |x +34] <4[x—k| where kis a positive constant, 


CHALLENGE Q 
10 Solve [3x +2|+|3x-2]<8. 


5.3 Sketching graphs of cubic polynomials and their moduli 


In this section you will learn how to sketch graphs of functions of the form y = k(x—a)(x—6)(v—0) and 
their moduli, 


When sketching graphs of this form you should show the general shape of the curve and all of the axis 


| intercepts. 
‘To help find the general shape of the curve you need to consider what happens to 


* yas tends to positive infinity (i.e. as x—> +e) 


yas xtends to negative infinity (i.e. a8 «> 


WORKED EXAMPLE 7 


a Sketch the graph of the function y= (2x1) (2—x)(e-+1) 
b Hence sketch the graph of y=|(2e~1) (2—x) (e+) 


Answers 


a When x=0,)=-1x2X1 
. The curve intercepts the yaxisat (0,2), 


When y=0, (x= 1) (2-2) (x+1 
Qe-1=0 2-x=0 stl = 


1 


2 x 
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As x—> +00, y—3 —00 
As x—> —20, y +00 
The graph of the function y= (2x~ 1) (2 ~ x) (+1) is: 


Bs 


=1)(2=a)(x41) 


WORKED EXAN 


Sketch the graph of the function y =(x~ 1) (x +1). 
bo Hence sketch the graph of y=|(e—1)8(e+1)] 


Answers 
a) When x=0, y= (-1)?x 1=1. 
:. The curve intercepts the yaxisat (0, 1). 


When y=0, (x1) (x= 1) (+1) =0 
s-1=0 9 x-1=0 

x= (repeated root) 

The curve intercepts the waxis at (1, 0) and (-1, 0). 


Asxoteyyote 
Ae x9 00, y9 —00 
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4 Sketch each of these curves and indicate clearly the axis intercepts. 
ay b yaxt(5—2x) 
© y=(x+1)"(x-2) ds y=(x—2)'(10-8x) 
5 Sketch each of these curves and indicate clearly the axis intercepts. 
a ya|(xt1)(*-2)(x-3)] b y=|2(5-2x)(x+1)(x+2)] 
© y=|a(9-**)] dy =[3(x-1)%(« +1) 


6 Factorise cach of these functions and then sketch the graph of each function indicating clearly the 
axis intercepts. 


a y=9x-3° b yaat+ 4a? +4-6 
© y= 2x5 +x" 25x +12 dy x — 60 


2x3 + Bx? — 


7 a Onthe same axes sketch the graphs of y=x(x—5)(x-7) and y=x(7—x), showing clearly the 
points at which the curves meet the coordinate axes. 


b Use algebra to find the coordinates of all the points where the graphs intersect. 
8 a On the same axes sketch the graphs of y=(2r—I)(x+2)(x-+1) and y=(x-+1)(4—x), showing 
clearly the points at which the curves meet the coordinate axes. 
b Use algebra to find the coordinates of all the points where the graphs intersect. 
CHALLENGE Q 
9 The diagram shows the graph 
of y=h(x—a)"(x-0). 
Find the values of a, band h. 


CHALLENGE Q 

10 The diagram shows the 
graph of 
y=lk(x—a)(x—b)(x-e)] 
where a< b<c 
Find the values of a, 0, 
cand k 
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5.4 Solving cubic inequalities graphically 
In this section you will learn how to use a graphical method to solve inequalities of the 
form k(x—a)(x-6)(x-¢)<d. 


‘The diag 


hows part of the 


Aix —3)(x~ 2x +2), 


graph of y 


Use the graph (o solve the 
inequality (x ~3)(x— 2)(+ 2 


Answers 
(x —3)(- 2x +2) <6 divide 
Ligne aye+3) <1 : 


y ; : 
1 
= o(x ~ 3)(x— 2)(x+ 2) 
curve = F(x ~3)(e—2)(+2) TAN 
is below the line y=1 yel 


‘The red sections of the graph 
represent where the 4 a T 


curve 3 = 2x -a)(e—2)(x+2) 


is the line y=1. 
3 
The solution is x =-1.6 or 1= x = 3.6 
Exercise 5.4 
1. The diagram shows part of the graph of y= x(x-2)(x+1). ) 


Use the graph to solve each of the following inequalities 
a a(x-2)(x+1)<0, 
b x(x-2)(x+1)>1, 
© x(x-2)(x41)<-2, 
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2. The diagram shows part of the graph of y=(x+1)'(2—x). 
Use the graph to solve each of the following inequalities 
a (x+1)'(2-x)=0, 
b (x+1)(2-x)<4, 
© (x+1)(Q-x)<3. 


3. The diagram shows part of the graph 
of y=(1—x)(v—2)(x+1). 
‘Use the graph to solve cach of the following inequalities 
a (1-x)(x-2)(x+1)<-3, 
b  (1-x)(x-2)(x+1) 50, 4s 
© (Le x)(x-2)(x+1) 2-1. 


y= (1a) (x- 2)(x4 1) 


5.5 Solving more complex quadratic equations 


You may be asked to solve an equation that is quadratic in some function of x 


WORKED EXAMPLE 10 


Solve the equation 4x*-17x" +4=0. 


Answers 
Method 1 (substitution method) 


4x" -17x°+4=0 tue the substitution y= x 
4y*-17y+4=0 factonise 
(49-1)()-4)=0 solve 


4y-1=0 or y-4=0 


yet or y= substitute x® for y 
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Method 2 (factorise directly) 


WORKED EXAMPLE 11 


1 x i 
Use the substitution y=x? to solve the equation 3x! —5x? +2=0, 


Answers 
24 
5x3 +2=0 let y=x 
4) ~5y+2=0 factorise 
(y-2)(9-1)=0 ive 
or y-1=0 
or substiinte 2 for y 
a sube both side 
or 
or a1 
RKED EXAMPLE 12 
Solve the equation x-4y%- 
Answers 
xo dye -21=0 use the substitution y=0x 
substitute JX fory 


Ji =-3 has no real solution: 
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WORKED EXAMPLE 13 
Solve the equation 8(4*)-99(2")+4=0, 


Answers 
a(4")-33(2")+4=0 Wcan be written as (2°) =(2") 


o(z')'-s9(2") +40 tory 
8y'—23y+4=0 
(e-1)y-4)=0 


Exercise 5.5 
1. Find the real values of xsatislying the following equations 
a xt-5x't4=0 b xttx*-6=0 ce x! 208"+61=0 


e xt-4a?-21=0 0 f Qx*-17x7-9=0 B 


2. Use the quadratic formula to solve these equations. 


Write your answers correct to 8 significant figures. 


a x‘-8x7+1=0 b x*-5x7-2=0 0c 
d 2x°-3x°-8=0 e 3x'-5x°-2=0 ff 

3 Solve. 
a x-7¥s+10=0 b x-Je-12=0  ¢ xt5Je-24=0 
a Vx(2+vx)=35 e Bx-laVx+9=0 f Gxt+l1¥e-35=0 
g 2xt4= Oe h 3ve+=16 1 Wee =9 


ve 


4 Solve the equation 2x3 —7x3 +6=0. 


b ingenre gadE aainamie Fy<e14 jnteneccacthepoiaa Padi 
Wate down an equation musfied by the seoordinates of Pand Q 


b Solve your equation in part a and hence find the coordinates of Pand Q 


b 3”-10(3*)+9=0 ¢ 2(2” 
d g**-33(2')+8=0 e 3 


9(2*)+4=0 
+3(3")-2=0 
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7 f(x)=2" and g(x)=4x°+7x. Solve gf(x)=2 


8 fix)= and g(x)=x"°—5x. Solve gf(x)=6. 


2492 and g(x) 


9 f(x)= 24x, Solve gf(z)=0. 


Summary 
Solving modulus equations 


To solve modulus equations you can use the property: 
Jal =|] > at = 22 


Solving modulus inequalities 
‘To solve modulus inequalities you can use the properties: 
lal<b —b<a<b 
lal>b ea<-b or a=b 
lal >|6] <> a? >5* 
|a| <|b] a? < 5%, #0 
‘The graph of y=k(x—a)(x—b)(x~c) 
The x-axis intercepts are (a, 0), (b,0) and (« 0). 
The shape of the graph is 


fr/ Eis positive \ A) itis negative 


‘The graph of y=|k(x-a)(x—b)(x-e)] 
‘To sketch the curve y =|k(x—4)(x—5)(x~c)| you reflect in the »axis the parts of 
the curve y=k(x—a)(x—b)(x—c) thatare below the x-axis. 
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Examination questions 


Worked example 
a On the same axes sketch the graphs of y= x*(x— 2) and y= x(6 — x), showing clearly 
the points at which the curves meet the coordinate axes. (5) 
b Use algebra to find the coordinates of the points where the graphs intersect. [6] 
Examination style question 
Answers 
2(y— 9): 


a The graph of 
When x=0, y= 0? x (— 
©. The curve intercepts the y-axis at (0,0). 
When y= 0, x?(x- 2) =0 
x=0 r=0 x-2=0 


x=0 (repeated root) x= 2 


2. The curve intercepts the y-axis at (0, 0) and (2, 0). 
As x9 400, y 9 400 
AS x —2, 9-9 20 


‘The graph of'y = x(6 ~ x): 
When x=0, y= 0x 6=0. | 
+. The curve intercepts the y-axis at (0, 0). 
When y=0, x(6— x) =0 
x=0 0 6-x=0 
x=0 x=6 
+. The curve intercepts the x-axis at (0, 0) and (6, 0). 
Asx te, 99-00 
AS x9 -, y—> -00 
J 
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b At the points of intersection 
x%(x— 2) =x(6- 2) 
x*(x~2)—a(6-2) =0 


xlx(x— 2) - (6-2) =0 
x(x? = x-6) =0 
x(x~ 8)(x+2) =0 
or or x=-2 
= 
x 
x=-2 > 


The points of intersection are (-2, -15), (0, 0) and (3, 9). 


Exercise 5.6 
Exam Style Exercise 
1 Solve the equation |2x~ 3 [3] 


Examination sole question 


2. Solve the inequality |2x—1] > 7. [3] 


Examination ste question 


3. Solve the inequility |7 — 5x] <3. [3] 


Examination style question 
4 Solve the inequality |x| > [3x - 21. [4] 
Examination syle question 


~1<|x4+2) [4] 


Examination sige question 


5 Solve the inequality 


6 Solve the inequality |x + 2 < 


1 
1, H Ww 


Examination style question 
7 Solve the inequality |x + 2h| >| ~ k| where kis a positive constant. [4] 
Examination se question 


=i, (3] 
b Hence solve the equation |y* — 13] = 14. Oo 


8 a Solve the equation |x ~13 


Examination style question 


9 Sketch the graph of y= x(3—2x)(x—4), showing clearly the points at which the curve meets the 
coordinate axes. [3] 


Examination style question 
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20 Sketch the graph of )=2(2x~1)(x-3)(x+1), showing clearly the points at which the curve 
meets the coordinate axes, 


[4] 


Examination style question 


a y 


y “2ixt I) (x= 1) (2-x 


“5 


‘The diagram shows part of the graph of y= 2(x+1)(x-1)(2-x). 


‘Use the graph to sole the inequality (+1)(x-1)(2-x)>-1. 


[3] 


Examination style question 


12a Sketch the graph of y 
meets the coordinate axes. 


b Hence sketch the curve y=|(a—4)(*-1)(x + 2))- 


x—4)(x—1)(x+2), showing clearly the points at which the curve 


[4] 
a 


Examination style qustion 


13 a Factorise completely x* +x"—6x. 


b Hence sketch the curve with equation y 
the curve meets the coordinate axes. 


[3] 


x° +x" — 6x, showing clearly the points at which 


13] 


Hsamination style question 


14a On the same axes sketch the graphs of y=(x-3)(x+1)" and ye © showing clearly the 
points at which the curves meet the coordinate axes. 


b> Hence state the number of real roots of the equation (x—3)(x +1)" = 


6 


[5] 


ud 


Examination style question 


15 a Factorise completely 2x" +x*—25x+12. 


(5) 
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b Hence sketch the curve with equation y= 2x" +x” ~25x-+12, showing clearly the points at 
which the curve meets the coordinate axes, [4] 


Examination sgle question 


16 a On the same axes sketch the graphs of y= x*(6-x) and y=4x(4—x), showing the points 
at which the curves meet the coordinate axes, 15] 
b Use algebra to find the coordinates of the points where the graphs intersect, [6] 


Examination stye question 


Scanned with CamScanner 


This section will show you how to: 


use simple properties ofthe logarithmic and exponential functions includingin x and e* 
use graphs ofthe logarithmic ang exponential functions induding Ina and e*and graphs of ke™+a 
and k infox+b) where n,k, aand bare integers 

Use the laws of logarithms, including change of base of logarithms 


solve equations of the form o* =b, 
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6.1 Logarithms to base 10 


Consider the exponential function f(x) = 10% 


Tosolve — 10* = 30, 

You can say 10! = 10 and 10? = 100. 

So dex<2 

‘The graph of y= 10* could be used to give a 


accurate value for x when 10* = 30, 
From the graph, x ~ 1.48. 


There isa function that gives the value of x directly. 


If 10" = 30 then » = log 980. 
10g 1930 is read as ‘log 30 to base 10°. 
log is short for logarithm. 


Note: 
Jogi 30 can also be written as 1g$0 or log 30. 


On your calculator, for logs to the base 10, you use the (log) or ( Ig) key. 
So if 10* = 30 
then x = log,,30 

x=1477 to4sf, 


Hence the rule for base 10 is: 


If ) =10* then x=lognoy. 


is rule can be described in words as: 


logiay is the power that 10 must be raised to in order to obtain 9. 


For example, log,o100 = 2 since 100 = 1 


y= 10* and y = logigx are inverse functions, 
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Discuss with your classmates why each of these four statements is true. 


(__toginto=1 JC logy =0 Dit Jogi 10* = x for xeR (x= 10 for a0) 


ED EXAMPLE 


a Convert 10* 
b Solve 10° = 45 giving your answer correctto Ssf. 


to logarithmic form 


Answers 
a Method 1 
10*=45 
Step 1: Mentfy the base and index: The bse is |). The indles is 


Step 2: Start to write in log form: 1) lox lot the hres allyays goes uy ile 
fowny ani tlhe buase goes ar the have of dhe 


ogarithun, Sey = longi 
Step 3: Complete the log form: Fill iy tie lost suiiber y= lawl 
So x =logiot5. ara 
Method 2 
10° =45 
ogig10* =logiot® Fiske {eg to nase HOF ath sielex lay lt = 6 
x = logyotS 
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WORKED EX 


LE 2 


@ Convert logias = 2,9 to exponential form. 


2.9 giving your answer correct to 3sf. 

Step 1; Identify the base and index: The base ix 10. The index is 2.9, 
(In log form the index is always on 

Step 2 Start to write in exponential form: Write the boise an lie ile (ins 


So 10% 


Step 3: Complete the exponential form: we 


So x= 10% 
Method 2 
logis =2.9 
10!hur= 1029 volem = 
x=10% 
b logix =2.9 


WORKED EXAMPLE 3 


Find the value of 


‘a log, 100 000 b logy,0.001 logy OOD. 

Answers 

& Togyy100 000 = logiglO® — rite 100000 as a power of 10, 100000 = {0 
=5 

b  10g,,0.001 = logy 10 weite (001 as 4 power of 10, 0,001 = 10 
3 

© logy100V10 = log,,10"* write 100VI0 as a power of 10 
25 100VT0 = 10? x 10 = 10 
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Exercise 6.1 

1 Convert from exponential form to logarithmic form. 
a 10° = 1000 b 10? =100 ¢ 10° = 1000000 
d 10%=2 e 10° =15 fF 10° = 0.06 

2. Solve each of these equations, giving your answers correct to 3 sf. 
a 10*=75 b 10* = 300 © 10* = 720 
d 10" = 15.6 e 10" = 0.02 f 10" = 0.005 


3. Convert from logarithmic form to exponential form, 


a 1g100000=5 —b Ig10=1 a 
© 2 © "8 t000 
d Igx=75 e Igx=17 f Igx=-08 
4 Solve each of these equations, giving your answers correct to 3 sf. 
a Ige=5. b gx =3.16 ¢ lgx= 2.16 
d lge= e Igx=-15 f igx=-284 
5 Without using a calculator, find the value of 
a 1g 10000 b 1g 0.01 c Ig v0 
1000 
vio ig (2). 
4 Ig (80) e ig(1ov) tig (A) 


15 


6.2 Logarithms to base a 


In the last section you learnt about logarithms to the base 
of 10, 


‘The same principles can be applied to define logarithms 
in other bases. 


Ify = @ then x=logg. 


‘The conditions for log,x to be defined are: 
© a>0anda¢l 


© x>0 
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Convert 2* = 16 to logarithmic form, 


Answers 
Method 1 

2t=16 

Stop I: Identify the base and ind 
Step 2 Start to write in log form: 


Step 5: Complete the log form: 
Jogy!6. 


The Inse is 2. The index ie 4 


Ii Log fone the inckex always goes on its 
wiv and the base goes at the base of the 
logatithon. Su Joy, 

Wa in tye Bes er 


Take logs to lave 2 of both sie 


WORKED EXAMPLE 5 


Convert log; 49= 2 to exponential form, 
Answers 

Method 1 

log,49=2 

Stop 1: Identify the base and index: 


Step 2: Start (o write in exponential forn 
Stop S¢ Complete the exponential form: 
So7?=49 


Method 2 
logy 49 = 2 

7,19 = 7B 

49=7 


(iol 


onan the ince is always oo its own 


Write the base and che ites fest 80 7°= 
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WORKED EXAMPLE 6 


Find the value of 
a logs8l b loge l28 © logy 


Answers 
a logs81 = logs 3* 


=4 
b logy128 = log, 2” write 128 asa power at 2, 128 = 27 
nore . ya, t= 
og, + = log, waite Gh, ama poweroh 
Ges i 
Exercise 6.2 
1 Convert from exponential form to logarithmic form. 
a = c 
d 6% =36 f 
gat=b i 
2. Convert from logarithmic form to exponential form. 
a logy4=2 b log, 64 =6 ¢ log,l=0 [| 
1 1 
d log.9=2 € logss6 == f log,2=> 
g log,1=0 h log,8 i log,b=e 
3. Solve. 
a logsx=4 b logyz =2 © log.x=4 
d log, ; log, 144 log.27 = 8 


g logy(x-1)=4 — ht log, (2 +1) = 


i log, (2- 3x) =3 
4 Find the value of 


a log,16 b log, 8! © log. 64 d 1og,0.25 

e log,243 f loga(8V2) tog, (25V5) oh toxe( Fg 

i loggs8 j rat k log, V5 t logs 5 
5. Simplify. ‘ 

a log,x? b log, Vx ¢ log, (xv) d- log. 

ae =) 

= loge( flog vx?) Jog: =" Ios a : 
6 Solve, 

a log, (log, x) =1 b logy (log,x) = 2 
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6.3 The laws of logarithms 


Ix and y are both positive and @ >and a = 1, then the following laws of 
logarithms can be used: 


Multiplication law Division law Power law 


tns(*) = log,x— log, log, (x)" = m logs 


log, (99) log, () log.,(x)" 
) 

= log, (a#=* x ato) ae = log, (@*)") 

= log, (a'se* + !o823) a vo, 5) 

= log, x + log, y 


= log, (at%*) 
= log, (ala ~ lone) = mlog,x 


= log,x —log,y 


: 


log,x 
This gives another useful rule to remember: 


a eos 


WORKED EXAMPLE 7 


Use the laws of logarithms to simplify these expressions. 


a Ig8+Ig2 b logy lS +logs5 © Zlogy4 + 5 logs? 
Answers 
a ig8+ig2 B log,15 =log,5 € 2logy4 + 5 logs? 
ee rig(2) cea one 
=igi6 = logS = logy (16 * 82) 
= logs512 
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Given that logsp =x and logs q = y, express in terms of x and/or y 


a log, p+ log¢? b logit? —logsl7 ets (4) 


Answers 
a log, p+ logsq* b logs f* —logs a © logs! (2) 
A 5 
= logs p +3 logsq = 2logsp— slogsg = log, — logs 
1 
=xt3y =2-3y = 
Exercise 6.3 
1 Write as a single logarithm. 
a logs5 + logs3 b logs12—logs2 c Slog, 2 + log;8 


2 tog, (t) + log, 
log,10 


d 2 log,4—Slog;2 e Hog,25 + logst 


g 1+log,3 h ig5-2 i 
Write as a single logarithm, then simplify your answer. 


a log,86—log,7 blogg 2 + log,3 « Flos 86 — ow. 


d log,5 


1 1 z 
glomi25 @ log, 40- flog 125 f <log.16-2 log.6 
Simplify. 


a 2log,8 — Hlogy4 + logs8 Flog 49 — log, 21 


a Express 16 and 0.25 as powers of 2. 
_. logyl6 
b Hence, simplify 7 
Simplify. 
log,4 » 18227 ¢ oea64 gq -oma100 
log,2 log,3 log, 0.25 log,,0.01 


Given that u = log,x, find, in simplest form in terms of w 


ae b tos. () € log.(5Vx) von, 2). 


Given that log, p = © and log.,q = y, express in terms of x and/or y 


a log, (4p) b we, (2) ¢ log,p+log, qd fy. 


5 and log,y =8, find 


Given that log.,x = 


Given that log,x = 12 and log,y = 4, find the value of 


a ro.( 5) b vose(=) © log,(e/y) od 
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6.4 Solving logarithmic equations 
You have already learnt how to solve simple logarithmic equations. 
In this section you will learn how to solve more complicated equations. 


Itis essential, when solving equations involving logs, that all roots are checked 
in the original equation. 


b 4log,2—log,4 = 8 


Answers 
2 logy (x +2) = logs (2x+19) ase the poyier law 


logs (x + 2)* = log, (2x +19) ase equality of logarithms 


(+2) =2e+19 expand brackets 
S44 td =2e+19 
w+ 2e-15=0 


(«-3)(e+5)=0 


eS ore=—5 
Check when 9 = 9 2 logy (x+ 2) = 2 log,5 = log, 25 is defined 
log, (2x +19) = logs25 is defined 


So x= 8is a solution, since both sides of the equation are defined and equivalent 
in value. 


Gheck when x ==5; 2 logs (x+ 2) = 2 logs (-8) is notdefined 
So 
Hence, the solution is x = 3. 


5 is nota solution of the original equation 


b 4 log, 2—log,4 = 2 axe the power Taw 
log, 2* ~ log, 2? = 2 use the division law 
log, 2¢ 
log, 2 
log, 4=2 convert to exponential forrn 
sted 
seit 


Since logarithms only exist for p 


ive bases, x = -2 is nota solution, 
= 2 loge? 


=4-2 


Check when » =2: 4 log.2— logs 


So *=2 satisfies the original equation. 
Hence, the solution is x = 2, 
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Exercise 6.4 
1 Solve. 


a log 
€ log, (x~5)+ log,5 = 2log,10 


x + loge4 = log,20 


2 Solve. 


a log, x + logg: 

© log, (x +4) = 1+ log,(x - 3) 

e@ log, (10x +3) ~ log, (2-1) = 
3 Solve. 

a log, (x +8) + log, (x +2) = log, 20x 


€ Qlog,x—log,(x +3) =1 
e log, x + log, (2x-—5)=1 
g lg(x+5)+lg2x =2 

4 Solve, 


a log, 64—log.4 

¢ log,4- 2log,3 = 
5 Solve, 

a (log,x) —3log, (x) +2=0 

¢ (logs) — log, (x) =18 


CHALLENGE Q 
6 Solve the simultancous equations. 
a y= 64 
log.) = 2 
© log, (x +9) = 2logyx 
log, ) = log,3 + log, x 
@ logigt = 2 login 
Jogio(2a— 4) = 


CHALLENGE Q 


za 


and 


Chapter 6: Logarithi 


ponential functions 


log, 2x —log,5 = log,3 
log, (x + 3) = Qlog,4 + logy 


Ig(5x) — Ig(x—4) =1 
log, (2x + 3) = 2+ log, (2x — 5) 
Ig(4x + 5) + 2g? = 1 + bg (2x -1) 


logy x + logs (x — 2) = logs 15 
Igx + Ig(x+1) = 1g20 

3+ Qlogs x = logs (14x - 3) 
Ig + Ig(x = 15 


log.16 + log, 4 = 3 
log.15 = 2+log, 5 


(togsx)" tog, (x?) = 15 
Q{logyx)’ + Slog, (x*) = 72 


ven 
Qigy = Igx + igs 
xy = 640 
2logiyx — 1ogy9 
49 = 988 


logs logax 


7 a Show that Ig(x*y) = 18 can be written as 2lgx + Igy = 18. 


b ig(x%y) = 18 and (5) =2. 
Find the value of Igx and Igy. 
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6.5 Solving exponential equations 


In Chapter 3 you learnt how to solve exponential equations whose terms could 
be converted to the same base. In this section you will learn how to solve 
exponential equations whose terms cannot be converted to the same base, 


Solve, giving your answers correct to 8 sf, 
a ak=40 b 5+! =200 


Answers 
a =40 Lake fog of th se 
gs" =1g-40 we the pene ra 
Ig = Ig 40 divicle both sides 
1g-40 
gs 
x= 3.36 


b stl = 900 roth side 
Igs%"! = 1g200 use the power vule 
(2x+ I)lg5 = Ig200 livide both 
1g200 
gS 
Qx+1= 3902... 
2x = 2292... 
xa 115 


WORKED EXAMPLE 11 


Solve 4(2%) 21-8 =0. 


Qet1= 


‘Answers 
3(2)— 9°71 8 = 
3(2*) - 2(2*)-8. 
By? -2y-8 
(y-2)(y+4)=0 
When 9 =2 


there av tious to this equation singe 2° is alias 


Hence, the solution is x= 1 
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Exercise 6.5 

1. Solve, giving your answers correct to 3 sf. 
a2 =70 b 3*=20 ec Bt a4 d 23" = 150 
esvsss  f 2™'=20 gg Tri = 40 he FS 


iootsget po get 


Bet kK ge G eT Lg pert 
1 


2 a Show that 2°! —9-! = 15 can be written as 2(2*)— 5(2') = 15. 
b Hence find the value of 2%. 
© Find the value of x. 

3 Solve, giving your answers correct to 3 sf, 
a tioned b gett get — 
¢ 3x1 _9(81)—5 d ot —orS=12 
e 552 +125 


0 


A Use the substitution y = 3* to solve the equation 3% + 9 = 5(3*). 
5 Solve, giving your answers correct to 3 sf, 
a 8% 6x3*+5=0 b 4% _6M4t—7 
ce 9%_9*_90=0 d 5% -9(5")-3=0 
6 Use the substitution w = 5° to solve the equation 5 — 2(5'+!) +21 = 0. | | 
7 Solve, giving your answers correct 10 3 sf. 
a 242115 =0 b o*-G"'+7=0 


© 3%-2(3"!)+8=0 d 4241 = 17(4")-15 


8 Solve, giving your answers correct 10 3 sf. 


a 4*-3(2")-10=0 b 16* +2(4*)-35 =0 
c 9- 2(3"")+8=0 d 25° +20 = 12(5") 
CHALLENGE Q 
Biesettisc bt! = 276 x 5 
Find the valueof al5* bx 
CHALLENGEQ 
10 Solve the equations, giving your answers correct to 3 significant 
figures. 
a |3*+2|=|3*—10| b o'+3|=|2"+10] 
c 3 =5(3")+24 @ 4¥=5(24)+14 
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CHALLENGE Q 
11 Solve the inequality 


2°" -1| <|2* -8| giving your answer in exact form, 


6.6 Change of base of logarithms 
You sometimes need to change the base of a logarithm. 


A logarithm in base bean be written with a different base c using the change 
of base rule, 


If a6, ¢>0 and b,c #1, then: 


log.a 
logya = = 
Be Tog.b 
Proof 
If x = log,a, then b* = @ take logs of both sides 
log,0* = log,a use the power rule 
x log, =log.a divide both sides by log, b 


log. 
log. 


log. 


log, 
ee Tog. 


If c= ain the change of base rule, then the rule gives: 


1 


log,a = 
Sates 


WORKED EXAMPLE 12 


Change logs7 to base 10. Hence evaluate logy 7 correct to 3 sf 


Anawers 

Ig 

og, 7 = 182 
Be 169 


Ou 


ome calculators have a| log.) ) key. 


This can be used to evaluate log,7 directly. 
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‘The change of base rule can be used to solve equations involving logarithms with different bases. 


Solve logyx = log, (2 + 6). 


Answers 
logy x = logy(x +6) change: log, (x #8) to base 3 
Jog, = logya® = 2 
unuttiply both sides by 2 
use the power rule 
use eaquity of Togs 


4: Jogs8 i defined and ls equal wo 1 

Joga (8+ 6) = log,0 is defined and is equal to 1 
So x = 3 is asolution, since both sides of the equation are defined and equivalent 
in value, 


Check when» =—2: logs (-2)is not defined 
So x =-2 isnota solution of the original equation, 
Hence, the solution is x= 3. 


Exercise 6.6 
log ya 


1. Use the rule log, a= 
login’ 


a log, 10 b  log,33 ¢ log,8 log, 0.0025 


to evaluate these correct (0 3 sf. 


2. Given that w = log,x, find, in simplest form in terms of u, 
a log,4, b log,16,  log,2, d log,8. 


3 Given that logyy = x, expressin terms of x. 
a log,9, b loge(%), —¢ logsy d_ log; (81y). 


4 a Given that log,x = 20 and log, y 
b Given that log, X = 15 and log, 


, find log,x. 
find the value of log x¥- 


5 Evaluate log,2 logs p. 
6 Solve. 
& logy + logy (x + 4) = log, 25 b Slog, 2 + log, (2x +8) = log,27 


7 a Express log,x in terms of log,x. 


b Using your answer of part 
equation log, x + log, x = 12. 


nd the substitution u = logy, solve the 
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& Solve. 
a logex +5 logyx = 14 b log,» +2 logyx = 4 
© Blog,x—logyx = 38 d 4 log,x = logyx +2 


9a Express log,3 in terms of a logarithm to base 3. 


b Using your answer of part a, and the substitution w = log,x, solve the 


equation logsx = 3— 2log,3. 
10 Solve. 
a logyx = 9 log,3 b log,x +log,5 = 2 
€ logyx—4log,4 d logyx +6 log,4—5=0 
e@ log,x— 9 log.2=8 f logsy =4—4 log,5 


32. a Express log, in terms of log,x, 
b Express loggy in terms of logs. 
¢ Hence solve, the simultaneous equations 
6 log,x +3 log,y = 16 
logax-2 logy = 4 


CHALLENGE Q 

12 Solve the simultaneous equations 
2 logy = log,125 + logy 
Qa 4, 


6.7 Natural logarithms 
‘There is another type of logarithm to a special base called e. 
2.718. 


The number e is a very important number in mathematics as it has very special 
properties. You will learn about these special properties in Chapters 15 and 16. 


‘The number ¢ is an irrational number and e 


Logarithms to the base of e are called natural logarithms, 
In x is 


sed to represent log. 
If y= e* then x=Iny. 


y= Inx is the reflection of y = € in the line 
Inx and y = e* are inverse functions. 


All the rules of logarithms that you have learnt so 
far also apply for natural logarithms. 
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Exercise 6.7 


1. Use a calculator to evaluate correct to 8 sf. 


act b ld << d 
2 Use a calculator to evaluate correct to 3 sf. 
alnd b Ind ¢ In0.7 d in 0.39 


3. Without using a calculator find the value of 


aot b © 3c" 4 
4 Solve. 

acta b Inct=25  € e™=36 9 deh = 20 
5 Solve, giving your answers correct to 3 sf. 

aet=70 b e* =98 ce =16 d las 


6 Solve, giving your answers in terms of natural logarithms. 


aeta7 b Q4+1=7 c e*5=8 d gee 4 
7 Solve, giving your answers correct to 3 sf. 

ainx=3 b Inx=-2 9 ¢ In(x+l)=7 d In Qx-5)=3 
8 Solve, giving your answers correct to 3 sf. 

a Ins}+ins=5 ob e™*4# = Qe! ¢ In(x+5)—-Inx=3 


9 Solve, giving your answers in exact form. 
bc l=7 C eta det 
e c#—9e° + 20=0 F cf +6e 


=5 


10 Solve, giving your answers correct 10 3 sf, 
a c%—eF-24=0 be — Set + 


0 © et +2e*=80 

11 Solve the simultaneous equations, giving your answers in exact form, 
a Ins=2iny be) = 36% 
Iny-Inx=1 ct = Bett? 


12 Solve 5In(7-e**)=3, giving your answer correct to 3 significant figures. 
giving y igh 8 


13 Solve ex—xe"™'=0. 


CHALLENGEQ 
14 Solve 5x*-x%e*+2e* =10 giving your answers in exact form. 
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6.8 Practical applications of exponential equations 
In this section you will see how exponential equations can be applied to 
real-life situations. 

The temperature, TC, ofa hot drink, fminutes after itis made, ia given by 

be M4 90, 

a Find the temperature of the drink when it was made. 


b Find the temperature of the drink when ¢ =6. 
© Find the value of ¢when 7'= 68. 


Answers 
a When =0, 


b When =6, 
6.5 
‘Temperature of the drink when f= 6 is 86.5°C. 
2s] © When T=65, 65 = 75-420 subtract 20 from both sides 
e divide both sictes by 


take tn of both side 


liviele bart sites by -0.02 


Exercise 6.8 
1 At the start of an experiment the number of bacteria was 100. 
‘This number increases so that after (minutes the number of bacteria, N, is 


given by the formula 
N 


a Estimate the number of bacte: 


b Estimate the time, in minutes, it takes for the number of bacteria to 
exceed 10000000. 


100 x 2!. 
ia after 12 minutes. 


2 At the beginning of 2015, the population of a species of animals was 
estimated at 50000. 
‘This number decreased so that, after a period of m years, the population was 
500006 0%, 
a Estimate the population at the beginning of 2020. 
b Estimate the year in which the population would be expected to have 
first decreased to 5000. 
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3. The volume of water ina container, Vem’, at time ¢minutes, is given by 
the formula 
V = 2000. 
When V = 1000, ¢= 15. 
a Find the value of hk. 
b Find the value of Vwhen (= 22 
4 Aspecies of fish is introduced to a lake. 
‘The population, N, of this species of fish after weeks is given by the formula 
N=5006°%, 
a Find the initial population of these fish. 
b Estimate the number of these fish after 6 weeks. 
¢ Estimate the number of weeks it takes for the number of these fish to 


1 
have fallen to > of the number introduced. 


2 
5 The value, $V, ofa house nyears after it was built is given by the formula 
V = 250000 e. 
When n= 3, V = 350000, 
a Find the initial value of this house, 
b Find the value of a. 
¢ Estimate the number of years for this house to double in value. 
6 The area, Acm?, of patch of mould is measured daily. =| 
‘The area, n days after the measurements started, is given by the formula 
A= Ab". 
When n=2, A= 18 and when » =3,A = 24, 
a Find the value of 0, 
b Find the value of Ay and explain what Ay represents. 
¢ Estimate the number of days for the area of this patch of mould to 
exceed 7em*, 


6.9 The graphs of simple logarithmic and 
exponential functions 


You should already know the properties of the 
graphs y = e* and y = In. 


The graph of y =e* 

«5 =e* intercepts the y-axis at (0, 1). 

© ef > 0 forall values of x. 

© When x gets closer to -s, then y gets closer to 0. 

_This.can.be.written as: As x— —v, then y— 0. 

«The graph is said to be asymptotic to the 
negative x-axis. 


* Also,as x > +, then y > 42. 
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The graph of y =Inx 
«y= Inx intercepts the x-axis at (1, 0) 
*  Inx only exists for positive values of x 
© As x90, then y > -2. 


The graph is asymptotic to the negative y-axis, 
© Asx 4, then yt 


j=e* and y = Inw are inverse functions, so they are mirror images of each 
other in the line y = x, 


Exercise 6.9 
1 Use a graphing sofiware package to plot each of the following family of 
curves for k= 3, 2,1, -1, -2 and -38 


© yee th 


Describe the properties of each family of cur 


2 Use a graphing software package to plot each of the following family of 
curves for k = 3, 2,1, -1, -2 and - 3, 


a y= Inky b y=kinx c 


In(x +h) 


Describe the properties of each family of curves, 


6.10 The graphs of y=ke™+a and y=kIn (ax+b) 
where n, k, a and b are integers 


CLASS DISCUSSION 


‘Consider the function eetae 


Discuss the following and decide on the missing answers: 
1 When x =0,y 
2. The intercept 5 Asx -=,y >... 
3 Wheny=0, xis. 6 Theline y= 
Now sketch the graph of y = 2e**+1 and compare your answer with your classmates. 
(Remember to show any axis crossing points and asymptotes on your sketch graph) 


4 Asxtmy.. 


isan... 
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Sketch the graph of 


Answers 


Asx te, © 30 soy >-5 
As x90, €% 9 00 509-490 
‘The sketch graph of y=3e*—5 is: 


hence the yintercept is (0, —2) 


hence the sintercept is (-0.255, 0) 
hence the asymptote is y=—5 
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WORKED EXAMPLE 16 


Sketch the graph of y = 4 In(2x+ 5). 


Answers 
When x=0, y=4in5, 
~ 644 hence the yintercept is (0, 4In5) 
When y=0, 0=4in(2x+5) 
0= In(2x+5) 
= 245 
1=2e45 


ea-2 hence the intercept is (-2, 0) 


Inxonly exists for positive values of = 
So 4In(2x +5) only exists for 2x +5>0 

x>-25. 
Ast te, yoo 
As 29-25, yom hence the asymptote is x =-2.5 
‘The sketch graph of y= 41n(2x + 5) is: 


= A Inf 2 


Exercise 6.10 
1 Sketch the graphs of each of the following exponential functions, 
[Remember to show the axis crossing points and the asymptotes.] 


Sek +6 « Bet +2 


a y=2er—4 b 
d y=2e"+6 e f y=-2er44 
g y=4e* 41 h 1 ya-e 42 


2. Sketch the graphs of each of the following logarithmic functions. 
[Remember to show the axis crossing points and the asymptotes.] 
a y=In(2x+4) bb y=In(Be-6) — €_-y=In(—2x) 
d y=2in(2x+2) 4In(2x-4) f y=-3In(6x—9) 
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6.11 The inverse of logarithmic and exponential functions 
In Chapter 1 you learnt how to find the inverse ofa one-one function. 


This section shows you how to find the inverse of exponential and logarithmic 
functions. 


Find the inverse of each function and state its domain. 
a f()=2e"43 forxe Rb f(x) =3ln(@x—4) for x>2 


Answers 
a f(x)=2e% +3 forxe R 
Step |; Write the fanction as y= a te, 
Step % Interchange the + and y variables,» x= 243. 


ete 8 


Step ti Rearrange to make y the subject. ———» x3 


8 4 
ie 


b flx)=3In(2x—4), x>2 
Step |: Write the function as y= — 
Siep % Interchange the x and y variables ——> 
Step ‘: Rearrange to make y the subject. > 


(x) 


joie? torre R 


Exercise 6.11 
1 The following functions are each defined for x€ R. 
Find f(x) for each function and state its domain. 


a f(x)=e%+4 b ((x)=e"-2 © f(x)=5e"-1 
d f(x)=Se%+1  @ F(x)=Se43 fF f(x)= de +5 
g f(s) =2-e* fh f(x) = 5-2e% 


‘Scanned with CamScanner 


Cambridge IGCSE and O Level Additional Mathemati 


2 Find £"(a) for each function. 


a f(x) = In(x +1), x >-1 b f(x) =In(x-3),*>3 
© f(x) = 2In(x+2),¥>-2 d f(s) = 2n(2x +), x>-2 
e f(x) = $in(2x—5), x > f f(x) =-5In(Bx-1),x>4 
3 A(x) +1 forxe B 
2 Siate the range of fla). b Find f(x). 
€ State the domain of f(x). d Find £'N(s), 
4 f(x) =e for g(x) = Ind for x > 0 


a Find J (g(x) it gi(a). 
b Solve g(a) =30-(x), 
5 f(x)=¢% for xe R u(x) = Inx for x >0 


a Find i fg(x) ii gf). 
b Solve f(x) (x), 


* for xe R a(x) = In(r +1) for x > 


a Find (g(x). 


Ps b Solve f(x) = 8g-\(x) 


Summary 


The rules of logarithms 
If y =a* then x= log,y. 


log,a=1 log, 1 = 0 


pes sore 


Product rule: 


Division rule: 


Power rule: [areca case: log, (2) = 04,2] 
x 


Change of base: 


s i 
rere 
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Natural logarithms 

Logarithms to the base of e are called 
natural logarithms. 

In xis used to represent loge, 


If y= e* then x=Iny. 


Inx 


All the rules of logarithms apply for 
natural logarithms. 


Examination questions 


Worked example 
By changing the base of lo; 


4, express (log,,4)(1 + log,2) as a single logarithm to base a. [4] 
Cambridge 1G 


Additional Mathematics 0606 Paper 21 QLIB Jun 2014 


use the product rule on the denominator 


remember that log,a = 1 


divide numerator and denominator by (1+ Ic 


1+ log,2 


=log,4 
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Exercise 6.12 
Exam Exercise 


1 a Using the substitution y = 5°, show that the equation 5%! — 5+! +2 = 2(5*) can be 
written in the form ay* + by+2= 0, where aand bare constants to be found. Iz] 


b Hence solve the equation 5%"! — 5°! +2 = 2(5*), i 
Camividge IGCSE Additional Mathematics 0606 Paper 11 Q4iit Now 2014 
2 Salve the following simultaneous equations. 
log, (x +3) = 2+ logy y 
logy (x+y) =3 [5] 
Cambridge 16 


E Additional Mathenatics 0606 Paper 21 Q3 Nov 2014 
3. Functions g and h are defined by 


g(x) = 4e*-2 for xe R, 
h(x) = In dx for x > 0. 
a Find g(x). [2] 
b Solve gh(x) = 18. [3] 
Cambridge IGOSE Aditional Mathematics 0606 Paper 11 Q12Hiit Now 2013 
4 Given that log, X =5 and log,¥ = 2, find 
a log, X%, ul 
1 
logy =, 
b logy 3p uw 
logy p- ie] 


Cambridge IGCSE Additional Mathematics 0606 Pager 21 Quisi,ii Now 2019 


5 a Given that log,x =, find the value of x. nm 
b Solve Ylog, y — log, (5y — 19) i. (4) 
Cambridge IGCSE Additonal Mathematics 0606 Paper 11 Qi fun 2013 

6 Solve the equation 3° = 1000, giving your answer to 2 decimal places. (2) 
Cambridge IOCSE Adeltional Mathematics 0606 Paper 21 Q5a fun 2012 

7 Express Iga +3lgb 3 asa single logarithm, [3] 


Cambridge 1GCSE Additional Mathematics 0606 Paper 11 Q2 fun 2011 


Jsing the substitution u = 5*, or otherwise, solve 
pet = 7(5%)—2. [5] 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Now 2012 
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9 The temperature, 7” Celsius, of an object, ¢minutes after it is removed from a heat source, is 


given by 
T= 55 +15. 
a Find the temperature of the object at the instant it is removed from the heatsource. [1] 
b Find the temperature of the object when ¢ = 8. 4 
¢ Find the value of twhen T= 25. BI 
Cambridge IGCSE Additonal Mathematics 0606 Paper 21 Q8i iti fun 2011 
10 a Write log,,x asa logarithm to base 3. fl 


b Given that log, y=3(log, 15 —log, 3) +1, express y in terms of a. BI 


Cambridge IOCSE Additional Mathematics 0606 Paper 21 QI fun 2015 


11 Do not use a calculator in this question. 


i Find the value of -log, p’. ia] 
1 
fi Find | i 
e( x) nu) 
fii Show thar 1820184 _ (1¢5)*, where yis a constant to be found. [2] 
Tog, 10 
iv Solve log, 2x+log, 3x= log, 600. (2] j= | 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Jun 2016 


12 i Sketch the graph of y=e*—5, showing the exact coordinates of any points where the 
graph meets the coordinate axes, B) 


li Find the range of values of k for which the equation e” —5=k has no solutions. ea) 

b Simplify log, 2 +log, 8+ tox,(4), giving your answer in the form plog, 2, where p 
isa constant. z [2] 
€ Solve the equation log, x~ logy 4x=1. 141 
Cambridge IGCSE Additimal Mathematics 0606 Paper 22 Q10 Mar 2015 

13 a Solve the following equations to find p and 4. 
sri gata 

ort x 3f=81 [4] 
b Solve the equation Ig(3x~2)+1g(x+1)=2—Ig2. 1 
Connbridge IGCSE Additionel Mathematies 0606 Paper 21 Q5 Now 2013 
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Straight-line graphs 


This section will show you how to: 


1 solve questions involving midpoint and length aline 

‘= use the condition fortwo lines to be parallel or perpendicular 

‘= interpret the equation ofa straight-line graph in the form y= ms-+¢ 

'= transform given relationships, including y=ax" and y=ab*,to straight-line form and hence 
determine unknown constants by calculating the gradient or intercept of the transformed graph. 
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‘You should already be familiar with the following coordinate geometry work: 


Length of a line, gradient and midpoint 
Pis the point (¥,);) and Qis the point (%, 3). 
‘Mis the midpoint of the line PQ. 


‘The length of the line PQ = (xy -x;) +(9 


‘The gradient of the line PQ 


‘The coordinates of Mare 


Gradients of parallel lines 


Iftyo lines are parallel then their gra 


ents are equal. 
Gradients of perpendicular lines 


‘gradient m 


gradient -4 


Ifa tine has a gradient af m, line perpendicular to it 


has a gradient of 


This rule can also be written as: 


If the gradients of the two perpendicular 


nes are m 
20d rep tien, 46, ma ——L- 

The equation of a straight line 
“The equation of a straight tine is y = mx + © where 


m=the gradient and ¢= the }intercept 


Cee 
ue ovaienes 


139 
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7.1 Problems involving length of a line and midpoint 


You need to know how to apply the formulae for the midpoint and the length 
of a line segment to solve problems. 


Ais the point (-3, 7) and Bis the point (6,-2), 


a. Find the length of AB. 
b Find the midpoint of AB. 


‘Answers 
a (37) (6,2) decide whieh values to ise for X,Y Abe 9 
tt 
(aw) (9) 


AB= (xq) +(—)° 


= \(6 --3)' + (2-7) 


b Midpoint -(@ a at) 


WORKED EXAMPLE 2 


‘The distance between two points P (7, a) and Q(a+1, 9) is 15 
Find the two possible values of @ 


Answers 
(Za) (a +1,9) lecidle which values to use for 


toe " 


Using PQ= (2 -%)* +(y.—3)° and PQ=15. 
V@+1-7)'+—a)? =15 
Me=68 +a)’ =15 square both sides 
(a— 6) +(9-a)* = 225, 
a? 124436 + 81 18a +a? = 225 collect (ern on vine sie 
2a? —30a—108= 0 livise bls sides by 2 
a 1a-B4=0 louise 
(a-18)(a+3)=0 whe 
a-18=0ora+3=0 


Hence a = 18 or a =~8. 
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The coordinates of the midpoint of the line segment joining A(-8, 11) and Bly, q), 
are (2.5, -6) 
Find the value of pand the value of g. 


Answers 
1) (po dlecidte which valines to use FOE 3), Ji Nee 2 


tt ott 


(pn) Gad 
Using a ne4y ) and midpoint = (2.5, -6). 
a +% at os x 


(25.-6) 


(epee 


Equating the xcoordinates gives: aad =25 


Equating the ycoordinates gives: 


Hence p =10 and q =-23. 


WORKED EXAMPLE 


‘Three of the vertices of a parallelogram ABCD are A(—10, 1), B(6,—2) and Ci14, 4). 
a Find the midpoint of AG 
b Find the coordinates of D. 


Answers: 
a Midpoint of AC 


teste 144) _ 
(et 4)-@29) 


b Let the coordinates of D be (m, n). 
Since ABCDis a parallelogram, the midpoint of BDis the same as the midpoint of 


AG 

Midpoint of BD = (2,25) 
6+ 

Equating the scoordinates gives, 2*™ = 9 
Gtma4 
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‘The coordinates of Dare (-2, 7). 


De-2,7) 
yi 604, 4) 
A(-10, 1) A a 


B(6,-2) 


CLASS DISCUSSION 


‘This triangle has sides of length 5V3 cm, 2V6 cm and 73 cm, 


Priya says that the triangle is rightangled. A 


Discuss whether she is correct. Z 
Explain your reasoning. 


Exercise 7.1 


1 Find the length of the line segment joining 
a (2,0) and (5, 0) b (-7, 4) and (-7, 8) ¢ (2, 1) and (8, 9) 
d (3,1) and 2,13) e 6, 6) f (4,4) and (-20, -3) 
8 (6,-5) and (1,2) h ¢ —5). 


) and 
and (-l,-5) t (-7,7) and 


Iculate the lengths of the sides of the triangle POR. 
Use your answers to determine whether or not the wiangle is rightangled, 


a P(3, 11), Q, 7), RAI, 10) 
b P(-7,8), QCA, 4), RG, 12) 
€ P(-8,-3), Q(-4, 5), R(-2, -6) 
3 ACH, 0), B(I, 6) and €(7, 4), 
Show that triangle ABCis a rightangled isosceles triangle, 


4 The distance between two points P(10, 2h) and Q(d,-5) is 5VI0. 
Find the t 


possible values of b. 


5. The distance between two points P(6, -2) and Q(2a, a) is 5. 
Find the two possible values of a. 

6 Find the coordinates of the midpoint of the line segment joining 
a (6,2)and (7,6) b (4, 3) and (9, 11) © (8,6) and (-2, 10) 


d (1,7) and (2,-4) e (-7,-8) and ¢ f (2a,-32) and (44, 56). 
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7 The coordinates of the midpoint of the line segment joining PC-8, 2) and 
Qla, b), are (5-3). 
Find the value of aand the value of 6. 

ices of a parallelogram ABCD are A(-7, 6), B(-L, 8) 


8 Three of the ver 
and C(7, 8). 
a Find the midpoint of AC. 
b Find the coordinates of D. 

9 The point P(2K, ) is equidistant from A (-2, 4) and B(7,-5). 
Find the value of k. 

10 In triangle ABC, the midpoints of the sides AB, BCand ACare P(2, 3), Q0, 
5) and R(-4, 4) respectively. Find the coordinates of A, Band C. 


7.2 Parallel and perpendicular lines 


You need to know how to apply the rules for gradients to solve problems 
involving parallel and perpendicular lines, 


LE 


WORKED EXAN 


The coordinates of 3 points are A(8 ~ k, 2), B(-2, b) and C(-8, 2h). 
Find the posible values of kif A, Band Cure collinear 


‘Answers 
If A, Band Care collinear then they lie on the same Line. 


gradient of AB = gradient of BC 
k-2 


cross multiply 


expand hrackets 


collect termson ane side 


actorise 


salve 
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WORKED EXAMPLE 6 


The vertices of triangle ARCare A(-4, 9), RG, 5) and CU, k-+2) 
Find the possible values of k if angle ACBis 90°, 


Answers 

Since angle ACBis 90", 

gradient of AC x gradient of BC 
(e492 (k+Q)—C5) 


1 
=) k= 
k A+T y 
gee eey +2 
k+d “h-5 ica are) 
A(e+7) = —(k-+ )(k-5) x 
47k = —(i8 ~~ 20) a 5 
4 Th = hE +k 20 
2k + 6k-20=0 * 
+3k-10=0 


(k+ 5)(k-2) =0 
k+5=00r k-2=0 
Hence k =-5 or k 


‘The two possible situations are: 


Exercise 7.2 

1 Find the gradient of the line AB for each of the following pairs of points, 
a A(1,2) B(3,-2) b A(4,9) BG, 0) 
© A(-4,4)  B(7, 4) d A(l,-9) BG.) 
e A(-4,-8) B(5, 0) f A(6,-7) B(,-4) 

2. Write down the gradient of lines perpendicular to a line with gradient 
a3 b +} c : d e -} 


3 Two vertices of a rectangle ABCD are A (8, -5) and B(6,-3). 
a Find the gradient of CD, 
b Find the gradient of BC, 
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4 A(1,-5), B(5, -2) and C(I, 1). 
ABCDis a trapezium. 
ABis parallel to DGand angle BADis 90°. 
Find the coordinates of D. 

5 The midpoint of the line segment joining P(-2, 3) and Q(4, -1) is M. 
The point Chas coordinates (-1, -2). 
Show that CM is perpendicular to PQ. 

6 A(-2,2), BG, -1) and C(9, 4). 
a Find the gradient of ABand the gradient of BC. 
b Use your answer to part a to decide whether or not the points A, Band C 

are collinear. 

7 The coordinates of 3 points are A (-4, 4), B(k, -2) and C(2h + 1, -6). 
Find the value of kif A, Band Care collinear, 

8 The vertices of triangle ABCare A(-k, -2), B(k, -4) and C(4, k~ 2). 
Find the possible values of kif angle ABCis 90°. 


CHALLENGEQ 


9 Ais the point (-2, 0) and Bis the point (2, 6). 
Find the point Con the xaxis such thatangle ABCis 90°. 


7.3 Equations of straight lines 


You should already know that the equation of a straight line is 
yomxte 


where m= the gradient and ¢ = the y-intercept. 


‘There is an alternative formula that can be used when you know the gradient 
of the straight line anda point on the line. 


Consider a line, with gradient m, which passes through the known point 
A(x, 9)) and whose general point is P(x, 9) 
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Gradient of AP =m, hence 2—% 
x= % 


n multiply both sides by (x — x) 


j-5, same): 
The equation of a straight line, with gradient m, which passes through the 


point (x,, y) is: 


I~ = M(x ~ x) 


WORKED EXAMPLE 7 


Find the equation of the sumight line 
a with gradient 2 and passing through the point (4, 7) 


b_ passing through the points (-5, 8) and (1, ~4). 
‘Answers 
a Using 9 — 9) =m(x~ a) with m=2, x =4 and y,=7 


p77 =2%x-4) 
1-8 


x1 


b (58) (1-4) tootde whieh vai i w 
hie = ahah 


Gun) (92) 
Gradient =m = 2—H 


Xe % 


Using y— 9, 
3-8 

Jas 

y 
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Find the equation of the perpendicular bisector of the line joining A(3, 2) and B(7, 10) 
Answers 
Gradient of AB = using 2— 
1 
Gradient of the perpendicular is ~~ vavinig my = =I 
+ 10 ste 
mipoint or as = (227, 2410) <6, Busing 
oe g 
So the perpendicular bisector is the line passing through the point (5, 6) with 
gradient : 
Using y— 9 = mix—x) with x, =5, y,=6 and m= 
y-6=-F (5) 
1.3 
eee 
. a**2 
y= -fs485 ultiply both sidtes by 2 and renvrange 
x42y=17 
Exercise 7.3 


1 Find the equation of the line with 
a gradient 3. and passing through the point (6, 5) 
b gradient 4 and passing through the point (2,—1) 


1 
© gradient ~5 and passing through the point (8, -3). 


2. Find the equation of the line passing through 
a (3,2)and(5,7) b (1,6) and (5-3) ¢ (5,2) and (-7, 4). 
3 Find the equation of the line 
a parallel to the line y = 2x +4, passing through the point (6, 2) 
b parallel to the line x+ 2y = 5, passing through the point (2, -5) 
© perpendicular to the line 2x + $y = 12, passing through the point (7, 3) 
d_ perpendicular to the line 4x — y = 6, passing through the point (4,1) 


4 Pis the point (2,5) and Qis the point (6, 0). 
Aline Lis drawn through P perpendicular to PQ to meet the y-axis at the 
point R, 
a Find the equation of the line 1. 
b Find the coordinates of the point R. 
¢ Find the area of triangle OPR where Ois the origin. 
5. Find the equation of the. perpendicular bisector of the line segment. 
joining the points 
a (1,3) and (-3,1) b (-1,-5) and (5,3) ¢ (0,-9) and (5, -2). 
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6 The perpendicular bisector of the line joining A(-1, 4) and A(2, 2 
intersects the x-axis at Pand the y-axis at Q. 
a Find the coordinates of Pand of Q. 
b Find the length of PQ. 
¢ Find the area of triangle OPQ where Ois the origin. 


7 The line J, has equation 3x +2y = 12, 
The line 
The 


a Find the coordinates of A. 


2x1 


equation 


ines f, and 4 intersect atthe point A. 


b Find the equation of the 


8 The coordinates of three points are A(1, 5), B(9, 7) and (hk, ~6). 
Mis the midpoint of AB and MCis perpendicular to AB. 
a Find the coordinates of M. 
b Find the value of &, 
9 The coordinates of triangle ABC are A(2,-1), B(3,7) and C(14, 5). 
Pis the foot of the perpendicular from B to AC. 
a Find the equation of BP. 
b Find the coordinates of P. 
¢ Find the lengths of AGand BP. 
d_ Use your answers to part ¢ (o find the area of wiangle ABC, 


CHALLENGE Q 
10 The coordinates of triangle PQRare P(-3,-2), Q(5, 10) and 

R(U, -2). 

a Find the equation of the perpendicular bisectors of 1 PQ. ii QR. 


b Find the coordinates of the point which is equidistant from F, Q and R. 


7.4 Areas of rectilinear figures 


CLASS DISCUSSION 


Discuss with your classmates, how you can find the area ) 
of triangle ABC, 9 
‘Try to find as many different methods as possible. i 
Compare the ease of use of each of these methods. 6 

4 

3 a! 


ne through A which is perpendicular to the line h. 


Note: 
The point 

is where the 
perpendicular 
bisectors of the 
sides intersect, 


‘B 


“OT 2345678 910% 
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‘There is a method that you might not have seen before. Itis often referred to 
as the ‘shoestring’ or ‘shoelace’ method. You do not have to know this method 
for the examination, but you may find it useful to know. 


Ifthe vertices of triangle ABCare A(x;,9,). B(¥2»¥2) and C(x5, 95), then: 


1 


Aide + Ys + Xa — Hadi — Hae — As | 


‘Area of triangle ABC 


This complicated formula can be written as: 


‘The products in the direction \, are given positive signs and the products in 
the direction _# are given negative signs. 


For the triangle in the class discussion 


If Leg yd eel 
AGL, 3), BQ, 1) and C(3, 8): 2 


378 hg Ah 


area of triangle ABC= 31 x1+ 9x84 8%3-3%9-1x3— 8» 1) 
= phe r+9-27-3-8] 


= hal 


= 22 units? 


This method can be extended for use with polygons with more 
than 3 sides. 


WORKED EXAMPLES 


‘The vertices of'a pentagon ABCDEare A(0, —1), B(S, 1), C(3, 4), B(-1, 6) and C(-3, 2) 
oestring’ method. 


a Find the area of the pentagon using the 
b_ Find the area of the pentagon using the ‘boxing in’ method. 


‘Area of pentagon = $]o+ 20+ 18+ (-2) +3 -(-5)-8-(-4)-(-18)-9| 


= Hosi 


= 315 uni? 


Note: 

Ifyou take the 
vertices in an 
anticlockwise 
direction 
around a shape, 
then the inside 
of the modulus 
sign will be 
positive. If you 
take the vertices 
ina clockwise 
direction, then 
the inside of the 
modulus sign 
will be negative. 
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1 Find the area of these triangles 
B a A(-2,3), BO, -4), (5, 6) b P(-3,1),Q 


Cambridge IGCSE and O Level Additional Mathematics 


b Forthe ‘boxingin’ method, you draw a rectangle 
around the outside of the pentagon. 


Area of pentagon = area of rectangle ~ sum of the outside areas 
8 <7) ~ (4464545 44.5) 
=36-24.5 


31.5 unis? 


Exercise 7.4 


2 Find the area of these quadrilaterals. 
a A(1, 8), B(-4, 5), C(-+ , D(4, -2) 
b P27), Q(-5, 6), R(-3,-4), $(7,2) 
3 Triangle PQR where P(1, 4), Q(-3, 4) and R(7, k) is rightangled at Q, 
a Find the value of &. b Find the area of triangle POR. 
4 Ais the point (-4, 0) and Bis the point (2, 3). 
Mis the midpoint of the line AB. 


Point Cis such that MG = (3) 
a Find the coordinates of M and C. 
b Show that CM is perpendicular to AB. 
¢ Find the area of triangle ABC. 
5 Angle ABCis 90° and Mis the midpoint of the 
line AB. 
The point Clies on the y-axis 
a Find the coordinates of Band C. 
b Find the area of triangle ABC. 
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6 Aisthe point (~4, 5) and Bis the point (5, 8). 
The perpendicular to the line AB at the point A crosses the y-axis at the 
point C. 

a Find the coordinates of C. 
b Find the area of triangle ABC. 

7 ABis parallel to DCand BCis perpendicular to AB, 
a Find the coordinates of C. 

b Find the area of trapezium ABCD. 


8 ABCDisa square. 
Ais the point (2, 0) and Cis the point (6,4). 
AGand BD are diagonals of the square, which intersect at M. 
a Find the coordinates of M, Band D. 
b Find the area of ABCD. 


9 The coordinates of 3 of the vertices of a parallelogram ABCD are A(-4, 3). 
B(9, -8) and (15, -1). 
a Find the coordinates of the points of intersection of the diagonals. 
b Find the coordinates of the point D. 
¢ Find the area of parallelogram ABCD. 


7.5 Converting from a non-linear equation to 

linear form 

Some situations in the real world can be modelled using 

an equation. 

Consider an experiment where a simple pendulum, of length Lem, travels 


from A to Band back to A in a time of T'seconds. The table shows the time 
taken, 7; for different lengths L. 


z| 5 10 15 20 25 30 
045 | 0.63 | 0.78 | 0.90 | 1.00 | 1.10 A 
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When the graph of Tagainst J. is drawn, the points lie on a curve. 
They do not lie on a straight line. 


T 
13 
1 
08 
0.6 
04 
02 
oO To D 30 7 
So haw can you find the equation of the curve? 
If you are told that the rule connecting the variables Tand Lis believed to be 
aT. , you should draw the graph of Tagainst JL. To do this, you must 
first make a table of values for Tand JZ. 
| ME | 2-2 3.16 7 44 
T | 045 | 0.68 1.00 | 1.10 
I cad 
é 
1.2 
1 
08 
06 
04 
0.2 
oO 


1234560 


The fact that the points now lie on a straight line confirms the belief that the 
rule connecting the variables Tand Lis 7 
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The gradient of the straight line tells you the value of a. 


pace 7 aient = 2179-8 9 
sing the two end points, gradient > F559 5g 


Hence the approximate rule connecting Tand Lis 
T= 02/7. 


In the example above you have converted from a nonlinear graph to @ 
linear graph. 


Before you can model more complicated relationships, you must first learn 
how to choose suitable variables for Yand X to convert from a non-linear 
equation into the linear form Y= mX +c where mis the gradicnt of the 
straight line and cis the Vintercept. 


WORKED EXAMPLE 


6 
Convert 9 = a +, where aand bare constants, into the forsn Y= mX-+ 6 


Answers 

Method 1 goose th 

Multiplying both sides of the equation by x gives: 
gawtth 

‘Now compare panes Y=mX+e: 
@)= «@+ # 
ir 
YowXte 


b 
‘The nondinear equation 9 = @ + becomes the linear equation: 


Y= mX+6 where Y=, m=aand c=b 


b 
Method 2 y= ax+— 
Dividing both sides of the equation by x gives: 
BRS ete 
x 


Now compare 2= a+ with Y= mX +c: 
2 

6. .Q-. 

ett. 

=uk+e 


‘The nontinear equation y= ax + becomes the linear equation: 
x 


YemX+ewhere ¥=2, Xedume and c=a 


Itis important to note that the variables Xand Yin ¥=wXF¢ must contain 
only the original variables xand y, They must not contain the unknown 
constants a and b. 
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Similarly the constants mand ¢ must contain only the original unknown 
constants cand 6. They must not contain the variables xand y, 


WORKED EXAMPLE 11 


Convert y= ae, where and bare constants, into the form Y= mX + 6. 
Answers 
ysac™ 
‘Taking natural logarithms of both sides gives, 
Iny=In(ae™) 


Iny= 
Now compare Iny=—éx + Ina with ¥=mX +e: 


@- A &)+ in 


Yemk+ ¢ 
se becomes the linear equation 


‘The nonlinear equation y= 


¥=mX +6 where ¥=Iny,X=x, m=—b and c=Ina 


Exercise 7.5 

1 Convert each of these non-linear equations into the form ¥ = mX + ¢ where 
aand bare constants, State clearly what the variables Xand Yand the 
constants mand ¢ represent. 


(Note: there may be more than one way to do this.) 


x? + 


2 Comert each of these non-linear equations into the form Y= mX +4 
where aand bare constants, State clearly what the variables Xand Fand 
the constants mand c represent. 


(Note: there may be more than one way to do this.) 


a y=10"# b y=en © y=ax! 
d y=ab e@ xtyh=et f xa=b 
g a=etty hy 
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7.6 Converting from linear form to a non-linear equation 


RKED EXAMPLE 12 


Find yin terms of x. 
ay b 
(1,7) 
(6,8) 


Answers 
2 The linear equation is ¥= mX+¢where Y=y and X=2%. 


Fepenerem ee 


b The linear equation is Y= mX +6 where ¥=xy and X=x. 
2-7 


o-1 

Using Y=mX-+om=-1, X=6and ¥=2 
Q=-1xbte 

Hence ¥=-X+8. 

‘The non-linear equation is xy=—« +8 


8 
ase. 
2 5 
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WORKED EXAMPLE 13 


Variables xand y are such that y =a x b¥, where 
aand bare constants, 


‘The diagram shows the graph of Igy against x, 
passing through the points (2,5) and (6, 13) 


Find the value of and the value of b. 


Answers 
yraxot 
‘Taking logarithms of both sides gives: 
Igy =Ig (ax 6°) 
Igy =Iga+1g6* 


Igy=xlgb tiga 
Now compare Igy =<lgh+1ga with ¥= mX +e: 


1@)+ \w 

te 4 

a 
Gradient = m = 3=8 = 2 


oF 
,X=2 and ¥=5 


Hence a =10 and 6=100, 
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Exercise 7.6 


1. The graphs show part of a straight line obtained by plotting y against some 


function of x. 


For each graph, express y in terms of x. 


a b c 
y y ” 
(3,6) 
15.4) ", 6) 
3 
(2,3) 
0, x 0 Pd (7) ve 
d e f 
y b | » 
(1,9) 
(2, 3) (3, 3) 
(5,3) 
0| (4,-1) 2* i) =] 
“Ol cs 
2. For each of the following relations 
i express yin terms of x ii find the value of ywhen x =2. 
a b c 
1 El ” 
2, 6) 
(5, 6) (6, 15) (8) 
15, (5, 3) 
(1.2) (5) 
a) = 0 % a) x 
d f 
a Iie 
(2.9) 
(5,6) 
- ‘eG A ,2)— —= 
Po “Ol Fs 
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10 


ted so that, when is plotted on the vertical axis 
2 

and xis plotted on the horizontal axis, a straight-line graph pa 

through (2, 12) and (6, 4) is obtained. 


Variables xand y are 


sing 


‘xpress y in terms of x. 
Variables xand yare related so that, when 
and 2° is plotted on the horizontal axis, a straight 
through the point (8, 49) with gradient 3 


* is plotted on the vertical axis 
ine graph which passes 
obtained. 


a. Express y? in terms of 2°, 


b Find the value of xwhen y = 11. 


Variables xand y are related so that, when 2 is plotted on the vertical 


x 
and xis plotted on the horizontal axis, a straight-line graph passing 


axi 


through the points (2, 4) and (6,2) is obtained. 


a Express yin terms of x. 


b Find the value of «and the value of ysuch that 


Variables x and y are related so that, when e? is plotted on the vertical 
axisand x° is plotied on the horizontal axis, a straight-line graph passing 
through the points (8, 4) and (8, 9) is obtained. 


a Express e? in terms of x 
b Express yin terms of x. 
Variables xand y are related so that, when Igy is plotted on the vertical 


axis and sis plotted on the horizontal axis, a straightline graph passing 
through the points (6,2) and (10, 8) is obtained. 


a Express Ig y in terms of x. 
b Express yin terms of x, 


ving your answer in the form y = a x10, 


Variables x and y are related so that, when Ig y is plotted on the vertical 
axis and Igy is plotted on the horizontal axis, a straightline graph passing 
through the points (4, 8) and (8, 14) is obtained. 


a Express yin terms of x, giving your answer in the form y = a xx! 

b Find the value of x when y = 51.2, 

Variables x and y are related so that, when In y is plotted on the vertical 
axis and Inx is plotted on the horizontal axis, a straight-line graph passing 
through the points (1, 2) and (4, 11) is obtained. 

a Express In y in terms of x. 

b Express yin terms of x, 

Variables x and y are such that, when In y is plotted on the vertical axis and 


Inx is plotted on the horizontal axis, a straightline graph passing through 
the points (2.5, 7.7) and (8.7, 5.3) is obtained, 


a Find the value of Iny when Inx = 0. 


b Given that y= ax x*, find the value of aand the value of & 
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7.7 Finding relationships from data 


When experimental data is collected for two variables, it is useful if you can 
then establish the mathematical relationship connecting the two variables, 


Ifthe data forms a straightiine when a graph is plotted, it is easy to establis 
the connection using the equation y = mx +c 


Itis more usual, however, for the data to lic on a curve and to be connected by 
a nonlinear equation, 


In this section, you will learn how to apply what you have just learnt in sections 
7.5 and 7.6 to find the nonlinear equation connecting two variables. 


WORKED EXANPLE 14 


| 5 10 20 40 80 
[y [255 | ae96 | 9s8 [oon | ave 


The table shows experimental values of the variables wand y. 


a By plotting a suitable straightline graph, show that xand yare related by the 
equation y = X x", where kand mare constants 


b Use your graph to estimate the value of kand the value of 1. 


Answers 

a yakx x” take: logs of both sides 
Igy =g(k% x") use the smniltiplication law 
Igy =igk tgs" use the power law 
Igy 


Nowcompare Igy 


Hence the graph of Igy against Igx needs to be drawn where 


+ gradient = 
* intercepton vertical axis = Ig k 


‘Scanned with CamScanner 


Cambridge IGCSE and O Level Additional Mathematics 


‘Table of values is 


{ age | 0.699 | 1.000 | Lgo1 | 1.602 | 1.903 | 
Igy | 3414 | 3.208 | 2.993 | 2.782 | 2571 | 


Igy 


05 1 15 2 Igx 
b The points form an approximate straight line, so xand y are related by the 
equation 
yah xt 
n= gradient 
_ 2571-3414 
* 1.905 = 0.699 
~-07 
Igk = intercept on vertical axis 
Igk=39 
k= 1059 
b= 7943 
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WORKED EXAMPLE 


© 2 4 6 a 10 
y a7 | 219 | 1.42 | 105 | 0.88 


The table shows experimes 


values of the variables wand 
Nat bx 


The variables are known to be related by the equation y = 
are constants. 


a Drawthe graph of x*) against x. 
>. Use your graph to estimate the value of wand the value of & 


[An alternate method for obtaining a straight-line graph for the equation 
at bx 


+ where aand 6 


isto plot ay on the vertical avis and — on the horizontal axis. 


€ Without drawing a second graph, estimate the gradient and the intercept on the 
vertical axis of this graph. 


Answers 
a Firstmake a uble ofyalucs for of sy and =, 
* 4[6][s | 90 
80 
ey 35.0 [51.1 [672 | 33 | 70 
ee 0 
‘The graph of x2) against xis: a 
40 
30 
20 
10 
OTestseTAO We 
b Using 
xysieta 
Now compare x*y = tx +a with Y= mX +e: 
Y= (+ 


Now compare xy = +0 with Y= mX +e: 
= XG)+ & 


You X40 
= Sand intercept on vertical axis 


Gradient=a 
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Exercise 7.7 


25 | 
| 4.20 | 


The table shows experimental values of the variables xand . 


o5 | 10 | 15 
| 1.00 | 3.00 | 3.67 


20 
4.00 


1a 
si 


a Copyand complete the following table. 


++ 


b Draw the gi 


ph of xy against x, 
¢ Express yin terms of x. 


d Fi 


d the value of x and the value of y for which xy =2. 


2 [7s J 01 7 02 [03 [ 04 [ 03 | 
y | ort | 0.154 | 0.176 | 0.189 | 0.200 | 


The table shows experimental values of the variables x and y, 


a Copy and complete the following table 


L {| [ 


b Draw the graph of 


against 
x 


¢ Express yin terms of x, 
Find the value of xwhen y = 0.16. 


3 ya a7 3 | Ls | 
y | 128 | 76 | 64 [ 62 | 64_| 


The table shows experimental values of the variables x and y, 


a Draw the graph of ay against x 
b Use your graph to express yin terms of x, 
ind the value of x and the value of y for which xy = 12.288, 


Scanned with CamScanner 


Chapter 7: Straight line graphs 


‘The mass, m grams, of a radioactive substance is given by the formula 
m= me-*, where Lis the time in days after the mass was first recorded and 
my and kare constants. 


‘The table below shows experimental values of tand m. 
(_@ ] 0 7 2 [| » | 4 | 50 
[m_ [409 [| 93.5 | a74 | 225 | 184 


a Draw the graph of Inm against &, 


b Use your graph to estimate the value of my and k. 
¢ Estimate the value of mwhen (= 27. 


® 10 [| 100 | 1000 | 10000 | 
y 15 75 378 1893 


The table shows experimental values of the variables x and y. 


‘The variables are known to be related by the equation y= kx" where kand 
mare constants. 


a Draw the graph of Igy against Ig x. 
b Use your graph to estimate the value of kand n. 


x 2 4 [6 8 10” 
y | 128 | 328 | 939 | 2147 | 549.8 


‘The table shows experimental values of the variables x and 9. 


‘The variables are known to he related by the equation y= @ x b* where 
aand bare constants. 

a Draw the graph of Igy against x. 

b Use your graph to estimate the value of aand the value of b. 


a a 
y 49 13.3 36.2 98.3 | 267.1 


‘The table shows experimental values of the variables xand 9. 


The variables are known to be related by the equation y= aX e"* where @ 
and mare constants. 


a Draw the graph of Iny against x. 
b Use your graph to estimate the value of a and the value of ». 
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The table shows experimental values of the variables xand y. 


‘The variables are known to be related by the equation y =e*"* where a 
and bare constants, 


a Draw the graph of Iny against x. 
b Use your graph to estimate the value of aand the value of b. 
¢ Estimate the value of x when y= 50. 


° iy 2 4 [6 8 
| y 9.10 | 0.33 1.08 3.48 


The table shows experimental values of the variables x and y, 


qo_| 
11.29 | 


The variables are known to be related by the equation y = 10% x b*, where 
aand bare constants. 


a Draw the graph of Ig y against x, 
b Use your graph to estimate the value of aand the value of 6, 


¢ Estimate the value of xwhen y= 5, 


B wl x | 02 | 04 05 | 07 | 09 
[y | 36 | 2 9 6 | 45 
The table shows experimental values of the variables wand y. 


bles are known to be related by the equation y = —“—, where a 
xd 


The vari 
and dare constants. 


a Draw the graph of yagainst ay. 
b Use your graph to estimate the value of aand the value of b 


‘An alternate method for obtaining a straightline graph for the equation 


y= is to plot x on the vertical axis and — on the horizontal axis, 


xo y 
© Without drawing a second graph, estimate the gradient and the 
intercept on the vertical axis of this graph. 


The table shows experimental values of the variables x and . 


a 


a Draw the graph of Iny against Ins, 
b Express yin terms of x 


An alternate method for obtaining the relationship between x and y is to 
plot Igy on the vertical axis and Ig x on the horizontal axis, 


¢ Without drawing a second graph, find the gradient and the intercept on 
the vertical axis of this graph. 
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Summary 
Length of a line segment, gradient and midpoint 
Length of PQ= y{% - 5)" +023)" oe) 


Gradient of PQ= 2 
a 
Midpoint of PQ = GS, 122) 
Parallel and perpendicular lines 
If two lines are parallel then their gradients are equal. 


P(x) 


Ifa line has a gradient of m, a line perpendicular to it has a gradient of - 2, 

nm 
If the gradients of the two perpendicular lines are mand m,, then m, Xm, =—1. 
The equation of astraight line 
y= mx +c where m=the gradient and ¢ = the y-intercept. 
y~y, = m(x —x,) where m = the gradient and (x,,y,) is a known pointon the line. 
Non-linear equations 


To converta nonlinear equation involving x and y into a linear equation, express the equation in 
the form Y = mX +c, where Xand Yare expressions in xand/or 9, 


Examination questions 
Worked example 


Solutions to this question by accurate drawing will not be accepted. 
Ei 


‘The diagram shows a quadrilateral ABCD in which Ais the point (1, 4), and Bis the point (6,5). 
Angle ABCis a right angle and the point Clies on the x-axis. The line ADis parallel to the y-axis 
and the line CDis parallel to BA, Find 


a the equation of the line CD, [5] 
bo the aren of the quadrilateralABCD: {4} 
Cambridge IGESE Adtitivna Mathematics 0606 Paper 21 Q10% 4 Now 2010 


— 
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Answers 


a Gradient of AB = use mmg = —I to find gradient of BC 


Gradient of BC 


Equation of BC: use 


x =Gand y =5 


When y = 


Cis the point (7, 0) 


Equation of CD: use =Tand 4 =0 


Equation of CDis 


b ADis parallel to the y-axis, hence the «coordinate of Dis | 


Substituting x = 1 into the equation y= 1(¥—7) gives y = -1.2 
& qt IF gives y 


Use the ‘shoestring’ method with A(1, 4), 8(6, 5), G(7, 0) and D(I, -1.2) 


2 a 
Se 
Tal ese aT 


1 
Area of ABCD = 5 


= 28.6 units® 


Exercise 7.8 
Exam exercise 
1. The point Plies on the I 


joining A(-2, 3) and B(10, 19) such that AP: PB = 1:3. 
a Show that the x-coordinate of Pis 1 and find the y-coordinate of P. 2] 
b Find the equati 


n of the line through Pwhich is perpendicular to AB. [31 
‘The line through P which is perpendicular to ABmeets the y-axis at the point Q. 

¢ Find the area of the triangle AQ. [3] 
Cambridge IGCSE Additional Mathenatcr 0606 Paper 11 QS Nov 2014 
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2. The table shows valucs of variables Vand p. 


v to | 50 | 100 | 200 
p | 950 | 85 | 30 [ 11 


a. By plotting a suitable straight line graph, show that Vand pare related by the equation 
= kV", where kand nare constants. ‘4 


Use your graph to find 
b the value of n, (2) 
€ the value of pwhen V = 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8i 


3. Solutions to this question by accurate drawing will not be accepted, 
‘The points A(-3, 2) and B(1, 4) are vertices ofan isosceles triangle ABC, where angle B = 90° 


a Find the length of the line AB. ia) 
b Find the equation of the line BC. (31 
¢ Find the coordinates of each of the two possible positions of C. {6] 


Cambridge ICCSE Additional Mathematics 0606 Paper 11 Q1O% ii Now 2013 


4 Variables xand yare such that y= Ab*, where A and bare constants. The diagram shows the 
graph of Iny against x, passing through the points (2, 4) and (8, 10). sr | 


Iny 


o ¥ 


Find the value of A and of 6. [5] 
Cambridge IGCSE Additional Mathematics 0606 Pater 11 Q2 Jun 2013 
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5 Solutions to this question by accurate drawing 
y 


not be accepted. 


B(7,7) 
we, 
* 
a eae 4) 


The diagram shows a trapezium ABCD with vertices A(11, 4), B(7.7), C(-8, 2) and D. 
The side ADis parallel to BCand the side CDis perpendicular to BC. 
Find the area of the trapezium ABCD. 19] 


Gombritige IGCSE Adzltional Mathematics 0606 Paper 21 (10 Jun 2012 


6 The table shows expe 


x 1 2 s [4 [5] 
y | sao | 292 [ 293 | 3.10 | 3.34 


It is known that sand yare related by the equation 


ntal values of two variables x and y. 


+ bx, where aand bare constants. 


a Complete the following table, 


Exes 
ye 
= a 
b Ona grid plot yJx against xJx and draw a straight line graph. [2] 
€ Use your graph to estimate the value of a and of b, [3] 
Estimate the value of y when xis 1.5. rT) 


Cambridge ICCSE Adal 


nal Mathematics 0606 Paper 21 QOi-iv Nov 2011 


7 The points Aand B have coordinates (-2, 15) and (3, 5) respectively. 
‘The perpendicular to the line AB at the point A(-2, 15) crosses the y-axis at the point C. 
Find the area of triangle ADC. [6] 


Cambridge GCSE Additional Mathematics 0606 Paper 11 Q7 fun 2011 
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a 


a Show that thes 


Variables wand yare such that, when Iny is plotted against Inx, a straight line graph passing 
through the points (2, 5.8) and (6, 3.8) is obtained. 


Iny 


a Find the yalue of Iny when Inx = 0. 2] 

b Given that y= Ax’, find the value of A and of 6. (5) 
Cambridge IGCSE Additional Mathenatcs 0606 Poper 11 Q6i,4 Now 2010 

Solutions to this question by accurate drawing will not be accepted. 

The points A and B have coordinates (2, -1) and (6, 5) respectively. 


i Find the equation of the perpendicular bisector of AB, giving your answer in the form 


ax + by =6, where a, band care integers. 14 
‘The point Chas coordinates (10, -2). 

ii Find the equation of the line through Cwhich is parallel to AB. 2] 
iii Calculate the length of BC. 12] 
iv Show that triangle ABCis isosceles. w 


Canbridge IGCSE Additional Mathematics 0606 Paper 22. Q8 Mar 2015 


‘The curve y = xy + 22-4 intersects the line y=3x-1 at the points A and B, Find the 

equation of the perpendicular bisector of the line AB. (81 
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5 jun 2015 

Solutions to this question by accurate drawing will not be accepted. 

‘Two points A and Bhave coordinates (-8, 2) and (9, 8) respectively. 


i Find the coordinates of G, the point where the line AB cuts the yaxis. (31 
Find the coordinates of D, the mid-point of AB. ea 
Find the equation of the perpendicular bisector of AB. (21 


‘The perpendicular bisector of AB cuts the y-axis at the point 
iv Find the coordinates of E, i 
“of triangle ABE is four times the area of triangle EED-—————[3}— 


Cambridge ICCSE Additional Mathematics 0606 Paper 21 Q8 Nov 2015 
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8.1 Circular measure 

Have you ever wondered why there are 360 degrees in one complete 
revolution? 

‘The original reason for choosing the degree as a unit ofangular measure is 
actually unknown but there are a number of different theories: 

* ancient astronomers claimed that the Sun advanced in its path by one 


degree cach day and that a solar year consisted of 360 days 


© the ancient Babylonians divided the circle into 6 equilateral triangles 


and then subdivided each angle at O into 60 further parts, resulting in 
360 divisions in one complete revolution 


© 360 has many factors which makes division of the circle so much easier. 


Degrees are not the only way in which you can measure angles. In this section 
you will learn how to use radian measure. This is sometimes referred to as 
the natural unit of angular measure and it is used extensively in mathematics 
because it can simplify many formulae and calculations. 


Tn the diagram below, the magnitude of angle AOBis 1 radian (1 radian is 
written as I rad or 1°), 


An are equal in length to the radius of a circle subtends 
an angle of | radian at the centre, 


It follows that the circumference (an arc of length 2nr) subtends an angle of 
‘2n radians at the centre. 


2n radians = 360° 
radians = 180° 


When an angle is written in terms of m, the radian symbol is usually omitted. 
Hence, 7= 180°. 
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Converting from degrees to radians 


x 
Since 180° =n, then 90° = 2, 45° = i 


Angles that are not simple fractions of 180° can be converted using the 
following ru 


ae 


To change from degrees to radians, multiply by 7. 


Converting from radians to degrees 
since n= 180°, © = 30°, © = 18° etc. 

6 10 
Angles that are not simple fractions of x can be converted using the 
following rule: 


To change from radians to degrees, multiply by “2. 
™ 


(it is useful to remember that I radian = 1x 182 = 57.) 


1 
WORKED EXAMPLE 1 


@ Change 60° to radians, giving your answer in terms of m, 


b Change = radians to degrees. 
Answers 
2 Method 1: Method 2: 
x 
180° = 60° = (60x 4) radians 
sear (00%) a 
K 
2) eee 60° = radians 
60° 
Db Method 1: 


me radians = 180° 


x . 
= nadians = 36 


on 
= radians = 108° 
5 
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Exercise 8.1 
1 Change these angles to radians, in terms of t. 


a 10° b 20° © 40° 50° es 
f 120° gu ht BHO" 720" 
k 80° 13007 om n 75° © 210° 
2 Change these angles to degrees. 
K 1 X n on 
Ld b2 = a? on 
2 é ba 9 ae) 
he an bx Bn on 
eZ us b= i= le 
5 20 12 20 4 10 
6n Tn 8x on 
ko U 3x my ies o> 
3. Write cach of these angles in radians correct 10 8 sf. 
a 32° b 55 © st 413° e UT 
4 Write each of these angles in degrees correct to 1 decimal place. 
a lSrad — b 25rd € 10rd a L8Brad @ O.58rad 
5 Copy and complete the tables, giving your answers in terms of x. 
a [Degrees | 0 | 45 | 90 | 135] 180 | 225 | 270 | 315 | 360 
Radians | 0 5 on 


> [Degrees] 0 | 30 | 60 | 90 | 120] 150] 180 | 210 | 240 | 270 | 300] 330 | 360 


|Radians 0 n 2a 
6 Use your calculator to find 
a sinl.3rad b tan08rad ¢ sin 1.2rad Note: 
@ sin ie eee f unt You do not need to change the 
3 


angle to degrees. You should 
set the angle mode on your 
calculator to radians, 


CHALLENGEQ 
7 Annais told the size of angle BAC in degrees and she is 
then asked to calculate the length of the line BC, She Cc 


uses her calculator but forgets that her calculator is in 
radian mode, Luckily she still manages to obtain the 
correct answer. Given that angle BAC is between 10° 

and 15°, use graphing software to help you find the size 
‘of angle BAGin degrees correct to 2 decimal places. 
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‘You should already be familiar with the following mathematical words that are used in circle questions, 


« ee D> z=  « a goer ) 


Discuss and explain, with the aid of diagrams, the meaning of each of these words. 


Explain what is meant by: 
© minorare and major arc 

* minor sector and major sector aL 

‘* minor segment and major segment. tReet 
Ifyou know the radius, rem, and the angle 6 (in degrees) at the centre \ 4 

of the circle, describe how you would find: 

© arc length * area of sector a ee 
* perimeter of sector * length of chord fetal 

‘© perimeter of segment © area of segment. 


8.2 Length of an arc 


From the definition of a radian, the arc that subtends an angle of I radian 
at the centre of the circle is of length r, Hence, if'an arc subtends an angle 
of @ radians at the centre, the length of the arc is 78. 


WORKED EXAMPLE 2 


Anare subtends an angle of A radians at the centre of a circle with radius Sem. 
Find the length of the arc in terms of 


Answers 
Arclength = 18 
=8x% 
6 
eet on 
3 
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Asecior has an angle of 2 radians and an arc length of 9.6m, 
Find the radius of the sector. 


“The circle has radius 5em and 
centre 0. 

PQis.a tangent to the circle atthe 
point P. 

QROI« a straight line. Find 

a angle POQ, in radians 

b QR 

¢ the perimeter of the shaded region. 


triangle QPOIs rightangled since PQisa tangent 


remember to have your calculator in radian mode 


b og? =19% + 5 using Pythagoras 
00? = 169 
0Q=13 


Hence QR = 8cm. 


¢ Perimeter=PQ+QR+arePR — iw are PR = 10 
248+ (5 x 1.176...) 


=25.9cm 
Exercise 8.2 
1 Find, in terms of x, the arc length of a sector of 

a radius 6cm and angle 7 b radius 5cm and angle = 

¢ radius 10cm and angle oe @ radius 18cm and angle = 
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2. Find the are length of a sector of 
a radius Scmand angle 1.2 radians b radius 2.5em and angle 08 radians, 


3 Find, in radians, the angle of a sector of 


a radius 4cmandarclength 5em ——_b radius 9em and are length 13.5em, 


4 Find the perimeter of each of these sectors, 


dem ia 
NA 
5 ABCDisa rectangle with AB = Gan and BC = 16cm. 
Ois the midpoint of BC. 
OAED isa sector of a circle, centre O. Find 
a AO 
b angle AOD, in radians B —$—— ; 


© the perimeter of the shaded region. 


6 Find 
a the length of arc AB 
b the length of chord AB 
© the perimeter of the shaded segment 


7 Triangle EFGis isosceles with EG = FG = 16cm. 
GHis an arc of a circle, centre F, with angle HFG = 0: 
radians. Find 
a the length of are GH 
B the length of EF 


© the perimeter of the shaded region. 
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8.3 Area of a sector 


‘To find the formula for the area of a sector you use the ratio: o— 
area of sector angle in the sector 
i ? 
area of circle complete angle atthe centre | 


When 6 is measured in radians, the ratio becomes 


area of sector _ @ Ne 


an 


8. pnt 
area of sector = <x rr’ 


area of sector = iro 


WORKED EXAMPLE 5. 


an 
Find the area of a sector of a circle with radius 6em and angle —~ radians 
Give your answer in terms of 


Answers a 
Arca ofscetor = 5199 


WORKED EXAMPLE 6 a, 
B 


Calculate the area of the shaded segment correct a Sead ot 
wo 3sf, Ban 


(&) _usingarea of tangle 


= 64— 29.0975... 
= 34,9cm* 
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Exercise 8.3 
1 Find, in terms of 2, the area of a sector of ‘ 
a radius Gem and angle © b radius 15em and angle 2 
3 5 


” 5 
€ radius 10cm and angle = d radius 9em and angle 2 


2 Find the arca of a sector of 


a radius tem and angle 1.3 radians b radius 88cm and angle 0.6 radians. 


ind, in radians, the angle ofa sector of 
a radius Sem and area 5em? b radius 7cm and area 30cm’, 
4 POQis the sector of a circle, centre 0, radius 10cm. 
‘The length of arc PQis 8cm. Find 
a angle POQ, in radians b the area of the sector POQ 


5 Asector of a circle, radius rem, has a perimeter of 150em, 
Find an expression, in terms of 1, for the area of the sector 


6 ABCDisa rectangle with A 


9m and BC = 18cm, 
Ois the midpoint of BC. | 
B OABD isa sector of a circle, centre O. Find 
a AO 
b angle AOD, in radians 
€ the area of the shaded region. 


7 The circle has radius 12cm and cenure ©. 
PQisa tangent to the cirele at the point P. 
QROis a straight line. Find 
a angle POQ, in radians 
b the area of sector POR 


¢ the area of the shaded region 


8 AOBis the sector of a circle, centre O, radius 8em. 
ACis a tangent to the circle at the point A. 
CBOis a straight line and the area of sector AOBis 32cm*. 
Find 
a angle AOB, in radians 
b the area of triangle AOC 
¢ the area of the shaded region, 
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9 Triangle EFG is isosceles with FG = FG = 9em. 
GHis an arc of a circle, centre F, with angle 
HFG =0.6 radians. Find 

a the area of sector of HFG 

b the area of triangle EVG 

¢ the area of the shaded region. 


10 The diagram shows a circle, centre O, radius 12cm, 
Angle AOB = @ radiai 
Are AD =9nem. 

a Show that @ = 2% 


4 
b Find the area of the shaded region, 


11 AODisa sector of a circle, centre O, radius dem, 
BOCisa sector ofa circle, centre O, radius 10em. 
‘The shaded region bas a perimeter of 18cm. Find 
a angle AOD, in radians 
b thearea of the shaded region. 


12 AOBisa sector ofa circle, centre O, with radius 9cm. 
Angle COD = 0.5 radians and angle ODCis a right angle. 
OC =5cem. Find 
a OD 
b cD 
¢ the perimeter of the shaded region 
d the area of the shaded region. 

13 FOGisa sector ofa circle, centre O, with angle 
FOG = 1,2 radians. 

EOH isa scctor of a circle, centre O, with radius 5em. 
‘The shaded region has an area of 71.4cm*, 


Find the perimeter of the shaded region, 
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CHALLENGE Q 
14 The diagram shows a semi-circle, centre 0, radius 10cm. 

Filis the arc of acircle, = 

centre E. 

Find the area of 

a triangle EOF 

b sector FOG 

© sector FH 

d the shaded region, 


CHALLENGE — 

45 The diagram shows a circle inscribed inside a square 
of side length 10cm. A quarter circle of radius 10cm 
is drawn with the vertex of the square as its centre, 

I hati arca. PS] 


Summary 


One radian (1°) is the size of the angle subtended 
at the centre of a circle, radius x, by an arc of length r 


When 6 is measured in radians; 
= the length ofarc AB= 10 
= the area of sector AOB = 310. 
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Examination questions 


Worked example 


‘The diagram shows an isosceles triangle AOB and a sector OCDEO ofa circle with centre 0. 
‘The line ABis a tangent to the circle. 


Angle AOB = 1.8 radians and the radius of the circle is 12cm. 

a Show that the distance AC = 7.3m to | decimal place. 2] 
b Find the perimeter of the shaded region. (6) 
¢ Find the area of the shaded region. 4 


Cambridge IGCSE Additional Mathematics 0506 Paper 21 Q11 Jun 2011 
ct 


Answer 
BR 
a cos0.9 = — 
4 
4 = 2 9.3047... 
cas09 
AC = OA-12 = 7.3047... 
73 to 1dp 


b Perimeter = are CDE + EB + BA+ AC 
arc CDE: arc CDE = 18 
= 12x (2n- 18) 


= 53.798... 
EB: cos0.g= 22 using half of the isosceles triangle 
: MO ising ha ang) 
1g 
OB= 19.3047... 
080.9 

EB = OB ~ OE = 19.3047 ~ 12 = 7.3047... 

BA: BA = 2x (OAX sin 09) = 30.24378... 


Perimeter = arc CDE + EB +BA+ AC 7 
= 53.798... + 7.3047... + 30.24378...+ 7.3047... 
= 98.7 cm 
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€ area of shaded region = area of triangle OAB + area of major sector CDE 


1 
= absin + by 


19.07? x sin L.B + 7 x 12° x(2n- 18) 


Exercise 8.4 
Exam Exercise 
a 


Liar 


P 


xem. 


‘The diagram shows a sector OPQ of a circle with centre Oand radius xem. 

Angle POQis 0.8 radians. The point Slies on OQsuch that OS 

B The point Rlies on OPsuch that angle ORS is a right angle. 
Given that the area of triangle ORS is one-fifth of the area of sector OPQ, find 


a the area of sector OPQin terms of vand hence show that the value of xis 8.837 correct 


to 4 significant figures, [5] 
b the perimeter of PQSR, 13) 
¢ the area of PQSR. [2] 


Additional Mathematics 0606 Peper 21 QI Last Now 2014 


‘The diagram shows a circle with centre Oand a chord AB, 

‘The radius of the circle is 12cm and angle AOBis 1.4 radians. 

a Find the perimeter of the shaded region. [5] 

b Find the area of the shaded region. (4) 
Cambridge IGCSE Additional Mathematics 0696 Paper 21 Q104 it Nov 2013 
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At bem—E D. 
7% 
—_ 
M\@ rad 16cm 
d 
Cc 


6m 
The diagram shows a square ABCD of side 16cm. Mis the mid-point of AB, 

The points Eand Fare on AD and BC respectively such that AK = BF = 6cm. 

EFis an arc of the circle centre M, such that angle EMFis @ radians. 

a Show that @ = 1.855 radians, correct to 3 decimal places. (2) 
b Calculate the perimeter of the shaded region, co) 
¢ Calculate the area of the shaded region. 3] 


Cambridge IGCSE Additione! Mathematics 0606 Paper 11 QBiiii fun 2013 | 


__——_——_ 


a = 


Arad 
A C: 


12em——D. 


‘The diagram shows a rightangled triangle ABC and a sector CBDC of a circle with centre Cand 
radius 12cm. Angle ACB = 1 radian and ACDis a straight line. 


a Show that the length of ABis approximately 10.1em, mM 
b Find the perimeter of the shaded region, [5] 
¢ Find the area of the shaded region. 4] 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11i,iii fun 2012 


J 
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The diagram shows two circles, centres A and B, each of radius 10cm. The point Blies on the 
circumference of the circle with centre A, The two circles intersect at the points Cand D. The 
point E lies on the circumference of the circle centre B such that ABLis a diameter. 


i Explain why triangle ABCis equilateral, mw 
ii Write down, in terms of x, angle CBE. iW 
ili Find the perimeter of the shaded region. [5] 
iv Find the area of the shaded region. [3] 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q40.Now 2013 


‘The diagram shows a circle, centre O, radius 8 cm, The points Pand Qlie on the circle, 
3 
the lines PT and QTrare tangents to the circle and angle POQ == radians 
i Find the length of PT. [2] 


Find the area of the shaded region. [3] 


ind the perimeter of the shaded region. [2] 
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4 Jun 2015 
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‘The diagram shows a circle, centre O, radius rem, Points A, Band Care such that Aand B 
lie on the circle and the tangents at A and B meet at C. Angle AOB = @ radians. 
i Given that the area of the major sector AOB is 7 times the area of the minor sector AOB, 
find the value of 8. 
ii Given also that the perimeter of the minor sector AOBis 20cm, show that the value 
of r, correct to 2 decimal places, is 7.18. 


iii Using the values of @and rfrom parts i an 
ABC. 


iv Find the area of the shaded region ABC. 


find the perimeter of the shaded region 


By) 
(2) 


13] 
(3] 


Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q9 Mar 2016 
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netric ratios of angles of any magnit 
determine the amplitude and period of trigonometric functions 
ibe the relationship between trigonometric graphs 


ps of y= [fl wi ricfunction 


e the graphs of 5 = . she + 6 here isa positive 
ple fra d cis an integer 


use trigonometric relation 
solve simple trigonometric equations 


rigonometric identities, 
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Chapter 9: Trigonometry 


Given that sin@ = Ze and that @ isacute, find the exact values of 
a sint@ — b cmd end NO 
Answers 
a sin? @= sin@ x sin@ Te 
? ve 2 
£0\ : d 
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‘The sine, cosine and tangent of 30°, 45° and 60° (or 


n 
and 3) can be 
obtained exactly from the following two triangles: 


Ba 
aq 


ala 


Consider a right-angled isosceles triangle whose two equal sides are of length 


Lunit, 
The third side is found using Pythagoras’ theorem: yi? +1? = J2 
B 
/ sings (22) int 1 
/ v2 2 4 


Consider an equilateral triangle whose sides are of lengtl 


The perpendicular bisector to the base splits the equilateral triangle into two 
congruent rightangled triangles, 


The height of the triangle can be found using Pythagoras’ theorem: 


sin 60° i 
2 3 
n . 1 ™ 
cos60° = = cos— 
2 a 
r va ' tan60° = 3 ant = 8 
fe ul sin30° = i 


cos30° 


tan30° 


Note: 
You do not need to learn these triangles and ratios for the examination, 
butyou may find it useful to know them, 


Scanned with CamScanner 


Chapter 9: Trigonometry 


WORKED EXAMPLE 2 


Find the exact value of 


Answers 
a sin 45°sin 60 


=N5 +e 
=o. 


(=-4) 


asin 45°sin 60" bcos 45° 


2 


tan © + sin ® 
3 


rationalise the denominator 


cos" 45° means (cos 45°) 


1 
or simplifies wo 


the denomina 


expand bracket, 


rationalise the denominator 


Exercise 9.1 


21 Given that tan = ; and that @ is acute, find the exact values of 


a sin® b 
d sin?@+cos?@ 


2 Given that sind =~ 


cos 6 


and that Bis acute, 


a cos ~ b tind 


@ sind +cosé 


cos 0 —sin@ 
ane” 


c sin*@ 


ind the exact values of 
¢ 1-sin'@ 


3. Given that cos@ = > and that @isacute, find the exact values of 


a sind b 


sin? @+cos®@ 


tan 
cos 0 ~tan@ 


1—cok@ © 


© land cosé 
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4 Find the exact value of each of the following, 
a tan 4° cos 60" b tan?60° c 


sin 45° +cos30° ee ——* —___ 
cos 45° + cos 60° 


5. Find the exact value of each of the following, 


a sin cos® b in?® c 
43 4 
a 
alo 1 1 
da e - f 
sing sin cos 


9.2 The general definition of an angle 


You need to be able to use the three basic trigonometric functions for 
any angle. 


Yo do this you need a general definition for an angle: 


y 
SECOND FIRST 
QUADRANT QUADRANT 
gi? 
7 
ae 
Z6\ 
0 am 
THIRD FOURTH 
QUADRANT QUADRANT 


An angle is a measure of the rotation of a line OP about a fixed peint O. 
‘The angle is measured from the positive x-direction. 


An anticlockwise rotation is taken as positive and a clockwise rotation is taken 
as negative. 


The Cartesian plane is divided into four quadrants and the angle 6 is 
id to be in the quadrant where OPlies. In the diagram above, @ is in the 
first quadrant. 
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ORKED EXAMPLE 3 


Drawa diagram showing the quadrant in which the rotating line OP lies for each of 
the following angles. In ezch case find the acute angle that the line OPmakes with the 


Answers 


240° isan anticlockwise rotation b_~70° is a clockwise rotation 


» d 


P \ 
> 
acute angle = 60° acute angle = 70° 
Gee ener Ch ere er 
490° = 360° + 130° 
i} or, 


|_/ * 


5 
acute angle = 50° seute angle = 


Exercise 9.2 

1. Draw a diagram showing the quadrant in which the rotating line OP lies for 
cach of the following angles, In each question indicate clearly the direction 
of rotation and find the acute angle that the line OP makes with the a-axis. 


a 110° b -60° ¢ 220° d@ -135° e -300° 
Sn Tn bn 13m bn 
+ h - i | 
4 a 3 9 a <5 


2 State the quadrant that OP lies in when the angle that OP makes with the 
positive avaxis is 


a 110° b 300° < —160° dd 245° e —500° 
x lin 5x 13% On 
fis - i j 
4 Be ‘ 6 cmc 
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9.3 Trigonometric ratios of general angles 


In general, trigonometric ratios of any angle @in any quadrant 
are defined as: 


sind=%, cosd 


Bs 


where x and yare the coordinates of the point P 


and ris the length of OPand r = fx" +5. 


tano=2, x #0 
r x 


You need to know the signs of the three trigonometric ratios in the 


four quadrants. 


In the first quadrant sin, cos and tan are positive, (Since x, yand rare 


all positive.) 


By considering the sign of xand 


you can find the sign of each of the three 


trigonometric ratios in the other three quadrants. 


CLASS DISCUSSION 


sino =2 


tan@ = 


On a copy of the diagram, record which ratios are positive in each 


quadrani, 


The first quadrant has been completed for you. 
(All three ratios are positive in the first quadrant.) 


By considering the sign of yin the second, third and fourth 
quadrants, determine the signs of the sine ratio in each of these 
quadrants. 


By considering the sign of xin the second, third and fourth 
quadrants, determine the signs of the cosine ratio in each of 
these quadrants. 


By considering the sign of xand yin the second, third and fourth 
quadrants, determine the signs of the tangent ratio in each of 
these quadrants. What happens to the tangent ratio when x = 0? 


Scanned with CamScanner 


Chapter 9: Trigonometry 


‘The results of the class discussion, can be summarised as: 90° 


‘You can memorise this diagram using a mnemonic such as 
‘All Students ‘Trast Cambridge’, 


130° 0°, 360° 


270° 


WORKED EXAMPLE 4 


Express in terms of trigonometric ratios of acute angles, 
a cos(—110") b sin 195° 


Answers 
a The acute angle made with the ssaxis is 70°. 5 % 


In the third quadrant only tan is positive, 
80 cos is negative, 


cos(-110") =—cos 70” 


b The acute angle made with the waxis is 55°, 
In the second quadrant sin is positive. 


: \ A 
sin 125° = sin55' XT we 
Ls 
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Given that sind and that 180° = @ = 270°, find the value of tan Band the value 


of cos 6, 


Answers 
Gisin the third quadrant, 

‘an is positive and cos is negative in this quadrant, 
xt 4 (8)? = 5? 

5-9 =16 

Since x< 0,¢=—4 


Exercise 9.3 
1 Express the following as trigonometric ratios of acute angles, 
a sin 220° bh cos825° © tan 140° d- cos(-25°) 
sige 4n im une 
e tan 600° f sin g ane h con(- =) 
Qn : on 
i tan— i sin 


2. Given that cos@ = = and that 270° < @ < 360°, find the value of 


a tnd © b sind, 
3. Given that tan@ = -V5 and that 90° = @ = 180°, find the value of 
a sine b cos®. 


4 Given that sin@ = — and that @ is obtuse, find the value of 


a coxd b tand. 
5 Given that tan @ = 5 and that 0s eflex find the value of 
a sind "bcos 
1 
6 Given that tan A= > and cos B= ——>,, where Aand Bare in the same 
quadrant, find the Value of bo 
a sind b cosa © sinB @ tang. 
RB 3 


7 Given that sin A = ~7> and cos B = >, where Aand Bare in the same 


quadrant, find the value of 
a cos b tand © sinB d tanB, 
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9.4 Graphs of trigonometric functions 


Consider taking a ride ona Ferris wheel, with radius 50 metres, 

which rotates at a constant speed. 

‘You enter the ride from a platform that is level with the centre of 

the wheel and the wheel turns in an anticlockwise direction. 

Sketch the following two graphs and discuss their properties: 

+ agraph of your vertical displacement from the centre of the 
wheel plotted against angle turned through 

+ agraph of your horizontal displacement from the centre of 
the wheel plotied against angle turned through. 


The graphs of y =sinx and y =cosx 

Suppose that OPmakes an angle of xwith the positive 
horizontal axis and that P moves around the unit circle, 
through one complete revolution, The coordinates of Pwill 
be (cosx,sin). 


P(cosx, sina) 


‘The height of Pabove the horizontal axis changes 
from 0+ 13 04-1 0. 


‘The graph of sina against xfor 0° < x < 360° is: 


‘The distance of P from the vertical axis changes 
from 1+ 0 -130>1. 


‘The graph of cosx against xfor 0° < x = 360° is: 
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‘The graphs of y = sinx and y= cosx can be continued beyond 0° < x < 360°: 


y 
y=sin 
\ oS y= cos.x 
90 was 450 540 * af O ct rr 


€ and cosine functions are called periodic functions because they 
in. 


The si 
repeat themselves over and over ag; 


‘The period of a periodic function is defined as the length of one repetition 
or cycle. 

‘The basic sine and cosine functions repeat every 360°, 

We say they have a period of 360°. (Period = 2m, if working in radians) 


‘The amplitude of a periodic function is defined as the distance between a 
maximum (or minimum) point and the principal axis. 


The basic sine and cosine functions have amplitude 1. 


B The graph of y=tanx 
y 


-180 90 /0 i 270/860 , 5 


‘The tangent function behaves very differently to the sine and cosine functions. 


its cycle every 180° so its period is 180°. 


‘The tangent function repeats 
The red dashed lines at x = +90°, x = 270° and x = 450° are asymptotes. The 
branches of the graph get closer and closer to the asymptotes without ever 
reaching them. 


e tangent function does not have an amplitude, 


The graphsof y=asinbx+c, y=acosbx+c and y=atanbx+c 
You have already learnt about the graphs of y = sinz, y= cosx and y = tanx. 


In this section you will learn how to sketch the graphs of 
y= asinby +c, y= acosbx+¢ and y= a tanbx +¢ where aand bare positive 
integers and cis an integer, 


You can use graphing software to observe how the values of a, band caffect 
the trigonometric functions. 
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The graph of y -asinx 
Using graphing software, the graphs of y=sinx and y=2sinx are: 


The graph of y=2sinx isa stretch of the graph of y= sin x. 
It has been stretched from the waxis with a stretch factor of 2. 
‘The amplitude of y = 2sin x is 2 and the period is 360°. 


Similarly, it ean be shown that graph of y = Ssinx isa stretch of y =sinx 
from the «axis with stretch factor 3. The amplitude of y= 3sinx is3 and the 
period is 950°, 


The graph of y =sin bx 
Using graphing software, the graphs of y = sin.xand y = sin 2xare: 


yesingx” y= sing’ 


‘The graph of y =sin wis a stretch of the graph of y = sin x. 


‘Scanned with CamScanner 


Cambridge IGCSE and 0 Level Additional Mathematics 


It has been stretched from th 


1 
rxis with a stretch factor of —. 


The amplitude of y = sin 


is 1 and the period is 180°, 
Similarly, the graph of y= sin3x isa stretch, from the y-axis, of y =sinx 
with stretch factor 2 


The amplitude of + =sin3x is 1 and the period is 120° 


Use graphing software to confirm that: 
1 


* y=cos2x isa stretch of y= cosx from the y-axis with stretch factor 5 
* ¥=c0s3s isastretch of y =cos~ from the y-axis with stretch factor + 
and 


* y=tan2s isa stretch of y=tanx from the yaxis with stretch factor 2 


* y=tan3s isa stretch of y=tan. from the y-axis with stretch factor + 


The graph of y =sinx +¢ 
Using graphing software, the graphs of y=sinx and y=sinx +1 are: 


The graph of y=sinx+1 isa translation of the graph of y =sinx, 
Ithas been translated by the vector (°) 


The amplitude of y =sinx +1 is 1 and the period is 360°. 


Similarly, the graph of y =sinx +2 is a transla 


=) 


The amplitude of  =sinx +2 is 1 and the period is 360°. 


nof y =sinx by the 
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ACTIVITY 


Use graphing software to confirm that: 


+ y=cosx+1 isa translation of y=cosx by the vector () 

+ y=cosx+2 isa translation of y= cosx by thevecor 
0 
$ 


1 


ft) 
zi 


* y=cosx—$ isa translation of y=cosx by the vector (3) 


and 


* y=tanx+1 isa translation of y= tan» by the vector () 
( i) 


© y=tanx—2 isa translation of y= tanz by the vector a 


In conclusion, 


x 
affects 
amplitude period 
(amplitude =a) (4 360° |, 2% 
period = > or == 


affects” affects 
amplitude period 
(amplitude 


Pes ’ 
stretches the graph affects 
Note: there is.no. period, 
amplitude for a tangent 180° 
function penod=— 


vertical translation 


ems () 


vertical translation 


(transation “ (°) 


vertical translation 


() 


{essai 
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Sketching trigonometric functions 
The skeich graph of a trigonometric function, such as 


7 = 2cos3x—1 for 0° <x <360°, can be built up in steps. 
Step L: Start with a sketch of y = cosx: y 
2 
Period = 360° be cos x 
Amplitude = 1 al € 
= 90~_180_ S70 360 
Step 2: Sketch the graph of y = cos 3x: y 
Stretch ¥y = cos from the y-axis 2 - 
y= cos 3x 
with stretch factor +, 
3 04 = 
360° 0 180 2g 360 
Period = 330° — po9= a a 
v -2 
Amplitude = 1 
Step 3: Sketch the graph of y = 2cos3x : 
B Stretch y=cos3x from the xaxis 3] : 
with stretch factor 2. 24 a 
360° a 
Period = 2° = 129° 0. 1 £ 
2 io 180 y 360 
Amplitude = 2 = 
2 
-34 
Step 4: Sketch the graph of y=2cos3x-1: — y 
0 2 
Translate y= 2cos3x by (2) ; y x-1 
P 360° _ 199° 0 : i t 
Period = —5— = 120 ‘i 9 180 yo 360 
Amplitude = 2 2 
3 
“4 
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| wonaee execs 


f(x) =9 sin 2x for 0° < x < 960° 

a Write down the period of f 

b Write down the amplitude of f. 

¢ Write down the coordinates of the maximum and minimum points on the curve 
yt. 

Sketch the graph of y= f(s). 

e Use your answer to part d to sketch the graph of y=3 sin 2x41, 


b Amplitude = 
© y=sin x has its maximum and minimum points at: 

(90°, 1), (270°, -1), (450°, 1) and (680", -1) 

Hence, f(s) =3 sin 2x has its maximum and minimum points at: 


(45°, 8), (185°, -8), (225°, 3) and (815°, -3) 


y=3sin Qe 
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WORKED EXAMPLE 7 


@ On the same grid, sketch the graphs of y= sins and y= 1+ cos2x for 
0° <x < 360°, 
b State the number of roots of the equation sin 


1+ cosQx for 0° < x < 360" 


Answers 


b Thegraphs of y=sin2x and y=1+cos2x intersect each other at 4 points in 
the interval. 


Hence, the number of roots of sin x= 14 cosQx is 4, 


BB crerisess 


1 a The following functions are defined for 0° < x < 360°. 


For each function, write down the amplitude, the period and the 
coordinates of the maximum and minimum points. 


f(x) = 2eos3x 


i f(x) =7cosx ii f(x) = Qsindx 


iv f(x) =3sin Vo f(x)=4eosx+1 vi f(x) = Ssin2e~2 


b Sketch the graph of each function in part a and use graphing software 
to check your answers. 
2 a The following functions are defined for 0 < x < 2m, 
For each function, write down the amplitude, the period and the 
coordinates of the maximum and minimum points. 
i f(x) =4sins ii f(x) = cos3x £(x) = 2sin 3x 
1 
iv £()=ScosSx v(x) =sin2e+3 vi f(x) = 4cos2e-1 
b Sketch the graph of each function in parta and use graphing software 
to check your answers. 
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™ me 


The graph of y= a+bsinex, for 0 <x <7, is shown above. 


Write down the value of a, the value of band the value of ¢. 


= = = A 


45 90 135 180* 


Hie Raawares 


o 


Part of the graph of y = asinbx + ¢ is shown above. 


Write down the value of a, the value of band the value of ¢. 


y 
6 
5 
4 
3 
2 
14 


Pata 
AVA 


60 120 180 240 300 360% 


oO 


The graph of y = @+ bcoscx, for 0° < x <360°, is shown above. 
Write down the value of a, the value of b and the value of c. 
a The following functions are defined for 0° < x = 360°. 


For each function, write down the period and the equations of the 
asymptotes. 


i -F(s) =tan2e ii f(x) = 8tanbe ti £(9) = 2tan 3241 


b Sketch the graph of each function and use graphing software to check 
your answers. 
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7 a The following functions are defined for 0 = x < 2n, 


For each function, write down the period and the equations of 
the asymptotes. 


i £() = ane f(x)=2tan3x i f(x) = Stan2x-3 


b Sketch the graph of each function and use graphing software to chec! 
your answers. 


Atan Bx + C is shown above. 


Part of the graph of y 


i 
The graph passes through the point o(E. 4) 
Find the value of A, the value of B and the value of C. 
9 f(x) =atdsine 


The maximum value of fis 13, the minimum value of fis 5 and the period 
is 60°. 
Find the value of a, the value of band the value of « 

10 f(x) = A+ 3cosBx for 0° <x <= 360° 


The maximum value of fi 


and the period is 72°, 
a Write down the yalue of A and the value of B. 

b Write down the amplitude of £. 

© Sketch the graph of f, 


11 f(x) = A+ BsinCx for 0° = x = 360" 


‘The amplitude of fis 3, the period is 90° and the minimum value of fis 
a Write down the value of A, the value of Band the value of C. 
b Sketch the graph of f. 


12 a On the same grid, sketch the graphs of y 
0° = x = 360° 


ine and y = 1+ sin 2x for 


b State the number of roots of the equation sin 2x—sinx +1= 0 for 


O° <x = 360°, 
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13. a On the same grid, sketch the graphs of y = sinx and y = 1 +cos2x for 
o =x = 360° 
b State the number of root of the equation sina = 1+ cos 2x for 
0° < x = 360° 


14a On the same grid, sketch the graphs of y = 3cos2v and y = 2+sinx 
for 0° = x = 360° 
b State the number of roots of the equation cos 2x = 2+ sinx for 


0° <x = 360° 


9.5 Graphs of y =|f(x)|, where f(x) is a trigonometric 
function 

You have already learnt how to sketch graphs of » =|f(x)| where f(x) is either 
linear or quadratic. 


In this section you will learn how to sketch graphs of y =| f(x)| where f(x) is a 
trigonometric function. 


WORKED EXAMPLE 8 


a Sketch the graph of {(x) =|sinx| for 0< x < 2x. 
b_ Siate the range of the function f, 


Answers 


a Step 


: Sketch the graph of y =sinx 
y 


Step 2: Reflect in the waxis the part of the curve 7=sin.x thatis below the waxis, 


b The range of the function Fis 0 < f(x) <1. 
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WORKED EXAMPLE 9 


@ On the same grid, sketch the graphs of 9 =|sin2x| and y=cosx for 0° = 
b State the number of roots of the equation |sin 2x] =cosx for 0° < x <= $60" 


360°, 


Answers 


a For y=|sin2x] sketch the graph of y =sin2x and then reflect in the waxis the 
part of the curve y =sin2x thatis below the waxis. 


Jy =sin Bx 


a 
Hence, the graphs of y =|sinx| and y=cosx are: 


y [sin 2x] cos x 
1 


ta) 


4 


b Thegraphs of y=|sin2s] and y~cosx intersect each other at 4 points in the 
interval, 


Hence, the number of roots of (sin 2x| =cosx is 4. 


Exercise 9.5 
Use graphing software to check your graphs in this exercise. 


2 Sketch the graphs of each of the following functions, for 0° <x < 860°, 
and state the range of each function, 


a f(x) 
d f(x) = 
& f(x)=|sinx-2| bh F(x) =[Ssinx+1[ 7 f(x 


tan x| b f(x) =|cos2x| ¢ f(x) =/[8sinx| 


| 
sin3| © f(x) = 2eorta| f f(x) =|2sin 2a] 


3] 


4cosx 


2 a Sketch the graph of y = 2sinx~1 for 0° <x < 
L 
b Sketch the graph of y =|2sinx—1) for 0° < x & 199°. 
€ Write down the number of solutions of the equation | 2sinx- 1] = 0.5 
for 0° < x < 180° 
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a Sketch the graph of ‘osx for 0° = x = 180". 
b Sketch the graph of y=|2+ 5cosx| for 0° <x < 180". 
¢ Write down the number of solutions of the equation |2 + 5cosx| = 1 for 
0° <x < 180% 
a Sketch the graph of y= 2+ 8cosx for 0° < x < 180°. 
b Sketch the graph of y=|2+3cosx| for 0° < x < 180°, 
¢ Write down the number of solutions of the equation |2 +8sin2x| = 
for 0° < x < 180°, 
a On thesame grid, sketch the graphs of y =|tanx| and y= cosx for 
OP <x < 360", 
b State the number of rvots of the equation |tanx| = cosx for 
0° <x < 360% 
a On the same grid, sketch the graphs of y =|sin2x| and y= tanx for 
O<=x<=2n, 
b State the number of roots of the equation |sin2x| = tanx for 
O<x<2n, 
a On the same grid, sketch the graphs of y =] 0.5 +sinx| and y = cos 
for 0° < x = 360°. 
b State the number of roots of the equation |0.5+ sinx| = cos for 
0° <x < 360" 
a On the same grid, sketch the graphs of y =|1+4 cosx| and 
y=2+cosx for 0° <x = 360". 
b State the number of roots of the equation |1 +4 cosx| = 2+ cosx for 
0° <x < 360° 
‘The equation |3cosx — 2| = k,has2 roots for the interval 0 <x < 2m. 
Find the possible values of h. 
CHALLENGE Q 
10 f(x) 
4 
8 
2 
1 
e 0 180270 850 
The dias shows the graph of f(x) =|4a+ bcoscx|, where @, band ¢ 


are positive integers. 


Find the value of a, the value of band the value of c. 
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9.6 Trigonometric equations 


Consider the rightangled triangle: 


inp at x 
sing=* cosa=* rand 
r r 


The following rules can be found from this triangle: 


2 


lan@ = divide numerator and denominator by r 


x 
y 
r 


divide both sides by 7* 


use ~ = cos@ and 


cos? 9+ sin? @ =1 


‘These two important rules will be needed to solve some trigonometric 
equations later in this section, 


Gonsider solving the equation: sinx = 0.5 


2 = sin“! (0.5) 
A calculator will give the answer: x = 30° 


There are, however, many more values of x for which sin x= 0.5. 


Consider the graph of y = sinx for ~360° < x < 360° 


. = 
90 1, 270 
30 150 \ 


J= sin x 


‘The sketch graph shows there are four 
which sinx 


alues of x, between —360° and 360°, for 
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You can use the calculator value of x = 30°, together with the symmetry of the 
curve to find the remaining answers. 


0.5 for 360° < x < 360° is: 


Hence the solution of sina 
— 830°, -210°, 80° or 150° 


WORKED EXAMPLE 10 


Solve cosx=-0.4 for 0° =x = S10", 


Answers 
cose = 04 


ise a valeur 16 find co" Mel) to | decinnal jslaec 


enge=—0.4. 
Using the symmetry of the curve, the second valuc is (360° — 113.6") =2464°, 
Hence the solution of cosx =—0.4 for 0° x = 560°is 

= 1126" or 246.4". 


‘The sketch graph shows there are two values of », between 0° and 360°, for which 
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Solve tan 2A = 18 for 0° < A= 180° 


Answers 

tanQA=-1B jy 6-2) 

tans ==-LB ive a calculator wo lind tan (1 
x= -60.95° 


f 180 fe 360° 


Using the symmetry of the curve: 


x= 60.95 x= (60.95 +180) x =(119.05+ 180) 
19.05 190.05 
Using x =24, 
2A =299,05 
A=1495 


Hence the solution of tan 24 
A 


8 for 0" <x =< 180° 
or A= 149.5", 
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WORKED EXAMPLE 


Solve sin(2a—® =06 for 0<A<n. 


Answers 


Lave a eateuatabon te fh si 


Using the symmetry of the curve: 


F=00195 x =n —0.6495 
= 2.498 
Using 224% 
2A = 0.6435 
4=4 (0095 +2) 4=4(2408+2) 
jl beigease) Sao 3 
A= 05848 azn 


® 
2) 06 tor 0<A<mis 
a us 


4 = 0,845 or 1.77 radians, 
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WORKED EXAMPLE 13 


Solve sin?x ~2sinxcosx =0 for 0° = x = S60" 
Answers 
sin"x—2sinxcosx =0 factonise 


sinx (sinx~2coss) =0 


or sine -2 cose =0 
2eose 

634 or 180-4 63.4 
63.4° or 243.4" 


sinx 
*, 180°, 360° 


180 


‘The solution of sin?x-2 sin xcosx=0 for 0° < x= 360° is 
= 0°, 63.4", 180°, 243.4" or 360°. 


WORKED EXAMPLE 14 


Solve 1+ casx=3sin?s for 0° < x = 260°, 


Answers 


L+cosx =Ssin?x use sin? = | — cos" 


dl brackets and collect terms 


I +eorx =8(1 — cos?) em 
Bcosx+cosx—2 =0 factorise 


(Scosx—2)(cosx+1)=0 


Scosx— 


=0 or cosxt+1=0 
2 
3 
48.2” or 360 — 48.2 x = 180° 
48.2° or 311.8° 


cos cosx = 


The solution of 1+cosx =3 sin®x for 0° Sx 5 360" is 
x =48.2°, 180° or 311.8%, 
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Exercise 9.6 
1. Solve each of these equations for 0° = x = 360°, 
3 b cosx=0.2 ¢ tanx=2 ds sinx=-0.6 


=0 bh 2cose+1=0 


asinx= 


etanx=-L4 f sine =-08 g 4sinx— 


2. Solve each of the these equations for 0< x = 2m. 


d@otanx= 


1 h Ssinx +2=0 


3. Sole each of these equations for 0° = x = 180°, 


asintx=0.8  b cos2x=~-0.6 ¢ tan2v=2 d sin2x =-0.6 


e ScosQx=4 f Tsin2x 


g l+3tange=0 h 2-3sinzr=0 
4 Solve each of these eq 
a cos(x—30°)=—0.5 for 0° = x = 360°, 
b Gsin(2x-+45°) = -5 for 0° <x = 180°. 


ations for the given domains. 


© 2eos(*) = B=0 for 0° <x < 540°. 


d 0.5 for 0<x< 2m. 
e 0.6 for 0 <x <mradians. | 
f ae for 0 <x <4m radians. 


5 Solve each of these equations for 0° = x < 360°. 
a dsinx = cosx b Ssinx +4cosx = 0 


d Scos2x~4sin2x = 0 


¢ Ssinx—3cosx 


Solve 4 sin(2x — 0.4) — 5c0s(2x 0.4) =0 for O< x= 
Solve each of these equations for 0° = x = 360°. 
sin xtan(x— 30°) = 0 b Stan? x-4tanx =0 


Bcos? x = cos x d sin?'x +sinxcosx = 0 


aoe 


Bsin cosy = cose f sinxtanx = sinx 


8 Solve each of these equations for 0° = x < 360°. 


a 4sin?x=1 b %tan?s=9 

9 Solve each of these equations for 0° < x = 360% 
a tanty +Qtans— b Qsin?x + sin x-1=0 
© Scos?x—2cos x-1= 0 d Ysin?x—cosx-1=0 
e@ Scos' f sinx +5 = Geos? x 
& 2cos' h L+tanxcosx = 2cos*x 


20 f(x) 
Solve gf(x) = 0.5. 


-1 for xeR 


atx) 
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9.7 Trigonometric identities 


xt cos? 


1 is called a trigonometric identity because itis true for all 
values of x, 


In this section you will learn how to prove more complicated identities 
involving sinx, cosx and tan x. 


When proving an identity, itis usual to start with the more complicated side 
of the identity and prove that it simplifies to the less complicated side. This is 
lustrated in the next example, 


One 


LHS means left-hand side and RHS means 


ight-hand side, 


WORKED EXAMPLE 15 


Prove the identity (1+ sinx)* +(1-sinx)’ + cost = 


Answers 

LHS = (1+ sinx)* + (1 - sinx)* + cos? x 

1+ sinx)(1+ sinx) + (1-sinx)(1 kets 
+ 2sinx +sin*x +1—2sinx + sin®x + 2cost x. collect like yerins 
2+2sin*x + 2cos* x 


nx)+2cosx expan by 


=2+2(sin"x+ costs) vse sins eos = 1 
4201 


=RHS. 


WORKED EXAMPLE 16 


Prove the identity ~ cosx = sinxtan x, 
Answers 
LHS = cosx 
cose 
1__costx 


cose cose. 


1~cos?x 
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Equivalent trigonometric expressions 


sints 


sin?x + sin xcos' 


an x cos 


Discuss why each of the trigonometric expressions in the blue boxes simplify to sin. 
Greate as many trigonometric expressions of your own which simplify to tan x, 
(Your expressions must contain at least two different trigonometric ratios.) 


Compare your answers with your classmates, 


Exercise 9.7 
1 Prove each of these identities. 
sine cosxsinx a 
cOsx bo ——=1-sin's 
tanx tanx 
cos? x — 
c = cosx gq SEUSS + sinx = cose 
cos. cosx + sins 
e@ (sinx +cosx)* = 14 2sinx cosx f tan? y—sin® x = tan® xsin?x 
2 ‘h of these identities. 
cos? x -1 bcos? x — sin? x 


© cost x + sin® xcos' 


2(1 + cosx) — (1+ cosx)* 


cos! x + sin’ x = sin 


e@ 2-(sinx + cosx)* = (sine — cose) 


3 Prove each of these identities. 


A 
cost x — 
a = b 
cos — sin 
“~ —sint 
cost x = sin* x 
c= d 
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9.8 Further trigonometric equations 


The cosecant, secant and cotangent ratios 

‘There are a total of six trigonometric ratios. You have already met the ratios 
sine, cosine and tangent. In this section you will learn about the other three 
ratios, which are cosecant (cosec), secant (sec) and cotangent (cot). These 


three ratios are defined as: 


counca = — seco= — cot = 


sin@ cos 


Consider the right-angled triangle: 


sey) x 
sin@=2  cosa=* wma =4 

r r x 

r r x 
cosecd=7 secd=2 coro=* 
y x ) 


divide both sides by x 


=tan@ and 1 =seco 


1+tan®@ = sec? @ 


divide both sides by y? 


= cot@ and ” = cosecd 
y ) 


use 


cot?@ +1 = cosec*@ 


‘These important identities will be needed to solve trigonometric equations in 
this section, 
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WORKED EXAMPLE 17 


Salve Qensectx + cotx 


for 0° <x = 360", 


Answers 
pees eet use 1+ cor’ x = cosecx 
2 (1+ cor? x)+ corx—8 =0 expand brackets and collect terms 
Qeot®xt cotx-6 = 0 Tactonise 

(cotx—3)(cotx +2) =0 
Reotx—3=0 or cotx+2=0 


cotx 


x= 38.7 or 38.7 +180 x =-26.6 or -26.6 + 180 or ~26.6 +360 
x= 93.7% o 13.7 x= 153.4" or 333.4” (since -26.6" ir out of range) 


‘The solution of 2cosectx + cotx—8 = 0 for 0" < x = 360" is 
= 93.7, 158.4", 213.7" or 333.4". 


Exercise 9.8 
1. Solve each of these equations for 0° < x < 360°, 27 | 
a cotx=0.3 b secx=4 © cosecx = d 3secx-5=0 


2. Solve each of the these equations for 0< x = 2n. 
a coseex=5 b cotx=08 € secx=-4  d 2cotx +3 


3. Solve each of these equations for 0° < x = 180°, 
a sectx=16 b cosec?: 


5 ¢ cot2x=-1 9d Scosec2x = 


4 Solve each of these equations for the given domains. 
a sec(x-30°)=3 for 0° <x = 360° 


b cosec(2x + 45°) =-5 for 0° =x = 180° 
: 
« sofas) 
d 3sec(2x+3)=4 for 0<x<1 
5 Solve each of these equations for 0° = x < 360°. 


=2 for Dex <2n 


arecty=4 —b 9eottx=4 € 1ecot®Se= 


6 Solve each of these equations for 0° = x < 360° 


a Stan? x—secx—1 b dtan?x +8secx = 

d= 2cot?x—Seosecx -1=0 

eH cus NF Gsecr = 1S ft corx + Gsinx=2cosx=3- = 
h 


g 3cotx = 2sinx 


© Qsecty = Stane +5 


12secx — 10cosx— 9tanx = 0 
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9.9 Further trigonometric identities 


In this section you will learn how to prove trigonometric identities that involve 
any of the six trigonometric ratios. 


CLASS DISCUSSION 


14+ secx. 
tanx + sin 


Prove the identity 


Answers 
Lt secx 1 ‘ 


sins 


cose 


_ cose +1 <r 
Sins + sinxcosx 
cone +1 
x (cose +1) 
1 
sing Sun 


= RHS 


diicle mameniior and denomivaror by 
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Exercise 9.9 


1 


6a 


Prove each of these idemitics. 
a tanx +cotx = secx cosecx 
¢ cosec — sina = cos cotx 
Prove each of these identities. 
a (1+ secx) (cosecx — cot 
b (1+secx)(1- 
¢ tan?x—sec?x +2 


cosx) = sinxtanx 


4 (cotx + tanax)(cot.x— tan x) = cose ~ 


Prove each of these identities. 
i 


tanx + cotx 


sinxcosx 


sin? xcosx + cos? x 
aniscon oS 
sina 


cotx 


1+ tantx 
tanx 


sec x cosecx 


sinx tan? x 
T+ tan? 


1+ sine 


2 
tanx + secs] 

1-sine ( ) 

Prove each of these identities. 


sinx | cosx 


secx cosecx 


cosx | sinx 


osx 
1+ sinx 


tanx 


osec*x — cot® x 


b  siny + cosxcot x = cosecx 


d scexcoseex —cotx = tanx 


sec?x 


sin’ x + cost 


cosecx 


cosxcotx 
LOSE COX soe xe — tan 
cosx + cotx 
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1 ii 
__-—1— = giansseex 

T-sinx 1+sinx 

cosx | six _ 

— sinx + cosx 

T-tanx I—cotx 

cosx cox _ 
es = 2tanx 
cosecx +1 coseex — 1 


Show that (3+2sinx)* 4(3-2sinx)}’ +8cos* x has a constant value for all xand state this value. 


State the range of the fanetion F(x) 


CHALLENGE Q 
7 a Express sin’+4cos0+2 in the form a-(cos6-6)*. 


Express sin’ x—2cos* x in the form a+bsil 


sin? x—2cos' x for 02 <2, 


bp Hence state the maximum and minimum values of sin? @+4cos0+2. 
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Summary 


Positive and negative angles 
Angles measured anticlockwise from the positive xdirection are positive. 


Angles measured clockwise from the positive «direction are negative, 


Diagram showing where sin, cos and tan are positive 


90° 


180 


Useful mnemonic: ‘All Students Trust Cambridge’ 


Cosecant, secant and cotangent 


1 
coseco = —1_ secO = = 
sind cos Soar) 
Trigonometric identities 
sinx 


60s x 


tanx = 


sin? x + cos? x 
I +tan® x = sec? x 
1+ cot®x = cosec? x 


Transformations of Trigonometric Graphs 


The rules for shifting, stretching, compressing. and reflecting the graph of a function sum- 
marized in the following diagram apply to the trigonometric functions we have discussed 


in this section. 


Vertical stretch or compression 
reflection about y = d if ae 


= af(b(x + ©) +d 


Vertical shift 


Horizontal stretch or compression; // Horizontal shift 


reflection about x = —c if negative 
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Examination questions 


Worked example 
‘The diagram shows the graph of y = asin(bx)+¢ for 0S x= 2n, where , band cure positive 


integers. 
y 
4 
3 
2 i 
x 
0 / 
“1 Bix 
-2 
“3 
State the value of a, of band of [3] 


Cambridge IGESE Additional Mathematies 0606 Paper 11 QU Now 2013 


a= 


‘The graph of y = 3sin 2x has been translated by the vector () hence ¢ 
Bb=Qc= 


Exercise 9.10 
Exam Exercise 


1 a Sketch the curve y = 3cos2x~1 for 0° = x = 180°. [3] 
b i State the ampliude of 1~4sin 2x. fa) 
fi State the period of 5tan3x +1. ul 


Cambridge 1OCSE Adduionat Mathematics 0605 Paper 1! Q2 Now 2014 
2 a Solve 2cos3x = cot3x for 0° = x = 90", [5] 
b Sole see{s 4 2) -2 for 0<y< radians. (4 
Cambridge IGCSE Additional Mathematics 0606 Paper 11 QT.) Now 2014 


3. a Prove that scexcosec x —cotx = tans, [4] 
b Use the result from part a to solve the equation secxcosecx = 3cotx for 0° <x < 360°. [4] 


Gambriddge IGCSE Adlitional Mathomatics 0606 Paper 21 Q10i ii Now 2014 


ih 
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s cos 
4 Show that +828 5 


= Qsecb. (4) 


cos® "1 +sin 
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12a,b Nov 2013 
7 
5 a Solve the equation 2cosecx++—— = 0 for 0° < x < 360°. il 
cosx 
b Solve the equation 7sin(2y-1)= 5 for 0< y <5 radians. [5] 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qui, ii. fun 2013 


6 Ona copy of the axes below sketch, for 0 < x <2n, the graph of 


fe 
(2) 

2 
© State the mmumber of solutions of the equation cosx ~sin2x = 1, for 0 < x= In. iu 


Cambridge IGCSE Additional Mathematies 0606 Paper 11 Quit Jun 2013 


taney! (me 
moraine)" 9 (ene 


cos 


7 Prove that ( 244 tan. i] 


cos 
Cambridge ICSE Additional Mathematics 0606 Paper 91 QU fun 2013 


8 a Given that 15cos’ @ + 2sin*@ =7, show that tan! 


4] 
b Solve 15cos*@ + 2sin?@=7 for 0< @ <mradians. [3] 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6i,i Jun 2012 
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9 y 
12 
10 
8 
6 
4 
2 
0 
0 180° * 
a The diagram shows. sketch of the curve y = asin(bx) + ¢ for 0° < x < 180%, 
Find the values of a, band ¢. (3) 
b Given that f(x) = 5cos3x +1, for all » state 
i the period of f, ia] 
ii the amplitude of f. ie) 
Cambridge ICCSE Additional Mathematics 0606 Paper 21 (3b jun 2012 
10a Solve 4sinx =cosecx for 0° <x< 360", [3] 


b Solve tan’ y—Qsec3y 


0 for 0°<y<180". (6) 
© Solve tan( 2) J3 for 0<z<2n radians. 13] Ba 


Cambridge GCSE Additinal Mathonatis 0606 Paper 11 Q10 fun 2015 


11 Show that Ysec" @-1+ Jeosec%@ 1 = secBcosec8. (5) 


Ganbridge IGCSE Additional Mathematics 0606 Paper 11 Q3 Nov 2015 


12 Solve the following equations. 


i 4sin2x+5cos2x=0 for 0° <x<180° (3) 
fi cot*y+Scosecy=3 for 0 <y=360° [5] 
iii con{ = *) + for 0<2=2n radians, giving each answer as a multiple of % [4] 


Cambridge IOCSE Additionel Mathematics 0606 Paper 21Q9 Now 2015 
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Permutations and combinations 


This section will show you how to: 
find the number of arrangements of n distinctitems 

find the number of permutations of ritems from n distinct items 
find the number of combinations of ritems from ndistinct items 
solve problems using permutations and combinations. 


st Fs 
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10.1 Factorial notation 
5x4Xx3X2%1 is called 5 factorial and is written as 5! 


It is useful to remember that n! = nx (n— 1)! 


For example 51 =5 x41 


WORKED EXAMPLE 1 


Find the value of 
81 


Answers 
BL_SxTxOxsxsxsx2et 
BL CBRAK EXE aA 
=Bx7x6 
=396 
bp UL LMR 10x 9 fie Paap ns pred rg 
aT Pa 
at 


Exercise 10.1 
1 Without using a calculator, find the value of each of the following. 


Use the xt key on your calculator to check your answers. 


8 


a7 bu d 
21 
4! 6! 
mat 312! 5 


2. Rewrite each of the following nsing factorial notation. 
b 6x5x4x8x2x1 © 5x4x3 


a Qxl 
a ieee: @ 2OaSee 12x 11x10 9x8 

3x2x1 4x3x2«1 
CHALLENGE Q 


3 Rewrite each of the following using factorial notation. 
a n(n—1)(n—2)(n—3) b n(n—1)(n—2)(n—3)(n— 4) (n— 5) 


n(n=1)(n=2) n(n—1)(n~2)(n—3) (n= 4) 


6 
= 165 4\| 


$$$ SDH Bul) 


‘Scanned with CamScanner 


Cambridge IGCSE and 0 Level Additional Mathematics 


10.2 Arrangements 


SS DISCUSSION 


These books are arranged in the order BR.G, (Blue, Red, 
“range, Green), 

‘The books could be arranged in the order GBR. 

Find the number of different ways that the 4 books can be arranged in 
line. 

You will need to be systematic. 

How many ways are there of arranging five different books in a line? 


To find the number of ways of arranging the letters A, B and C in a linc you can use two methods, 


Method 1 
List all the possible arrangements, 

These are: ABC =ACB BAC BCA CAB and CBA. 
‘There are 6 different arrangements, 


Method 2 
Consider filling 3 spaces. 


|: 


The first space can be filled in 3 ways with either A or B or C, 
For cach of these 3 ways of filling the first space there are 2 ways of filling the second space. 
There are 3 x 2 ways of fil 
For each of the ways of filling the fi 
There are 3 x 2X 1 ways of filling the thre 
The number of arrangements=$ x 2x 1=6. 

3x 2x Lis called 3 factorial and can be written as 3! 


nid secon 


ng the paces, 


nd second spaces there is just L way of filling the third space. 


aces. 


In the class discussion, you should have f \d that there were 24 different ways 
of arranging the 4 books. 


A S4x3x2xK1=24 


‘The number of ways of arranging m distinct items in a line = 


WORKED EXAMPLE 2 


(6) (R) {a} [5] (8) [E} [y) (x) [s] 


@ Find the number of different arrangements of these nine eards if there are no 
restrictions, 
Find the number of arrangements that begin with GRAD, 


Find the number of arrangements that begin with G and end with 8, 
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Answers 

a There are 9 different cards. 
number of arrangements =9! = 362880 

b The first four letters are GRAD, so there are naw only 5 letters left to be 
arranged. 


number of arrangements =5! = 120 


¢ The firstand last letters are fixed, so there are now 7 letters to arrange between 
the G and the . 
number of arrangements = 


WORKED EXAMPLE 3 


Bo @00 


a. Find the number of different arrangements of these seven objects if there are 
no restrictions, 


5040 


Jes alternate, 


b_ Find the number ofarrangements where the squares and 
€ Find the number of arrangements where all the squares are together. 


d_ Find the number of arrangements where the squares are together and the circles 
are together. 


co g 
[on 


number of arrangements = 7! = 5040 


b Ifthe squares and circles alternate, a possible arrangement is: 


enenOn 


‘There are 4! different ways of arranging the four squares. 
‘There are 3! different ways of arranging the three circles. 
So the total number of possible arrangements = 4! x 31 


4% O= 144, 


€ IFthe squares are all together, a possible arrangement is: 


ebb E Teo 


‘The number of ways of arranging the 1 block of four squares and the 3 
circles=4I 

‘There are 4! ways of arranging the four squares within the block of squares. 
So the total number of possible arrangements = 4! x 4! =24 x 24 = 576. 


d_ Ifthe squares are together and the circles are together, a possible arrangement is: 


leant (oxexe) 


‘There are 4! «3! ways of having the squares at the start and the circlesat the end. 
Another possible arrangement i 


(elexe) 


There are 3! x 4! ways of having the circles at the start and the squares at the end- 
total number of arrangements = 4! x al +31 x4! = 144 + 144 = 288 
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Exercise 10.2 

1 Find the nu 
a 4 people sitting in a row on a bench 
b 7 different books on a shelf, 


ber of different arrangements 


2. Find the number of different arrangements of letters in cach of the 
following words. 
a TIGER b OLYMPICS ¢ PAINTBRUSH 
3a Find the number of different fourdigit numbers that can be formed 
using the digits 3, 5, 7 and 8 without repetition. 
b How many of these four-digit numbers are 


greater than 8000? 


4 Ashelf holds 7 different books, 
4 of the books are cookery Looks and 3 of the books are history books. 
a Find the number of ways the books can be arranged if the: 
no restrictions. 


b Find the number of ways the books can be arranged if the 4 cookery books 
are kept together, 


are 


5. Fivedigit numbers are to be formed using the digits 2, 3, 4,5 and 6, 
Each digit may only be used once in any number. 
a_ Find how many different five-digit numbers can be formed. 
How many of these five-digit numbers are 
b even 
© greater than 40000 
even and greater than 40000? 


6 Three girls and wo boys are to be seated in a row, 
Find the number of different ways that this can be done if 
athe girls and boys sit alternately 
b a girl sits at each end of the row 
€ the girls sit together and the boys sit together. 


7 a Find the number of different arrangements of the letters in the 
word ORANGE. 
Find the number of these arrangements that 
b begin with the letter O 
have the letter Oat one end and the letter E at the other end. 


8 a Find the number of different six-digit numbers which can be made using 
the digits 0, 1. 2, 3, 4 and 5 without repetition, Assume that a number 
cannot begin with 0. 


b How many of the six-digit numbers in part a are even? 
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9 G girls and 2 boys are to be seated ina row. 
Find the number of ways that this can be done if the 2 boys must have 
exactly 4 girls seated between them. 


10.3 Permutations 


In the last section, you learnt that ifyou had three leuers A, B and G and 3 spaces to fill, then the 
number of ways of filling the spaces was 3 x 2x 1=31 


O00 


Now consider having 8 letters A, B, C, D, E, F, G, H and 3 spaces to fill. 
The first space can be filled in 8 ways. 


For each of these 8 ways of filling the first space there are 7 ways of filling the 
second space. 


‘There are 8 x7 ways of filling the first and second spaces. 

For each of the ways of filling the first and second spaces there are 6 ways of 
filling the third space. 

‘There are 8 x7 X6 ways of filling the three spaces, 


The number of different ways of arranging three letters chosen from eight 


letters = 8 x 7x 6 = 336. => | 


‘The differentarrangements of the letters are called permutations. 
‘The notation *Py is used to represent the number of permutations of 3 items 
chosen from 8 items. 

Bx7xOx5x4xK3K2X*1_ 8! 81 
«2x1 BL (8-3)! 


Note that 8 x7 x 6 can also be writien as 
8! 8! 5x4 

So 8Ps= 
@-3! 5 


The general rule for finding the number of permutations of ritems from n 
n! 


(=n! 


distinct items is "P= 


Note: 
© In permutations, order matters. 
* Bydefinition, 0! = 1. 
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To explain why 0! = 1, consider finding the number of permutations of 5 


letters taken from 5 letters. 
HWW 
FE A 


‘The number of ways of filling the 5 spaces with the 5 letters 
51 _ 5! _ 120 
OO 


6-5)! 


So 


WORKED EXAMPLE 4 


A security code consists of 3 letters selected from A.B, C. DE. 


120. Hence 0! must be equal to 1. 


followed by 2 digits 


selected from 5, 6, 7, 8,9 
Find the number of possible security coves if ne letter or number can be repeated. 
Answers 

Method 1 


‘There are 6 letters and 5 digits to select from. 
Number of arrangements of 3 letters from 6 letters = "Py 
igits = "Py 

So number of possible security codes = "Py x"Pp= 120 x20 


Number of arrangements of 2 digits from 5 


Method 2 
‘There are 6 letters and 5 digits to sclect from, 


HOWL 
2 SS 


‘The furst three spaces must be filled with three of the six letters. 
‘There is a choice of 6 for the first space, 5 for the second space and 4 for the third. 


space. 
‘The last two spaces must be filled with two of the 5 digits. 


There is a choice of 5 for the first space and 4 for the second space. 
So number of possible security codes = 6x 5x 4x5 x4= 2400, 
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WORKED EXAMPLES. 


Find how many even numbers between 3000 and 4000 can be formed us 
1,8, 5, 6, 7 and 9 ifno number can be repeated, 


the digits 


Answers 
Method 1 
‘The first number must bea $ and the last number must bea 6, 


3|[+|[+|[6 
‘There are now two spaces to fill using two of the remaining four digits 1, 5,’7 and 9. 
At 4 
cae] 
‘There are 12 different numbers that satisfy the conditions. 


‘Number of ways of filling the remaining two spaces = “Ps 


‘Method 2 
Consider the number of choices for filling each of the four spaces. 


pono 
fas 
Gis Gf ca nS B 


‘Number of ways of filling the four spaces = 1 x4x8 x1 
‘There are 12 different numbers that satisfy the conditions. 


‘Method 5 
In this example itis not impractical to listall the possible permutations. 
‘These are: 3156 3516 3176 3716 3196 3916 
9576 9756 3196 3916 9796 3976 
‘There are 12 different numbers that satisfy the conditions, 


Exercise 10.3 

1 Without usinga calculator, find the value of each of the following. 
Use the "P, key on you calculator to check your answers. 
a *P, b Py, ec Up, d 7, 


2. Find the number of different ways that 4 books, chosen from 6 books be 
arranged on ashelf. 

3 How many different five-digit numbers can be formed from the digits 1, 2, 
3,4, 5,6, 7, 8,9 ifno digit can be repeated? 


4 There are 8 competitors in a long jump competition, 
In-how many different ways-can the first-second-and third prizes 
be awarded? 
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5. Find how many different fourdigit numbers greater than 4000 that can be 
formed using the digits 1,2, 3, 4,5, 6 and 7 if no digit can be used more 
than once, 


6 Find how many even numbers between 5000 and 6000 can be formed from 
the digits 2, 4, 5, 7,8, if'no digit can be used more than once. 


7 A four-digit number is formed using four of the eight digiis 1, 2 
and 8. No digit can be used more than once. 


4,5,6,7 


Find how many different four-digit numbers can be formed if 


a there are no restrictions b the number is odd 
€ the numberis greater than 6000 — d_ the number is odd and greater than 6000, 


8 Numbers are formed using the digits 3, 5, 6, 8 and 9, 
No digit can be used more than once, 
Find how many different 
a three-digit numbers can be formed 


b numbersusing three or more digits can be formed, 


9 Find how many different even four-digit numbers greater than 2000 can 
be formed using the digits 1, 2, 3, 4, 5, 6, 7,8 if'no digit may be used more 
than once. 


‘You haye already investigated the number of ways of arranging 
4 different books ina line. 


You are now going to consider the number of ways you can select 3 
books from the 4 books where the order of selection does not matter. 


If the order does not matter, then the selection BRO is the same as 
OBR. 

Find the number of different ways of selecting 3 books from the 

4 books. 


A combination is a selection of some items where the order of selection does 


not matter 
So for combinations order does not matter. 

Consider the set of crayons. 

To find the number of different ways of choosing 3 crayons 

from the set of 5 crayons you can use two methods. 


Method 1 
ist all the possible selections, 


So there are 10 different ways of choosing 3 crayons from 5, 
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Method 2 
SL _5x4 


The number of combinations of $ from 5 = 5 57=—g—= 10. 


10.4 Combinations 


The general rule for finding the number of combinations of ritems from 


n distinct items is: f 
a! 


ri(n— rl 


Note: 

* In combinations, order does not matter. 

* "C, is read as ‘n choose 1’. 
So "Cg is read as ‘5 choose 3’, 

© "G,can also be written as ("). 

© Cy isthe same as "°C, 
So the number of ways of choosing 3 from 10 is the same as the number 
of ways of choosing 7 from 10. This is because when you choose a group 
of 3 from 10, you are automatically left with a group of 7. 


WORKED EXAMPLE 6 


‘A team of 6 swimmers is to be selected from a group of 20 swimmers. 
Find the number of different ways in which the team can be selected. 


Answers 
20! 
‘Number of ways of selecting the = =—— = 38760. 
of way tig the eam = "Cy = 


‘Scanned with CamScanner 


Cambridge IGCSE and O Level Additional Mathematics 


WORKED EXAMPLE 7 


A B 
The diagram shows 2 different tents A and B. 
Tent A holds 3 people and tent B holds 4 people. 
Find the number of ways in which 7 people can be assigned to the two tents, 


‘Number of ways of choosing 3 people fiom 7 for tent A ="C, = 35. 
So, the number of ways of assigning the 7 people to the two tents = 35. 


WORKED EXAMPLE 8 


3 coats and 2 dresses are to be selected from 9 coats and 7 dresses, 
Find the number of different selections that can be made, 


Answers 
Number of ways of choosing $ coats from 9 coats = %Cy, 


‘Number of ways of choosing 2 dresses from 7 dresses 
So, the number of possible selections ="Cy x 7C, 


Ce. 
4 x 21 = 1764. 


WORKED EXAMPLE 9 


A quiz team) of 5 students is o be selected from 6 boys and 4 girls. 


Find the number of possible teams that can be selected in which there are more boys 
than girs 


Answers 
If there are more boys than girls there could be: 

Sboys Ogirls number of ways="Cs x *C)=6 x 1=6 
4boys I girl number of ways="C, x"C; = 15x 4=60 
Sboys 2girls number of ways="Cy x ‘Cy = 20x 6= 120 
So, the total number of possible teams =6 + 60 + 120 ~ 186. 
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JORKED EXAMPLE 10 


Sofia has to play 


pieces of music for her music examination: 

She has 13 pieces of music to choose from. 

There are 7 pieces written by Chopin, 4 written by Mozart and 2 written by Bach. 
Find the number of ways the 5 pieces can be chosen if 

a there are no restrictions 

b there must be 2 pieces by Chopin, 2 pieces by Mozart and I piece by Bach 


€ there must be at least one piece by each composer. 


Answers 

‘a Number of ways of choosing 5 from 13= "$C; = 1287 

b_ Number of ways of choosing 2 from 7 pieces by Chopi 
‘Number of ways of choosing 2 from 4 pieces by Mozart 
Number of ways of choosing 1 from 2 pieces by Bach -"C 

1x 6x 2= 259. 


So, number of possible selections = 7C, x 40, X?C, = 

€. Ifthere isat least ane piece by each composer there could be: 
3Chopin 1 Mozart 1 Bach number of ways =7C3x'C, x °C, 
1 Chopin 3 Mozart 1Bach number of ways="C, x "C3 x °C) 
2Chopin 2Mozart 1 Bach mumber of ways = "C3 x"C_x °C, 
2Chopin 1 Mozart 2 Bach number of ways = 76, x"G x Cp = 21 x4x1= = | 
1 Chopin 2Mozart 2Bach number of ways =7C, x4Czx %C, = 76% 1=42 


35 x4x2=280 
x4x2=56 
21x6x2=252 


So, total number of ways ~280 +56 +252 +84 + 42= 714. 


Exercise 10.4 
2. Without usinga calculator find the valuc of each of the following, and then 
use the "C, key on your calculatar to check your answers. 
"7 
(f) 


a b "Cs 4G a (}) e (3) 


2 Show that °C; 


= "Cy, 


3. How many different ways are there of selecting 
a § photographs from 10 photographs 
b_ 5 books from 7 books 
¢ a team of 11 footballers from 14 footballers? 


4 How many different combinations of 3 letters can be chosen from the 
letters P, Q, R$, T? 
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5 The diagram shows 2 different boxes, A and B. 


Seine CRTC Le ea aria (al) [e| 


Find the number of ways in which the 8 toys can 
be placed in the boxes so that 5 toys are in box A and 8 toys are in box B. 


6 4pencils and 3 pens are to be selected froma collection of 8 pencils and 
5 pens, 
Find the number of different selections that can be made. 

7 Four of the letters of the word PAINTBRUSH are selected at random, 
Find the number of different combinations if 
a there is no restriction on the letters selected 
b the letter T must be selected, 

8 Attest consists of 30 questions. 


Each answer is either correct or incorrect 


Find the number of different ways in which it 


is possible to answer 
a exactly 10 questions correctly 
b exactly 25 questions correctly, 


9 An athletics club has 10 long distance runners, § sprinters and 5 jumpers, 
Ateam of 8 long distance runners, 5 sprinters and 2 jumpers is to be sclected. 
Find the number of ways in which the team can be selected, 


40 Atea 
Find 


of 5 members is to be chosen from 5 men and 3 women, 


the number 


rent teams that can be 


a if there are no restrictions 
b that consist of 3 men and 2 women 


¢ that consist of no more than 1 woman. 


11 A committee of 5 people is to be chosen from 6 women and 7 men. 


ind the number of different committees that can be chosen 
a if there are no restrictions 


b if there are more men than women, 


12 A committee of 6 people is to be chosen from 6 men and 7 women, 
The committee must contain at least | man, 
Find the number of different committees that can be formed. 

13 A school committee of 5 people is to be selected from a group of 4 teachers 
and 7 students, 
Find the number of different ways that the committee can be selected if 
a. there are no restrictions 


b there must be at least | teacher and there must be more students 
than teachers, 
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14 A test consists of 1( different questions. 
4 of the questions are on trigonometry and 6 questions are on algebra. 
Students are asked to answer 8 questions. 

a Find the number of ways in which students can select 8 questions if there 
are no restrictions. 

b Find the number of these selections which contain at least 4 algebra 
questions. 


45 Rafiu has a collection of 10 CDs. 
4 of the CDs are classical, $ are jazz and 8 are rock. 
He selects 5 of the CDs from his collection. 
Find the number of ways he can make his selection if 
a there are no restrictions 


b his selection must contain his favourite jazz CD 


¢ his selection must contain at least 3 classical CDs. 


16 In agroup of 15 entertainers, there are 6 singers, 5 guitarists and 
4 comedians. 
A show is to be given by 6 of these entertainers. 
In the show there must be at least 1 guitarist and 1 comedian. 
‘There must also be more singers than guitarists i= | 
Find the number of ways that the 6 entertainers can be selected. 


Summary 


Arrangements in aline 
‘The number of ways of arranging n distinct items in a line is 
nx (n=) x (n= 2) X... XBX2X1 =n 


Permutations 
‘The number of permutations of ritems from n distinct items is 
! 
ee 
Gan 
In permutations, order matters. 
Combinations 
‘The number of combinations of r items from n distinct items is 
*¢,=()=-_ 
? a 


In combinations, order does not matter. 
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Examination questions 


Worked example 
1a i Find how many different 4-digit numbers can be formed using the digits 1, 2,3, 4,5 
and Gif no digit is repeated. M 


How many of the 4-digit numbers found in parti are greater than 60002 ia] 


How many of the 4-digit numbers found in part i are greater than 6000 and 
are odd? eu 


b A quiz team of 10 players is to be chosen from a class of 8 boys and 12 girls. 
i Find the number of different teams that can be chosen if the team has to have equal 
numbers of girls and boys. 13] 
i Find the number of different teams that can be chosen if the team has to include the 
youngest and oldest boy and the youngest and oldest girl. 1 
Canbrige ICSE Additional Mathemetis 0606 Paper 11 (10i,iib.a! Now 2014 


Answers 
1 a i Number of 4-digit numbers = "P, = 360. 


ii Method 1 


B The first number must be a 6. 

(sI]EIE) 

There are now three spaces to fill using three of the remaining five digits 1, 2, 3, 4and 5 
3 

= 


Number of ways of filling the remaining three spaces = 5P, 
There are 60 different numbers that satisfy the conditions, 


Method 2 
Consider the number of choices for filling each of the four spaces, 


FILE JE] 
Pi aS 


thoice choices choices choices 
Number of ways of filling the four spaces = 1x 5X 4x 3. 


‘There are 60 different numbers that satisfy the conditions. 
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Method 1 
The first number must be a 6. 


ElEIE 


‘The last number must be a 1, 3 or 5. 


6 


‘The middle two spaces must then be filled using two of the remaining four numbers. 
4! 


Number of ways of filling the four spaces= 1 xP, x3= 1 x x3=3 “S 36. 


mI 
There are 36 different numbers that satisfy the conditions. 


Method 2 
Consider the number of choices for filling each of the four spaces. 


‘The first number must be a 6. 
‘The last number must be a 1, 3 or 5. 


When the first and last spaces have been filled there will be four numbers left to 
choose from. 


«|[>|[*] 


. 
rN 
ee. ey 


choice choices choices. choices 


Number of ways of filling the four spaces = 1x 43 3. 


‘There are 36 different numbers that satisfy the conditions. 
b i There mustbe 5 boys and 5 girls. 
Number of ways of choosing 5 boys from 8 = "C5. 
Number of ways of choosing 5 girls from 12= "Cy, 


Number of possible teams = "C; x C, = 56 x 792 = 44352. 


ii The team includes the youngest and oldest boy and the youngest and oldest girl. 
‘There are now 6 places left to fill and 16 people left to choose from, 
Number of ways of choosing 6 from 16 = Cy = 8008. 

8008. 


Number of possible team: 


Exercise 10.5 
Exam Exercise 
1 a Howmanycven numbers less than 500 can be formed using the digits 1, 2, 3, ¢ and 5? 


Each digit may be used only once in any number, fl 
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b Acommittee of 8 people is to be chosen from 7 men and 5 women, 
Find the number of different committees that could be selected if 
i the committee contains at least 3 men and at least 3 women, ij 
ii the oldest man or the oldest woman, but not both, must be included in the committee. 
(2) 
Cambridge 1GCSE Additional Mathematics 0606 Paper 11 Qt0a,bs Jun 2014 
2 a Anartgallery displays 10 paintings ina row. 


Of these paintings, 5 are by Picasso, 4 by Monet and 1 by ‘Turner, 


Find the number of different ways the paintings can be displayed if there are 
no restrictions, Ww 


Find the number of different ways the paintings can be displayed if the paintings by 
each of the artists are kept together, [3] 


b A committee of 4 senior students and 2 junior students is to be selected from a group of 6 
senior students and 5 junior students. 


i Calculate the mumber of different committees that can be selected, [3] 
One of the 6 senior students is a cousin of one of the 5 junior students. 
B Hi Calculate the number of different committees which can be selected if at most one of 
these cousins is inchided, (3) 


Cambridge IGCSE Additional Mathematies 0606 Paper 21 Q9ai,i,bi, ii Nov 2012 


3 4 Arrangements containing 5 different letters from the word AMPLITUDE are to be made. 
Find 
i the number of 5-letter arrangements if there are no restrictions, oy 


ii the number of 5-letter arrangements which start with the letter A and end with the 
letter E, m 


b Tickets for a concert are given out randomly to a class containing 20 students. 
No student is given more than one ticket. There are 15 tickets. 
i Find the number of ways in which this can be done. ay 


There are 12 boys and 8 girls in the class. Find the number of different ways in which 


fi 10 boys and 5 girls get tickets, [3] 
iii all the boys get tickets, ol 
Canbridge IGCSE Additional Mathematics 0606 Paper 11 Qa, jum 2012 
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4 Six-digit numbers are to be formed using the digits 3, 4, 5,6, 7 and 9. 
Each digit may only be used once in any number. 
a Find how many different six-cigit numbers can be formed. ay 


Find how many of these six-digit numbers are 


b even, i] 
¢ greater than 500000, in) 
d_ even and greater than 500000, [3] 
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5 a Ashelf contains 8 different travel books, of which 5 are about Europe and 3are 
about Africa. 


i Find the number of different ways the books can be arranged if there are no restrictions. 
[2] 


ii Find the number of different ways the books can be arranged if the 5 books about 
Europe are kept together. rea) 


b 3DVDsand 2 videotapes are to be selected from a collection of 7 DVDs and 5 videotapes. 
Calculate the number of different selections that could be made. [3] 


6 A 4-digit number is formed by using four of the seven digits 1, 3, 4, 5, 7, 8 and 9. 
No digit can be used more than once in any number, 


Find how many different 4-digit numbers can be formed if 


a there are no restrictions, 12] 
b the number is less than 4000, eal 
¢ the number is even and less than 4000. ira] 

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (64 i4iti Now 2010 


7 a Jean hasnine different flags. 


i Find the number of different ways in which Jean can choose three flags from her 


nine flags. ira 
Jean has five flagpoles in a row, She puts one of her nine flags on each flagpole. 
Calculate the number of different five-flag arrangements she can make. 1) 


b The six digits of the number 738925 are rearranged so that the resulting sicdigit 
number is even, Find the number of different ways in which this can be done. 21 
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8 a A lock can be opened using only the number 4351. State whether this is a 
Ps y 
permutation or a combination of digits, giving a reason for your answer. t] 


b There are twenty numbered balls in a bag. ‘Two of the balls are numbered 0, six are 


numbered 1, five are numbered 2 and seven are numbered 3, as shown in the table below. 


| Number on balt 0 1 2 3 


] 
Frequency 2 é | 5 | 


Four of these balls are chosen at random, without replacement. Calculate the 
number of ways this can be done so that 


i the four balls all have the same number, [2] 
fi the four balls all have different numbers, [2] 
fii, the four balls have numbers that total 3. [3] 


Cambridge IGCSE Additional Mathematics 0606 Poper 21 Q85 Jun 2015 

9 a 6 books are to be chosen at random from 8 different books 

Find the number of different selections of 6 books that could be made, QO) 

A clock is to be displayed on a shelf with 3 of the 8 different books on cach side of it 

Find the number of ways this can be done if 

ii there are no restrictions on the choice of books, o1 
3 of the 8 books are music books which have to be kept together. [2] 

B b A team of 6 tennis players is to be chosen from 10 tennis players consisting of 7 men and 3 

women, Find the number of different teams that could be chosen if the team must include 

at least 1 woman. [3] 


Cambilge IGESE Additional Mathematics OF 2013 


10 a A G-character password is to be chosen from the following 9 character 


letters A B E F 
numbers 5 8 9 
symbols * $ 


d. 
Find the number of different 6-character passwords that may be chosen if 


Each character may be used only once in any passw 


i there are no restrictions, (1) 
the password must consist of 2 letters, 2 numbers and 2 symbols, in that order, 2] 
the password must start and finish with a symbol. (2) 


b An examination consists of a section A, containing 10 short questions, and a section B, 
containing 5 long questions. Candidates are required to answer 6 questions from 
section A and 3 questions from section B. Find the number of different selections 
of questions that can be made if 
i there are no further restrictions, 

ii candidates must answer the first 2 questions in section A and the first question 
in section B. [2] 
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Series 


This section will show you how to: 
= use the binomial theorem for expansion of (a+ 4" for positive integral n 

n 
= recognise arithmetic and geometric progressions 


use the formula for the nth term and forthe sum of the first nterms to solve problems involving 
arithmetic and geometric progressions 


use the general t 


Ja"'b" fora binomial expansion 


muse the condition for the convergence of a geometric progression, and the formula for the sum to 
infinity of a convergent geometric progression, 
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11.1 Pascal’s triangle 
The word ‘binomial’ means ‘two terms’. 
The word is used in algebra for expressions such as x+5 and 2x-3y. 


a+ 2ab+ B. 


You should already know that (a+ })®= (a+ 0)(a+ b) 
The expansion of (a+ 0)* can be used to expand (a+ 5)°. 
(a+b) = (a+ (at Be 

= (a+ D(a? + 2ab+ 6°) 

=a) + 2a%b+ ab? + a2h+ Qab? + bP 

=a'+Sa°h+ Bab? +b 


Similarly it can be shown that (a+ )' =a‘ + 40°54 6a°s? + dab? + bt. 
Writing the expansions of (a+ #)" out in order: 

(a+b)! la + 1b 

= la? + Qab + 1 

l@ + Sa + 30h? + WP 

+ 40% + 6a°l? + 4al? + Lit 


lat 


(a+ oy" 


If you look at the expansion of («+ J)*, you should notice that the powers of a 
and é form a pattern, 


* The first term is a! and then the power of a decreases by 1 whilst the power 
of bincreases by 1 in each successive term. 


* All of the terms have a total index of 4 (a4, ab, 22, at? and 6"), 


There is a similar pat 


‘The coefficients also form a pattern that is known as Pascal’s triangle. 


Note: 


* Each row always starts and finishes with a 1. 


* Each number is the sum of the two numbers in the row above it. 
‘The next row would be: 

1 5 10 10 5 1 
This row can then be used to write down the expansion of (a+ 5)°. 


(at b)> = 1a? + 5ath+ 1005s + 100203 + 5abt + 105 
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‘There are many number patterns in Pascal's triangle. 
For example, the numbers 1, 4, 10 and 20 have been highlighted. 


de! 


1 
These numbers are called tetrahedral numbers. 
Which other number patterns can you find in Pascal's triangle? 
What do you notice if you find the total of each row in Pascal's triangle? 


Use Pascal's triangle to find the expansion of 
a (2+5x)! b (2x~3)" 


Answers. 
a (2+5x)* 
‘The index = $30 use the third row in Pascal's triangle. 
‘The third row of Pascal's triangle is |, |, and |. 
(2+ 5x)3 = 1 (2)3+5(2)2(5x) + (2) (Bx)? + | (Gx)3 Use the expansion al (a= 0) 
=8+60x+ 150x' + 125x° 


b (ax-3)* 
‘The index = 4 so use the fourth row in Pascal’s rangle. 
‘The fourth row of Pascal's triangle is |,-|,(, and |. 
(2x—3)4 = | (2a) 1120-3) + 1(2)%(-3)? Use the expansion of (ay b)! 


+ §(2x) (-3)3 + |(-3)" 
= 16x 96x + 216%? — 216%" + 81 
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WORKED EXAMPLE 2 


a Expand (2-4) 
b Find the coefficient of x* in the expansion of (1+ 3x) (2- )°, 


Answers 
a @-x)! 
‘The index = 5 so use the fifth row in Pascal's triangle. 


The fifth row of Pascal's triangle is |, 5, Il, 10, 5and |. 
1(2)? + 5(2)(=x) + 10(2)%(-a)? + 10(2)2 x) +5) Ett 10)? 
92 80x+ 80x? —40x"+ 10x! = x 


b (1+ Sx)(2— x)?= (1 + 8x) (32 —80x+ 80x" ~ 40x? + 104 — x4) 
The term in x® comes from the products: 


~~ 
(1 95) (82- 80x 80x — e+ 1084-24) 
1% (-A0s") =-40x* and 3% 800"= 24095 
So the coetiicient of 3° is ~40 + 240 = 200. 


Exercise 11.1 


1 Write down the sixth and seventh rows of Pascal's 


ns of 


2 Use Pascal's triangle to find the expans 


a (1+z)* b (1-x)" 
e (x49)? f (y+4y 
i (x-2y)° i (8x-4)" 


3 Find the coefficient of x in the expansions of 
a (x+4)* b (1+x)* © (3-x)' d (3+ 2x)? 
2 5 ay 
e (x2 f (2e+5)! g (4r-3) h (s =) 
4 (44x) + (4-2)? = A+ Bx? + Crt 
Find the value of A, the value of Band the value of C. 
5 Expand (1+ 2x)(1+ 3x)" 
6 The coe 
Find the value of the constant a, 


ient of xin the expansion of (2 + ax)’ is 96. 


7 a Expand (3+-+)* 
b Use your answer to part a to express (3 + VB)’ in the form a + by3. 
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8 a Expand (1+x)% 
b Use your answer to part a to express 
i (148) inthe form a+oJ3, it (1- ¥8)" inthe form c+ dV5. 
€ Use your answers to part b to simplify (1+ 3)’ + (I- J). 
9 a Expand (2-x%)'. 
b Find the coefficient of «9 in the expansion of (1+ 3x2)(2—x%)" 


3 
10 Find the coefficient of xin the expansion (= = ’) > 

1) 
11 Find the term independent of xin the expansion of (" + x) 3 


CHALLENGE Q 
42 a Find the first three terms, in ascending powers of y, in the 
expansion of (2+ 9). 


b Byreplacing y with 3x — 4%, find the cocfficient of <* in the 
expansion of (2 + 3x— 4x)’. 


CHALLENGE Q 
43 The coefticient of x‘ in the expansion of ($ + ax)’ is 12 times the 


a 
coefficient of x? in the expansion of ( + #) . Find the value of a. 


CHALLENGE Q 


4a Given that («+4) -(#-4) =ax' +, find the value of and 
% F 
the value of b, 


b Hence, without using a calculator, find the exact value of 
* 
4 
2+—-| -[2 


CHALLENGE Q 


15 Given that y= at, express 


Bead. 
a s+ in terms of y 


— 
b x + terms of. 
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CLASS DISCUSSION 


The stepping stone game 
The rules are that you can move East > or South} from any stone. 


‘The diagram shows there are routes from the START stone to stone G. 
1 Find the number of routes from the START stone to each of the following stones. 


aiA iB 
bic iiD E 
clF iG H ivi 


What do you notice about your answers to parts a, band ¢? 
2. There are 6 routes from the START to stone L. 

How could you have calculated that there are 6 routes without drawing or visualising them? 
3 Whatdo you have to do to find the number of routes to any stone? 
4 How many routes are there from the START stone to the FINISH stone? 


In the class discussion you should have found that the aumber of routes from the START stone to stone 
Qis 10. 
‘To move from START to Q you must move East (E) 3 and South (S) 2, in any order. 
Hence the number of routes is the same as the number of different combinations of 3 E's and 2 S's, 
‘The combinations are: 
EEESS EESES £) 
ESSEE SSEEE SES 
So the number of routes is 10 
This is the same as °Cy (or *C,). 


ESESE ESEES 
SEEES 
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11.2 The binomial theorem 


Pascal's triangle can be used to expand (a+ 6)" for any positive integer n, butif mis large it can take a 
long time. Combinations can be used to help expand binomial expressions more quickly. 
Using a calculator: 

°C 


wen 5Gy=5 — 5Cy=1 


‘These numbers are the same as the numbers in the fifth row of Pascal’s triangle. 


2G ab? + °Cy ab + 


This can be written more generally as: 


(a +b)" = "Co att "Cy a! b+ Cy a+ Cy ah SO. tC a Ut Cy OY 


But "Cy =] and "C,=L, so the formula simplifies to: 


(at B= a +O, a1 54°C, a2 P+ Cy a SB + Ca 


or 


(a+ b"=a"+ (7) a 6+ (3 aR (3) aR tt (") Ca ae 2 | 
‘The formulae above are known as the binomial theorem. 


WORKED EXAMPLE 3 


Use the binomial theorem to expand (3 +4)". 


Answers 
(3+4x)°= 


P+ Cy BH Aa) + Cp 3° (Ax)* + Cy 384) + °C, B(4x)* + (42)? 
43 + 1620x-+ 4320x* + 5760x5 + S840x4 + 1024x" 


WORKED EXAMPLE 4 


Find the coefficient of x“ in the expansion of (2 ~ 3). 


Answers 
(2— 9 = 2% +B, 2 (x) + Cy 2 (124. + Egy F (0) +. + (oa) 
‘The term containing x*° is "Cy x 2° X (-x)"*, 
| 
17001602" 

So the coefficient of x" is 1700160. 
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Using the binomial theorem, 
(14 = 17 +7, 18 + 7g 192 + 10s 148 4 10, Bt + 


S147, 847g x2 + 7Cy 8+ Cy At... 


But 7C), 7Cy, "Cy and 70, can also be written as: 


7X6 2 TXOKS 5 7X6x5x4 


xt 


7 
0, (142)? =1 
Souesy 14 2 3 4 


This leads to an alternative formula for binomial expansions: 


cae nin-Din-2) 5, (n= (n= 20-3) 4, 


(1+a)"=1+nx+ ™ 7 a 


‘The following example illustrates how this alternative formula can be applied. 


a 
Find the first four terms of the binomial expansion to 
a (14+3y)7 b (2-y)% 
Answers 
a (1+3))' = +7(99)+ 2S (ay) + BS%5 yy cae igpngtc dbp Syuned wey 5 ini hedbemil 
= 1+ Qly+ 1899? + 94593 +... 
THe Gar dor hie on fe 
. 3 
Says] fp veg | fei 
=B tal iain ere behets by 2 
= 64 — 192y + 2405? — 1607? +... 
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Exercise 11.2 
1. Write the following rows of Pascal’s triangle using combination notation, 


a row3 b row4 © row5 
2. Use the binomial theorem to find the expansions of 
a (1+x)* b (I-x) 
e (x+y) f (2-x) 
Co ee 
MMs? >" I 1 


3. Find the t 


min x" for each of the following expansions. 


a (2+x)° b (5+x)* ¢ (1+ 2x)" d (8+ 2x) 
e (1-x)° f (2-2) g (10- 3x)’ h (4- 5x)" 
4 Use the binomial theorem to find the first three terms in each of these expansions. 
a (1+x)" b (1+ 2x)" : c (1-3x)' d (3+2x)° 
e (3-2)! f (+25) aft (as! h (42-53). 
5 a Write down, in ascending powers of x, the first 4 terms in the expansion of (1+ 2x)". 
b Find the coefficient of x* in the expansions of (0 ac + 2x)". es 
6 a Write down, in ascending powers of x, the first 4 terms in the expansion of 0 + 2) F | 


: 
b Find the coefficient of x? in the expansions of (1 +an(ts 5) : 


Write down, in ascending powers of x, the first 4 terms in the expansion of (1 - 32)". 
3x)". 


oo 


Find the coefficient of x* in the expansions of (I~ 4x)(1 
Find, in ascending powers of x, the first 3 terms of the expansion of (1+ 2x)’. 
(1- 3x + 5x*). 


a 
b 

9 a Find, in ascending powers of x, the first 4 terms of the expansion of (1+ x)! 
b 


Hence find the coefficient of x” in the expansion of (1+ 


Hence find the coefficient of y* in the expansion of (14-9 ~y*)'- 
3V 
10 Find the coefficient of xin the binomial expansion of (» *) F 


11 Find the term independent of vin the binomial expansion of (« + 


CHALLENGEQ 
12 When (1 +x)’ is expanded the coefficients of x* and x* are equal. 


Find ain terms of n. 
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11.3 Arithmetic progressions 


ACIGCSE level you learnt that a number sequence is an ordered set of 
numbers that satisfy a rule and that the numbers in the sequence arc called 
the terms of the sequence. A number sequence is also called a progression 


The sequence 8, 8, 11, 14, 17, ... is called an arithmetic progression, Each term 
differs from the term before by a constant, This constants called the common 
difference. 


The notation used for arithmetic progressions is: 
a=firstterm — d=common difference 


st term 


The first five terms ofan arithmetic progression whose first term is and 
whose common difference is dare: 


a a+d at2d at3d at4d 


his leads to the formula: 


nth term = a+ (n—1)d 


WORKED EXAMPLE 6 


Find the number of terms in the arithmetic progression -17, ~14,—11, -8, . 


Answers 
| nth term =a+ (n=I)d f 1d ATL 
58 =-17+ 3(n-1) sh 
n-1=25 
n=26 


WORKED EXAMPLE 7 


‘The fi term of an arithmetic progression is 4.4 and the ninth term is 76, Find the 
first term and the common difference 


Answers 
fifth term=4.4 = a+4d=44 
ninth term=7.6 > a+ 8d=7.8- 


Substituting in |) gives a43.2 = 44 
a=12 
First term = 1.2, common differen 
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Chapter 11: Series 


“The nth term of an arithmetic progression is 11 —3n. Find the first term and the 
common cifference. 


Answers 
First term = 11 ~3(1) =8 substiinie w= fare yah term =H =the 
second term = 11 = 3(2 suhstine n= 2 into rab ten = 1h =o 


Common difference = second term ~ first term= 


The sum of an arithmetic progression 


When the terms in a sequence are added together the resulting sum is called a series. 


14243444... +97 +98 +99 +100 =? 


Itis said that at the age of eight, the famous mathematician Garl Gauss was asked to find the sum 
of the numbers from 1 to 100, Hlis teacher expected this task to keep him occupied for some time 
but Gauss surprised his teacher by writing down the correct answer after just a couple of seconds. 
His method involved adding the numbers in pairs: 1 + 100 = 101, 2+ 99= 101, 3 +98 = 101, ... 


1 Can you complete his method to find the answer? 
2. Use Gauss’s method to find the sum of 

a 2+4404+8+... +994 +396 + 398 + 400 

b 3+6+94+12+... 4441 +444 +4474 450 

© 17424431438 +... +339 +346 +353 + 360. 


3° Use Gauss’s method to find an expression, in terms of n, for the sum 
14243444 ...4 (0-3) + (m= 2) + (n—1) tm 


At can be shown that the sum of an arithmetic progression, S,, ean be written as: 


S,=2(a+)) or 5S, 
eiGee) 


Slzas(n-na] 


Proof S, = a +(atd)+(at2d) +...4 (I- 2d +(I-d +h 
Reversing: 8, L$ (led) +(I-2d) +... (a+ 2d) + (add +a 


Adding: 28,=n(at+ D+ (atl) + (at) +... 4 (a+) + (a+l) 4 (a+b) 
28, =n(atl) 


ec) 
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Using J=a+(n-1)d gives 5, 


*[9a+(n-1)d] 


Itis useful to remember the following rule that applies for all progressions: 


nth term = S,~S,_4 


Inan arithmetic progression, the first term is 25, the 19th term is -88 and the last 


term is—87. Find the sum of al the terms in the progression. 


Answers 
nth term = a+ (n= 1)d ove thy bern f 
38 = 254 18d f 
d=-35 
nth term = a+ (n=1)d \ a= 87 wh 7 
87 =95-8.5(n-1) 
n-1 =82 


1028 


‘The 12th term in an arithmetic progression is 8 and the sum of the first 13 terms is 78 
Find the first term of the progression and the common difference. 


Answers 
nth term = a+ (n=1)d torn f f 
8=atlld 


leas (maya ' 


18 = Peon 124) sig 


6-04 6d 
)) = (2) gives Ba = 2 
a=04 
Substituting d=0.4 in equation ||) gives @ 
First term = 3.6, common difference = 0.4, 
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‘The sum of the first nterms, S,. ofa particular arithmetic progression is given by 
S,=5n—3n, 
a Find the first term and the common difference. 


b Find an expression for the nth term, 


Answers 

a S$, =5(1)'-3(1) =2 => first term =2 

Sy=5(2)?-3(2)=14 => _ first term + second term = 14 
second term =14-2=12 


First erm = 2, common difference = 10. 
b Method I: 
mh term = a+ (n= 1)d 
=2+10(n—1) 
=10n-8 
Method 2 
mh term = §,~S,-1 =5n®—8n—[5(n—1)*—3(n-1)] 
= 5x —Sn— (6nt — 10 +5 -3n+3) 


=10n-8 

Exercise 11.3 

1. The first term in an arithmetic progression is a and the common difference 
isd 
Write down expressions, in terms of «and ¢, for the fifth term and the 
‘14th term. 

2. Find the sum of each of these arithmetic series. 
a 2+9+16+. (15 terms) b 204+114+2+... (20 terms) 
¢ 8.5+10+11.5+... (80 terms) d -9x-5x—S8x-... (40 terms) 

3. Find the number of terms and the sum of each of these arithmetic series. 
@ 234+27+31... +159 b 28+11-6-...-210 

4 The first term of an arithmetic progression is 2 and the sum of the first 12 
termsis 618. 
Find the common difference. 

5 Inanarithmetic progression, the first term is -15, the 20th term is 82 and 
the last term is 112. 
a Find the commen difference and the number of terms. 
b Find the sum of the terms in this progression. 

6 The first two terms in an arithmetic progression are 57 and 46. The last 


term is 207. Find the sam of all the terms in this progression: 
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7 The first two terms in an arithmetic progression are -2 and 5. The last term 
in the progression is the only number in the progression that is greater 
than 200. Find the sum of all the terms in the progression. 


8 ‘The first term of an arithmetic progression is 8 and the last term is 34, The 
sum of the first six terms is 58. Find the number of terms in this progression. 


id the sum of all the integers between 100 and 400 that are multiples of 6. 


10 The first term of an arithmetic progression is 7 and the eleventh term is 32 
‘The sum ofall the terms in the progression is 2790. Find the number of 
terms in the progression. 


11 Rafitr buys a boat for $15500. He pays for this boat by making monthly 
payments that are in arithmetic progression, The first payment that he makes 
is $140 and the debt is fully repaid after 31 payments. Find the fifth payment 


12 The eighth term of an arithmetic progres 
first ewenty terms is 250, 


ion is ~10 and the sum of the 


a Find the first term and the common difference. 
b Given that the nth term of thi 


progression is -97, find the value of n, 


13 Thes 
given by S,=4 


m of the first nterms, S,, of a particular arithmetic progression is 


2n. Find the first term and the common difference. 


14 The st 
given by 


m of the first n terms, S,, of a particular arithmetic progression is 


Sn ~ 2n. Find the first term and the common difference. 


15 The sum of the first» terms, S,, of a particular arithmetic progression is 


given by 5, ptt). Find an expression for the nth term. 

16 A circle is divided into twelve sectors, The sizes of the angles of the se 
are in arithmetic progression, The angle of the largest sector is 6.5 
the angle of the smallest sector, Find the angle of the smallest sector. 


27 An arithmetic sequence has first term aand common difference d, 
The sum of the first 25 terms is 15 times the sum of the first 4 terms. 


a Find ain terms of 
b Find the 55th term in terms of 


18 ‘The eighth term in an arithmetic progression is three times the third term. 
Show that the sum of the first eight terms is four times the sum of the 
four terms. 


CHALLENGE Q 


19 The first term of an arithmetic progression is cos’: 
term is 1, 


and the second 


@ Write down an expression, in terms of cosx, for the seventh term of 
this progression. 

b Show that the sum of the first twenty terms of this progression is 
20 + 170sin*x, 
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WORKED EXAMPLE 13, 


The second and fourth terms in a geometric progression are 108 and 48 respectively. 
Given that all the terms are positive, find the first term and the common ratio. Hence, 
write down an expression for the nth term, 


Answers 
108 = ar———.(| 48 = ar’ 2 
eet 
gives 


Substituting r= = into equation ||) gives a= 162. 


Mai, orn c= 2 a tema =) 


WORKED EXAMPLE 14 


‘The mth tem of geometric progression i 30( 


«Bind the first term and the 
common ratio. ‘ 


mers 
lee <f 


second term 


Common ratio = 


First term 
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In the geometric sequence 2, 6, 18,54... whichis the first term to exceed 1000000? 


Answers. 
rth term = ay"! uo wit 
2x3"? > 1000000 ssivide hy 2 ani tthe: bow 
Jogio3"~" > Logig 500000 use the pawor cule fortegs 
(n= 1) logio 3 logo 500000 tivete roth seb Wy Deeg 
Jogio 500000 
Tog 
n-1> 1194. 
n> 12.94... 
‘The 18th term is the first to exceed 1000000. 


CLASS DISCUSSION 


In this class discussion you are not allowed to use a calculator. 


n-1> 


1 Consider the sum of the first 10 terms, Sip, ofa geometric progression with a=1 and 1=5. 


Sip = 1454524534... 457458 +5? 2» | 
a Multiply both sides of the equation above by the common ratio, 5, and complete the 
following statement. 
BSyp= 5+ SHB +5 +. HO EB FB 
b> What happens when you subtract the equation for 5,9 from the equation for 589? 
¢ Can you find an alternative way of expressing the sum Sig? 


2. Use the method from question I to find an alternative way of expressing each of the following 
a 34 3X243x 243x294... (12 terms) 
e s 
b seeaex} +s2x( 1) +se(3) Fee, (15 terms) 
¢ 27-18412-8+... (20 terms) 


It can be shown that the sum ofa geometric progression, $,, can be written as: 


Note: 
For these 
formulae, r# 1 


Fither formula can be used butit is usually easier to. 
«use the first formula when =l<r< 1. _~ _ 
use the second formula when r>1 orwhen r<-l. 
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Proof: 
Sn =a + artar +...+ ar" 34 ar"? + ar! _— 
rx(Ii 1S, = arsartt... $art-S4 ay™2 4 apt 
(2)-(U): 8,-S, = ar" a 
(= D)S, = ar" 1) 
a(r"—1) 
5, = 


Multiplying numerator and denominator by -1 gives the alternative formula S, = 


WORKED EXAMPLE 16 


ind the sum of the first ten terms of the geometric series 2 +64 18+54+ .. 


Answers 


WORKED EXAMPLE 17 


‘The second term of a geometric progression is 9 less than the first term. The sum 
of the sccond and third terms is 90. Given that all the terms in the progression are 
positive, find the first term. 


Answers 
second term = first term -9 


rearrange to make a the subject 


second term + third term = 30 
art a? =30 factorise 
ar( +1) =80— (2 
_ar(l +1) 30(1~r) 
(2) 11) gives = suimplify 


31° +13r-10=0 


fuctorise and solve 


all term 


are positive =3 > 0 


Substituting gives a= 27. 


First term is 27, 


alr") 
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Exercise 11.4 
1 Identify whether the following sequences are geometric. If they are 
geometric, write down the common ratio and the eighth term. 


a 1,2,4,6,... b -1, 4,16, 64, ... 
2 

€ 81,27,9,3, .. prea ae 
Wu 


ile aa 
€ 2, 0.4, 0.08, 0.16, ... 


2. The first term in a geometric progression is aund the common ratio is 
Write down expressions, in terms of aand +, for the ninth term and the 
20th term. 

3. The third term ofa geometric progression is 108 and the sixth term is ~32. 
Find the common ratio and the first term. 

4 The first term of a geometric progression is 75 and the third term is 27. 
Find the two possible values for the fourth term. 


5 The second term of a gcometric progression is 12 and the fourth term is 
27. Given thatall the terms are positive, find the common ratio and the 
first term. 


6 The sixth and 13th terms of'a geometric progression are and 320 


respectively. Find the common ratio, the first term and the 10th term of 


this progression. f= | 
7 The sum of the second and third terms in a geometric progression is 30. 

‘The second term is 9 less than the first term. Given that all the terms in the 

progression are positive, find the first term. 
8 ‘Three consecutive terms of a geometric progression are x, x+6 and x+9, 

Find the value of x. 


+ i —e" 
9 In the geometric sequence +, 4, 1,2, 4, «.. which is the firstterm to exceed 
500000? a 


10 In the geometric sequence 256, 128, 64, 32, ... which is the first term that 
is less than 0.0012 


11 Find the sum of the first eight terms of each of these geometric series. 
a 4484164324. 
b 729+243+ 814274... 
c 2-64+18-5t+... 
dd -5000 + 1000-200 + 40—... .. 


12 The first four terms of a geometric progression are 1, 3,9 and 27. Find the 
smallest number of terms that will give a sum greater than 2000000. 


13 A ball is thrown vertically upwards from the ground. The ball rises to a4 
height of 10m and then falls and bounces. After each bounce it rises to = 


ar ihe ieightor tre previous bounce: 5 - 


a Write down an expression, in terms of n, for the height that the ball 
rises after the nth impact with the ground. 
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b Find the total distance that the ball travels from the first throw to the 
fifth impact with the ground. 


14 The third term of a geometric progression is nine times the first term. The 
sum of the first four terms is # times the first term. Find the possible values 
of &, 


15 John competes in 2 10km race. He completes the first kilometre in 4 
minutes, He reduces his speed in such a way that each kilometre takes him 
1.05 times the time taken for the preceding kilometre. Find the total time, 
in minutes and seconds, John takes to complete the 10km race 


Give your answer correct to the nearest second. 


16 A geometric progression has first term a, common ratio rand sum to 
nterms, Sy. 


Show that ~ 


S 

CHALLENGE 

171,1,3,4,9,4,27,4 81 
213,509, 5 27.55 8h 


1 
Show that the sum of the first 27 terms of this sequence is — 


CHALLENGEQ 
18 5, =6 + 66+ 656 + 6666 + 66666+... 


of the first n ierms of this sequence, 


Find the 


11.5 Infinite geometric series 


An infinite serics is a series whose terms continue forever. 


1 
The geomettic series where a=2and r= is 241+ 


For this series it can be shown that 
3 


This suggests that the sum (o infinity 
approaches the number 4. 


‘The diagram of the 2 by 2 square is a visual 
representation of this series. If the pattern 
of rectangles inside the square is continued 
the total areas of the inside rectangles 
approaches the valuc 4, 

This confirms that the sum to infinity of 


theseries 1+} 44 ha isa 
2°4°8 
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This is an example ofa convergent series because the sum to infinity converges 
on a finite number. 


CLASS DISCUSSION 


1 Use aspreadsheet to investigate whether the sum of each of these infinite geometric series 
converge or diverge. If they converge, state their sum to infinity. 
snob 
2 


( )(- 


2 Find other convergent geometric series of your own. In each case find the sum to infinity. 


3 Can you find a condition for rfor which a geometric series is convergent? 


Consider the geometric series a+ ar-tar?+ar'+ ... + ar". 

a(I-r") 
The sum, S, ,is given by the formula 8, =—>—— 
If-1 <r 1, then as m gets larger and larger, r" gets closer and closer to 0. Note: 

‘ ‘This is not true 
We say thatas n=, 1°30. eager 
a(t-r" when r=-1 
Henee,an ne, EF), | 
=r 


‘This gives the result 


provided that -l<r<1 


‘The first three terms of a geometric progression are 25, 15 and 9. 
a Write down the common ratio, 
b Find the sum to infini 


Answers 


__ _ second term. 
a Common ratio = 


first term. 
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A geometric progression has a common ratio of — 
is 164, 


Find the first term of the progression. 
b Find the sum to infinity. 


4 


and the sum of the first four terms 


5 


impli 


Exercise 11.5 
1 Find the sum to infinity of each of the following geometric series. 


a arity dy w indy tt 
39 2°48 16 
c +848, 8, d -162+108-724.48—.., 


Bo 25" 125 
2° The first term of a geometric progression is 10 and the second term is 8. 
cl the sum to infinity. 


3° The first term of a gcometric progression is 300 and the fourth term is 


Find the common ratio and the sum to infinity. 


4 The first four terms of a geometric progres e 1, 0.8%, 0.8! and 0.85, 


Find the sum to infinivy. 


5 a Write the recurring decimal 0.42 as the sum of a geometric 
progression. i 
b Use your answer to part a to show that 0.42 can be written.as aa 


6 The first term ofa geometric progression is -120 and the sum to infinity is 
. Find the common ratio and the sum of the first three terms. 
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7 The second term ofa geometric progression is 
is 26, Find the common ratio and the first term, 


and the sum to infinity 


8 The second term ofa geometric progression is -96 and the fifth term is 


ol 


a. Find the common ratio and the first term, 
b Find the sum to infinity. 
9 ‘The first three terms of a geometric progression are 175, k and 63, Given 
thatall the terms in the progression are positive, find 
a the value of k 
b  thesum to infinity 


10 The second term of a geometric progression is 18 and the fourth term is 
1.62. Given that the common ratio is positive, find 


a the common ratio and the first term 
b- thesum to infinity, 


11 The first three terms of a geometric progression are k +15, and k~ 12 
respectively, find 
a thevalue of k 
b the sum to infinity. 


12 The fourth term of a geometric progression is 48 and the sum to infinity is f= | 
three times the first term, Find the first term. 


13 A geometric progression has first term @ and common ratio r, The sum of 
the first three terms is 62 and the sum to infinity is 62.5. Find the value of a 
and the value of r. 


14 The first term of a geometric progression is 1 and the second term is 
Qsinx where =e x<&, Find the set of values of x for which this 
progression is convergent. 


15 A hall is dropped from a height of 12m, After each bounce it rises to 3 of 


the height of the previous hounc 
ball travels. 


‘ind the total vertical distance that the 
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CHALLENGE Q 
26 Starting with an equilateral triangle, a Koch snowflake pattern can be 
constructed using the following steps: 
Step 1: Divide each line segment into three equal segments. 
Step 2: Drawan equilateral triangle, pointing outwards, which has 
the middle segment from step 1 as its base. 
Step 3: Remove the line segments that were used as the base of the 
equilateral triangles in step 2. 


These three steps are then repeated to produce the next pattern. 


yN __. ra, oe 
yO M 4 aan é 
ss a i { 2 q 
\/ a “ae” 
Pattern 1 Pattern 2 Pattern 


You are given that the triangle in pattern Lh: 

@ Find, in terms of x, expressions for the perimeter of each of patterns 
1, 2, 8 and 4 and explain why this progression for the perimeter of 
the snowflake diverges to infinity. 


B b Show that the area of cach of pauerns 1, 2, 3 and 4 can be written as 


side length x units, 


Pattern | Area 


1 


Hence show that the progression for the area of the snowflake 


8 ‘ 
converges to = times the area of the original triangle. 
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CHALLENGE Q 
17 A cirde of radius | unitis drawn touching the three edges 
ofan equilateral triangle. 


‘Three smaller circles are then drawn at each corner to 
touch the original circle and two edges of the triangle. 


‘This process is then repeated an infinite number of umes. 


a Find the sum of the circumferences of all the circles. A\ ‘ 
b Find the sum of the areas of all the circles. AKA 


11.6 Further arithmetic and geometric series 


Some problems may involve more than one progression. 


BG on 
2 Given that a, band care in arithmetic progression, find an equation connecting 4, band « 
2. Given that a, band care in geometric progression, find an equation connecting a, band «. 


WORKED EXAMPLE 20 


‘The first, second and third terms of an arithmetic series are x, yand 2 The first, 
second and third terms ofa geometric series are x, ¢ and y. Given that »<0, find: 


a the value of xand the value of y 
b the sum to infinity of the geor 
the sum of the first 20 terias of the arithmetic series, 


«rie series 


Answers 
a Arithmetic series is: x+y 4a? +... use commen differences 
poxeriny 
dy wxtax- 
Geometric seriesis: x42 4 y+... vse cena rans 
# 
cams 
Cer 
(\) and (2) give 2x3 = x2 x alive Ie (sinee 9 0) anid reanrange 
2x? x 1-0 factavine and solve 


(Qxt1)(x-D=0 
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we n=. 92-4, d= y=x= 


Exercise 11.6 


1 


‘The first term of a progression is 8 and the second term is 12. Find the sum 
of the first six terms given that the progression is 


a arithmetic b geometric 


‘The first term of a progression is 25 and the second term is 20. 


a Given that the progression is geometric, find the sum to infinity, 


b Given that the progression is arithmetic, find the number of terms in 
the progression if the sum of all the terms is—1550, 


The first, second and third terms of a geometric progression are the first, 
fifth and 11th terms respectively of an arithmetic progression. Given 
that the first term in each progression is 48 and the common ratio of the 
geometric progression is 1, where r= 1, find 

a the value of r 

b the sixth term of each progression, 


A geometric progression has six terms. ‘The first term is 486 and the 
9 
common ratio is =, An arithmetic progression has 35 terms and common 


difference =, The sum of all the terms in the geometric progression is 


equal (o the sum of all the terms in the arithmetic progression. Find the 
first term and the last term of the arithmetic progression, 


‘The first, second and third terms of a geometric progression are the first, 
fifth and eighth terms respectively of an arithmetic progression. Given 
that the first term in each progression is 200 and the common ratio of the 
geometric progression is 7, where r# 1, find 

a the value of r 

b th 
¢ the 


fourth term of each progression 


um to infinity of the geometric progression. 


‘The first term of an arithmetic progression is 12 and the sum of the first 16 
terms is 282. 
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a Find the common difference of this progression. 


‘The first, fifth and nth term of this arithmetic progression are the first, 
second and third term respectively of a geometric progression, 


b Find the common ratio of the geometsiec progression and the value of n. 


7 The first two terms ofa geometric progression are 80 and 64 respectively. 
‘The first three terms of this geometric progression are also the first, 11th 
and nth terms respectively of an arithmetic progression, Find the value of 1. 


8 The first two terms of a progression are 5x and x* respectively. 


a. For the case where the progression is arithmetic with a common 
difference of 24, find the two possible values of x and the corresponding 
values of the third term. 


b_ For the case where the progression is geometric with a third term 


of - = find the common ratio and the sum to infinity. 


Summary 
Binomial expansions 
If nis a positive integer then (a + 6)" can be expanded using the formula 
(a+ by" = ah +"C a" b+ "Cy at 24+ "Cy a SP +... + "Ca UF 


+0)" = «-(") @ re(3) a2 phy (3) a+ (3) i 


and where "G, = (") 


In cular, 
Ae ee egal 24 R@=DO=2) 9, Mn= N= 3) ay ge 


21 3! al 


Arithmetic series 

For an arithmetic progression with first term @, common difference dand n terms: 
the kth term =a4 (k-1)d 

© the lastterm == a+ (n-1)d 


FG) sl2at(n-Ha. 


* the sum of the terms 


‘Scanned with CamScanner 


Cambridge IGCSE and 0 Level Additional Mathematics 


Geometric series 
For a geometric progression with first term a, common ratio rand n terms: 
© the kth term = ar*~! 
© the last term = ar*~! 


_a(i=r*)_a(r* -1) 
oils pti 
‘The condition for a geometric series to converge is -1 << 1. 


‘* the sum of the terms = 


When a geometric series converges, S, 


Examination questions 


Worked example 


a Find the first 4 terms in the expansion of (2 + x*)! in ascending powers of x, [3] 
b Find the term independent of xin the expansion of (2+ (ie 2 s (3] 
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3i,é Jun 2015 
BY rcv: 


a Expanding (2+ x*)’ using the binomial theorem gives 


294 6C, 2x2 + 6C, 94 (x 


b @+xs(1-2 


Term independent of x = (64 x 1) +(192x¢ x- 
= G4 - 1152+ 2160 


= 1072 
Exercise 11,7 
Exam Exercise 
2a Find the first four terms in the expansion of (2 + x)" in ascending powers of x. (3) 
b Hence the coefficient of x* in the expansion of (1+ 3x)(I— x)(2+ x)". [4] 
Cambridge IGUSE Additional Mathematics 0606 Paper 21 Q7ii Jun 2013 
2 a Find the first § terms, in descending powers of x, in the expansion ot (x+ 3) , (31 
¥ 
é 4 ¥ 
b Hence find the term independent of xin the expansion of (¢— =) [2] 
x xt 


Gambridge IGCSE: Additional Mathematics 0606 Paper 11 Q6i.i Now 2012 
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“The coefficient of 3# in the expansion of (1 ‘ ) . where nis positive integer is 3 ; 


a 
b 


5 
Find the value of n. (4) 


‘Using this value of », find the term independent of xin the expansion of 


ic " 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 QT7i,it Now 2011 


Find the coefficient of x! in the expansion of ( z 2) : [2] 


Find the coefficient of x in the expansion of (1+ 4)[1- 3} 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2i,i Jun 2011 


Find, in ascending powers of s, the first 3 terms in the expansion of (2 - 5x)", giving your 
answer in the form a+ bx + ex®, where a, band care integers, (3) 


1 
Find the coefficient of xin the expansion of (2 - 5x)* ( + 2) ‘ BI 
Cambridge IGCSE Additonal Mathonates 0606 Paper 1 Sis Now 2010 


‘Write down, in ascending powers of x, the first 3 terms in the expansion of (3 + 2x)°, 
Give each term in its simplest form. (3) 


Hence find the coefficient of x* in the expansion of (2 —x)(3 + 2x)°. (21 
Cambridge IGCSE Additonal Mathematics 0606 Paper 12 Q4 Mar 2015 


Find the first 4 terms in the expansion of (2 + 9)° in ascending powers of x (3] 
2 
Find the term independent of xin the expansion of ge+xy(1 -3) s {31 
x 


Cambridge IGCSE Adcitional Mathematics 0606 Pojer 11 Q3 fur 2015 
{Use the Binomial Theorem to expand (a+ 0)4, giving each term in itssimplest form. [2] 


ii Hence find the term independent of xin the expansion ot (20+ 4) . [2] 
€ 


‘The coefficient of x" in the expansion of (+3) equals °!, Find the value of the 
positive integer n. 2 2 [3] 


Cambridge IOCSE Adiitional Mathematics 0606 Paper 2 08 Jun 2016 
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9 The first term of 
a Find the fourth term 13] 
b Find the sum to infinity, (21 


geometric progression is 35 and the second term 


Exienination sgle question 


10 The first three terms ofa geometric progression are 2k+ 6, k+ 12and respectively 
All the terms in the progression are positive. 
a Find value of k. [31 
b Find the sum to infinity, (2) 
Examination syle question 
11 An arithmetic progression has first term @ and common difference d. Give that the sum of the 
first 100 terms is 25 times the sum of the first 20 terms. 
a Find din terms of a 13] 
b Write down an expression, in termis of a, for the 50th term. [2 


Examination style question 


12 The 15th term of an arithmetic progression is 8 and the sum of the first $ terms is 194. 


a Find the first term of the progression and the common difference rea 
B b Given that the mh term of the progression is -22, find the value of n, [2] 
Examination sole question 
13 The second term of a geometric progression is -576 and the fifth term is 243, Find 
a the common ratio {3} 
b the first term ra 
¢ the sum to infinity. [2] 


Examination style question 


244 The sixth term of an arithmetic progression is 35 and the sum of the first ten terms 
5. Find the eighth term, (41 


is 
b A geometric progression has first term 8 and common ratio 1. A second geometric 
progression has first term 10 and common ratio te ‘The two progressions have the 


same sum to infinity, S. Find the values of rand the value of S, [3] 


Beamination style question 


15a The 10th term of an arithmetic progression is 4 and the sum of the first 7 terms is 28, 


Find the first term and the common difference. (4) 
b The first term of a geometric progression is 40 and the fourth term is 5. Find the sum 
to infinity of the progression. (3) 


Examination syle question 
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16a 


A geometric progression has first term a, common ratio rand sum to infinity S. 


A second geomettic progression has first term 3a, common ratio 2rand sum to 
infinity 4S. Find the value of 


{3} 

‘An arithmetic progression has first term -24. The mth term is -13.8 and the (2n)th 
term is -3. Find the value of ». 14] 
Examination tle question 
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Differentiation 1 


This section will show you how to: 
dx’ dx"'| dx\ ds 
= use the derivative of x" (for any rational n), together with constant multiples, sums and composite 
functions ofthese 
= differentiate products and quotients of functions 
stationary points, connected rates of 
al maxima and minima problems 


apply differentiation to gradients, tangents and normals, 
change, small increments and approximations and pract 
 usethe first and second derivative tests to discriminate between maxima and minima. 


Le 
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‘You have learnt how to find the gradient ofa 
(x, 9») using the formula: 


line j 


Gradient = 22. 
x74, 


‘You should also have learnt how to estimate the gradient ofa curve 
ata particular point. 

For example, to find the gradient of the curve y= 
Step 1: Drawthe graph of y=x*. 

Step 2: Drawa tangent to the curve at the point (1, 1). 


L 


#? atthe point (1, 1): 


Step 3: Find the gradient of the tangent using 2224, 

Cian 
‘This method only gives an approximate answer (hecause of the 
inaccuracy of drawing the tangent) and itis also very time consuming. 
In this chapter you will learn an accurate method for finding the gradient of a curve, which does not involve drawing 
the curve first. This accurate method is called differentiation. 


12.1 The gradient function 


‘The diagram shows a point A(x, 9) on the cu 
close to the point A. 


- y =x anda point Bwhich is 


The coordinates of Bare (x + 8x, y+ 6y) where 6x is a small increase in the 
value of xand Sy isa small increase in the value of ». 


The coordins 
gradient of chord AB 


es of A and Bean also be written as (x, x2) and (x +6x, (x +81’). 


x2 + 2x8 + (8x)? x2 
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As B— A, x — 0 and the gradient of the chord AB > the gradient of the 
curve at A. 


Hence, gradient of curve = 2 


This process of finding the gradient of a curve at any point is called 
differentiation from first principles, 


Notation 
There are three different notations that can be used to describe the rule 
above, 


1 W y=, then 


2 I f(x) 


x 
» then f’(x) = 2x. 


dy . res 
Pe is called the derivative of y with respect to x. 
ix 


f(x) is called the gradient function of the curve y = f(x). 


d pg % 2 2xt 
ae ) = 2x means ‘if you differentiate x* with respect to x, the result is 2x’ 
dx 

You do not need to be able to differentiate from first principles for the 
examination but you are expected ta know the rules of differentiation. 


Differentiation of power functions 


‘The rule for differentiating power functions is: 


Ibis easier to remember th 
‘multiply by the power nand then subtract one from the power 


So for the earlier example where y 
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Differentiate with respect to x, 
ae be che 48 


You need to know and be able to use the following two rules, 


Scalar multiple rule: 


£[atts)]= < [re] 


Addition /subtraction rule: 


d d d 
SE [ec + 069] = L Lr] # gle] 


ifferentiation 1 
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Ditferentiate 2x" 


‘ind the gradient ol 


Answers 
s = Gx +2)(2x-1) 


y= Oxtte—2 


curve y = (8x +2) (2x —1) at the point (-1, 3). 


iat 
eaecy+1 
=-1 


Gradient of curve at (-1, 3) is-L1, 


Exercise 12.1 
1 Differentiate with respect to x. 


a xt bit c 
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Differentiate with respect to 2. 


a 2x3-Sx+4 b 8x5 — ax? © 7-28 +4 
2 1 
# 42-4 e 2x-= 2 
x x 
Biss 
, #23 p Seticve i 
x x 
j Sx2(x +1) k x *(2x-5) t 
m (3x +1)" n (1-x3) © (2x—1)(3x+4) 


Find the value of a at the given point on the curve. 
ix 
at the point (1, -1) 


at the point (-1, 2) 
at the point (-2, -2) 
at the point (0, -3) 


atthe point (5, 2) 


atthe point (9, 2) 


Find the coordinates of the point on the curve y = 2x* —x —1 at which the 
gradient is 7. 


Find the gradientof the curve y= “—* at the point where the curve 
crosses the x-axis. i 


Find the gradient of the curve y= 
curve crosses the y-axis. 


2x? + 5-8 at the point where the 


‘The curve y = 2x? +7x—4 and the line y=5 meetat the points Pand Q 
Find the gradient of the curve at the point Pand at the point Q 


‘The curve y = ax? + bx has gradient Swhen x=2 and has gradient -10 
when x =-1, 


Find the value of aand the value of b. 
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b 
9 The gradient of the curve y= ax +" at the point (-1, ~3) is-7. 
x 


Find the value of a and the value of b. 


10 Find the coordinates of the points on this curve y +6x-1 


where the gradient is 2, 


1 
2a The curve y =. 8x +5 and the 


© y=x+5 meetat the 
points A, Band C, 
a Find the coordinates of the points A, Band C. 
b Find the gradient of the curve at the points A, Band C 
12 y= 4x5 oe = 
a Find 2. 
b Find the 


ange of values of «for which 4 


13 y= x +x" ~16x-16 


dy 
a Find 


dx 
bF 


\d the range of values of xfor which © 


dy 


CHALLENGE Q 
14 A curve has equation y= x — 5x + 25x? + 145x + 10. Show that the 
gradient of the curve is never negative 


12.2 The chain rule 


To differentiate y = (2x +3)", you could expand the brackets and then 
differentiate each term separately. This would take a long time to do, There is 
amore efficient method available that allows you to find the derivative without 


expanding: 


Let u = 2x +3, then y = (2x +3)* becomes 


The derivative of the composite function y = (2x + 3)* can then be found 


using the chain rule: 
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Find the derivative of 9 


Answers 

ye (Qe +9)? 

Letu=22+8 so y=u8 
ae YY Lay 
= and Go = aw 

gy ee 

Using Ge du “de 

uu? x2 
=8(2e +3) x2 
623 + 3)" 


With practice you will find that you can do this mentally: 

Consider the ‘inside’ of (2x + 3)* to be 2x + 3, 

‘To differentiate (2x +3)*: 

Step 1:Differentiate the ‘outside’ first: 8(2¥ +3)7 

Step 2:Then differentiate the ‘inside’: 2 

Step S:Multiply these two expressions: 16(2x + 3)" | 


WORKED EXAMPLE 5 


Find the derivative of y 


(6 = 1)" 
Answers 
eee 
7 Ge) 
Letu=Se?-1 0 yo aut 
eset Daron 
ay 
Using ae du < de 
=-Bu? x 10x 
= -B(5x?—1)* x 10x 


=80x 
@-y 

Alternatively, to differentiate the expression mentally: 

2 
‘Write ———; as 2(53- 1). 
way 

1. Differentiate the 

Step 2: Thea differentiate the ‘inside — = 

Step ts Multiply the two expressions: 
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Exercise 12.2 
1 Differentiate with respect to x, 


a (x+9)° b (8x—1)' © (1—5x)° 
e Gay f %x-4)" — g 66-2)? 
i (x? +2)* i 
2. Differentiate with respect to x, 
1 b 3 5 

7 ar) @—-) 8° @-3y 

a eae 2 h Le 
° = 2x) «1 5 erty 2(8x — 2)° 


3 Differentiate with respect to x. 


a xt b V5x-1 c do Vx? ¥Ox 


e Ys f 4/8e-1 8 


4 Find the gradient of the curve y = (2x —5)* at the point (3, 1). 


Find the gradient of the curve 9 
crosses the y-axis, 


79 at the point where the curve 
(e-2y" ¥ 


4 


6 Find the gradient of the curve y = x + 
crosses the s-axis, 


at the points where the curve 
5 


7 Find the coordinates of the point on the curve y = J(x? - 6x +13) where 
the gradient is 0. 
a 
lox +1 


8 Thecune y passes through the point (1, 4) and has gradient 
3 


‘5 at this point. 
5 is poi 


Find the value of @and the value of 6. 


12.3 The product rule 
22 (x! +1) 


yaa? 


Consider the function 


Tx° + 2x 


dx 


The function y = x*(x* +1) can also be considered as the product of two 
separate functions y= uv where u = x? and y = x° +1. 


To differentiate the product of two functions you can use the product rule: 
a lw, du 
—(w) =u + u 
ae wae 
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It is easier to remember this rule as 


‘(Grst function x derivative of second function) + (second function x derivative of first function)’ 


first differcniiace 
second 


differentiate 


second 


(2)(5e!) +(x? +1)(2x) 


= Sxb + 2x5 + Ox 
= Tx! + 2e 


WORKED EXAMPLE 


Find the derivative of y = (5x +1) J6x— 1. 


Answers 
y= (6x4 I)V6R=T 
=(5e+1)(6x- Di 

oe (6019 § [60-2] fo 


Be terrane wea 


= Ger 0[Z60-07 }+ (=o 
sce, carota 


‘an le 


=D. ie=T 


be 
3 (6x +1) +516 
Jox=1 
_ Abe 2 


© Jex=t 


a 
Set} 
crane 


ee al ee a ee 
‘Gideerne 


write ae single fraction 


simplify the numerator 
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Find the xcoordinate of the points on the eurve y = (x + 2)2(2x— 5) where the 


Additional Mathematics 


gradient is 0. 
Answers 

y= (4 2)%Ox = 5)" 
Bove 9' A fees] + 2x-5" “fore x] 
dx = en 


= (e+ 2)F132x— 5F(2)] + Bx 52+ 2)0)] | 


(se + 2) De — BYE + oe +2) (Bee — 5) factorise 
= x +2) Bx — 5)1B(e + 2)+ (Oe — 5)] implity 
= 26x42) (2x — 5)6x+ 1) 
D <0 when 0 +2) (26 —5)%68 +1) = 0 
dx 

+2=0 2x-5=0  Sxt1=0 
5-25 x=-0.2 


Exercise 12.3 
1 Use the product rule to differentiate each of the following with respect to x: 


a x(x +4) b 2x(3x +5) © x(e+9)? 
d xi(x—1) e xjx—5 f (xt 2)Vz 
g xVerS h vx (3-2?) 1 (2x4 I(x" +9) 


i (x+4)(x-3)* Kk (eI +2" Le (2x + (x 3)" 
2. Find the gradient of the curve y = 


'Vx+2 at the point (2, 8). 
Find the gradient of the curve y = (x~ 1)" (x+3)* at the point where x =2, 


4 Find the gradient of the curve y = (x + 2)(x- 5) 
curve meets the x-axis. 


at the points where the 


5. Find the x-coordinate of the points on the curve y 
where the gradients zero. 


2x —3)°(x + 2)* 


6 Find the x-coordinate of the point on the curve y = (x +3)J4—x where 
the gradientis zero, 
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12.4 The quotient rule 


S41 
The function 9 = fe am be eferentiated by writing the funetion in 
the form y = (03 +1)(2x— 3)" and then by applying the product rule. 
S41 


Alternatively, 9= 7G -—gy cam be considered asthe division (quotient) of two 


separate functions! 


y= where wax'+1 and v= 2x-3. 


To differentiate the quotient of two functions you can use the quotient rule: 


It is easier to remember this rule as: 


(denominator x derivative of numerator) ~ (numerator * derivative of denominator) 


(denominator)” 


tl 


_ (2x = 8) Bx") ~(x" + 2) 
% (@-3 

_ Gx) — 9x2 — 9x — 9 

~~ (ax =3)" 

_ Axi = 9st = 2 

~~ @e- 3 
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CLASS DISCUSSION 


An alternative method for finding a in worked example 8 is to express y in the form 


y= (8 +1) Qx-3)7 
and to then differentiate using the product rule. 
‘Try this method and then discuss with your classmates which method you prefer, 


ay _ FRx Sees] — +x 4[ are] 
aes 


(AFRO MO] te +7[Loe 273 


(+p 
a ROHUNEAE = SS? | ppatpapennenopN aR 


e+e 
_ Ae + 1) +) (et YF 
"8+ BVete lala a 
_ (e+ De +9)- (e+ 0) 

x + 2) 


_ + DGv+ 7 


2x +9) 
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Exercise 12.4 
1 Use the quotient rule to differentiate each of the following with respect to x 


1428 3x+2 x-1 Sx -2 
b © aq = 
Boz xt4 3x44 
# x 5 
f 
° 2 1 ® 3-1 m 
2. Find the gradient of the curve y= an ‘at the point (2, 5). 
3 Find the coordinates of the poi th HS, hes he 
Jind the coordinates of the points on the curve = ere Daa, 
1c coordinates of the points on the curve = gy where TE 


Te 


4 Find the gradient of the curve y= 
crosses the y-axis. 


at the point where the curve 


5 Differentiate with respect to x: 
ve % 


* Ueal Maiaa 


bE 


F442 34x 


6 Find the gradient of the curve ) = Tae at the point (4, -6). 


ee 
4: dn the cbotinaees of tigpalanon the cares JMO 2) ers ti 
‘sof the curve y= “= where the 
. P cass 
gradient is 
4 
CHALLENGE Q 
@ ‘The line 5x—5y =2 intersecis the curve x"y-5x + y+2= 0 atthree 


points. 
a Find the coordinates of the points of intersection. 


b Find the gradient of the curve at cach of the points of intersection. 


12.5 Tangents and normals 


y= f(x) 
d 


langent 


A(x, 9) 


normal 


‘The line perpendicular to the tangent at the point Ais called the normal at A. 
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d 
If the value of ae at the point (x,, y,) is m, then the equation of the tangent is 
x 
given by: 


y-n=m(x—m) 


‘The normal at the point (x, »,) is perpendicular to the tangent, so the 


’ 1 tote 
gradient of the normal is -— and the equation of the normal is given by: 
m™ 


1 


m 


Find the equation of the tangent and the normal to the curve 9 = 3x —x +8 atthe 
point where x = 2, é 


yn (x-x), m#0 


Answers 
yaSx et Bet 


dy 2 
8 264-184" 
When 3(2)* — (2) +82) 
and & = 6y)-1-803y4 
‘Tangent: passes through the point (2, 14) and gradient = 9 
y-14= 9(x—2) 
y= 9r- 
Normal: passes through the point (2, 14) and gradient 
1 
y-M = 2 (5-2) 
9y +x = 128 
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‘The normals to the curve y 
meetat the point C 

a. Find the coordinates of C. 

b Find the area of tiangle ABC. 


Answers 
ay 
dx 


a 10x +3 


When x=4, 2 = 8(4)*~10()+8=11 


When x=1, 2 = 30)? -10() +3 =—4 


07,2) 
ACA, -8) 
2 1 lt 4 
Arca of tiangle ABC= 5] "3% gg X 


= HO+ea+21-C8)-9- (| 


1 
= 51301 
3! i} 


= 1ounits® 


Bx? Se +1, atthe points A(4, —3) and B(1, 0), 
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Exercise 12.5 


1 


10 


\d the equation of the tangent to the curve at the given value of x 


a y=xt-3 at =] b y=at 48x42 at x2 
2 
© y= 2x"+5x*~1 at v=1 d y=5+= at x=-2 
x 
x 
e (x —8)(2x-1)* at x=2 f y= at 
y= (¥-3)(2x at x <ul 


+5x at x 


c -Tx* +2x at x 
e (x3) at 
3 
Find the equation of the tangentand the normal to the curve y = 5x ~ 2 
x 


where x = 1, 


at the p 
The normal to the curve y = x° ~ 2x +1 at the point (2, 5) intersects the 
y-axis at the point P. 


Find the coordinates of P. 


Find the equation of the tangentand the normal to the curve 
at the point where the curve intersects the y-axis, 


The tangents to the curve y = 
meet at the point 0. 
Find the coordinates of Q, 


— 5x44, at the points (1, 0) and (3,-2), 


‘The tangent to the curve y = 3 
line y = 2x~5. 
Find the equation of the tangent at P, 


10x ~ 8 at the point Pis parallel to the 


Acurve has equation y= x? ~ x +6. 


@ Find the equation of the tangent to this curve at the point P(-1, 6) 
‘The tangentat the point Qis parallel to the tangent at P. 

b Find the coordinates of Q 

© Find the equation of the normal at Q 

Acurve has equation y= 4 +(x —1)" 


The normal at the point P(1, 4) and the normal at the point Q(2,5) 
intersectat the point R. 


Find the coordinates of R. 
Acurve has equation y= (2— Vx)’ 


The normal at the point P(1, 1) and the normalat the point Q(9, 1) 
intersect at the point R, 


a Find the coordinates of R. 
b Find the area of triangle POR. 
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11 A curve has equation y = Vx) 


The tangent at the point P(3, V3) and the normal at the point Q(9, 1) 
intersect at the point R. 


a Show that the equation of the tangent at the point P(3, YS) is 


193 


6 * 
b Find the equation of the normal at the point Qi1, ~1). 
12 The equation of a curve is y= = =. 


‘The tangent to the curve at the point where x =—5 meets the y-axis at M. 
‘The normal to the curve at the point where x =—8 meets the x-axis at N. 
Find the area of the triangle MNO, where Ois the origin. 

x3 

x+2° 

at the point P. 

The normal to the curve at P meets the y-axis at the point Q. 


13 The equation of a curve is y= 


‘The curve intersects the 


Find the area of the triangle POQ, where Qis the origin 


12.6 Small increments and approximations 


y= f(x) 


£Q(x+ 8x, y+ 8y) 


taiigent 
‘The diagram shows the tangent to the curve y ={(x) at the point P(x, 9). 
“The gradient of the tangent at the point Pis 2. 

The point Q(x + 8x, y+ 8) is a point on the curve close to the point P. 
‘The gradient of the chord PQis 2. 
If Pand Qare sufficiently close the: 


he 


Sx dx 
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WORKED EXAMPLE 12 


Va 
Find the approximate increase in yas xincreases from 2 to 2.05, 


‘ables sand yare connected by the equation y= x5 + x2 


Answers 
yada? 
dha 
Shoat pax 

dx 

dy 


y= 3QF +20) =16 


When x=2, 
by _ dy 
Using 22. & 
8 Se dx 
9 16 
0.05 
By = 16 0.05 


by = 0.8 


WORKED EXAMPLE 13 


‘The volume, Vem’, ofa sphere with radiu 


Find, in terms of g, the approximate change in Vas rincreases from 10 to 10+ p, where 
pissmall 


Answers 
4 
vata 
3 
wee 
ar 


When 400% 


Using 


5V = 400np 
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Exercise 12.6 


1 


Variables xand y are connected by the equation y= 2x* ~ 3x, 
Find the approximate change in as xincreases from 2 to 2.01. 
8 


Variables xand y are connected by the equation y= 5x? ——. 


s from 1 to 1.02. 


Find the approximate change in yas x increas 


‘Variables xand y are connected by the equation xy = 400. 


Find, in terms of f, the approximate change in yas x increases from 10 to 
10 +p, where pis small. 


Variables wand y are connected by the equation y 


Find, in terms of #, the approximate change in yas x increases from 9 to 
9+ p, where pis small, 

‘A. curve has equation y = (x + 1)(2x— 3)". 

Find, in terms of p, the approximate change in yas x increases from 2 to 
2+ p, where pis small. 

A-curve has equation y = (x 2)V2e+T. 

Find, in terms of p, the approximate change in yas x increases from 4 to 
4+ p, where pis small. 


‘The periodic time, Tseconds, fora pendulum of length Lem is 


xem 


2xcm 
‘The volume of the solid cuboid is 360m’ and the surface area is Aem*. 


a Express y in terms of x, 


b Show that A= 4xt +1082, 


x 
¢ Find, in terms of p, the approximate change in A as xincreases from 2 
to 2+ p, where pis small. State whether the change is an increase 
or decrease. 
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12.7 Rates of change 


CLASS DISCUSSION 


A 


Consider pouring water at a constant rate of 10cm*s~ into each of these three large containers, 
1 Discuss how the height of water in container A changes with time. 
2. Discuss how the height of water in container B changes with time, 
3 Discuss how the height of water in container C changes with time. 
On copies of the axes below, sketch graphs to show how the height (h cm) varies with time 
(¢scconds) for cach container, 

h h h 


a ; 


y 
You already know that “> represents the rate of change of y with respect to x. 


‘There aie many situations where the rate of change of one quantity depends 
on the changing valuc of a second quantity. 


In the class discussion, the rate of change of the height of water at a particular 


dh 
time, 4, can be found by finding the value of [ attime & (The gradient of 
d 


the tangent at time ¢) 


WORKED EXAMPLE 14 


Variables Vand tare connected by the equation V=5¢2 8 +3. 


Find the rate of change of Vwith respect to ¢when ¢ = 4. 
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Connected rates of change 
When two variables x and y both vary with a third variable ¢, the three 
variables can be connected using the chain rule: 
dy 
Sy ae 


de dx de 


‘You may also need to use the rule that 


dx 
dy 


— Sx + 15. 


Variables xand y are connected by the equation y 


Given that xinereases at a rate of 0.1 units per second 


\d the rate of change of y 


when x =4 
‘Answers 

5x4 15 and = 01 > | 
B= 55210 
dx 

Ree es cae 
When x=4, 77 = 3(4)' —10(4) 

=8 
:  dy_ dy, de 

Using the chain rule, GP = 93 ™ Gp 


x01 
=08 
Rate of change of ys 0.8 units per second, 
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‘The diagram shows a water container in the shape of a triangular prism of length 
120cm. 


‘The vertical cross-section isan equilateral triangle. 
Water is poured into the containerat a rate of 24cm" 


@ Show that the volume of water in the container, V em®, is given by V = 40/3 12, 
where A cm is the height of the water in the container. 


'b Find the rate of change of Awhen h=12. 


Answers 


@ Length of side of wiangle 


8045 (12) 
160V3 


a 
Using the rule, —— 
sing the chain rte, S 


Rate of change of his em per second, 


120 
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Exercise 12.7 

1. Variables xand y are connected by the equation 7 = x* ~ 5x. 
Given that xinereases ata rate of 0.05 units per second, find the rate of 
change of y when x = 4. 


2 Variables xand yare connected by the equation y = x + Vx—5. 
Given that x increases ata rate of 0.1 units per second, find the rate of 
change of y when x 


(x-3)(x +5)°. 
Given that « increases ata rate of 0.2 units per second, find the rate of 
change of y when x =—4. 


3. Variables xand yare connected by the equation y 


ay 

Qx-1 

Given that y increases ata rate of (.1 units per second, find the rate of 
change of x when x =-2, 


4 Variables wand yare connected by the equation ¥ 


2" 
243 
Given that x increases ata rate of 2 units per second, find the rate of 
increase of ywhen x 


5. Variables xand yare connected by the equation y = 


Qn —5 
#=1— 

Given that x increases at a rate of 0,02 units per second, find the rate of 
change of y when y = 1. 


6 Variables xand yare connected by the equation y = 


1 
7 Variables xand yare connected by the equation ~ 
y 


Given that x increases ata rate of 0.01 units per second, find the rate of 
change of y when x =8. 


8 A square has sides of length xem and area Acm*. 


The area is increasing at a constant rate of 0.2cm*s". 
Find the rate of inerease of x when A = 16. 
9 Acube has sides of length xem and volume Vem’. 
‘The volume is increasing ata rate of 2em's |. 
Find the rate of increase of xwhen V=512. 


10 A sphere has radius rem and volume Vem. 


‘ = 1 
The radius is increasing ata rate of | cms 
Find the rate of increase of the volume when V = 972m. 


11 A solid metal cuboid has dimensions xem by xem by 5xem 
‘ 


‘The cuboid is heated and the volume increases at a rate of 0.5m’ 


Find the rate of inerease of x when x = 4. 


12 Acone has base radius rem and a fixed height 18 cm. 


The radius of the base is increasing at a rate of 0-Tem 
Find the 


‘ate of change of the volume when r= 10. 
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13 Water is poured into the conical container at a rate of Sem’ 


After tseconds, the volume of water in the container, Vem’, is given by 


lee s K « 

V = [58, where hem is the height of the water in the container. 
a Find the rate of change of when h = 5, 
b Find the rate of change of when h = 10, 


14 Water is poured into the hemispherical bowl ata rate of 4mcm’: 


After (seconds, the volume of water in the bowl, Vem’, is given by 
1 
V = 8nh? — >xh*, where hcm is the height of the water in the bowl. 


a Find the rate of change of when h =2. 


b Find the rate of change of h when h 


12.8 Second derivatives 


dy 
ith respect to xyou obtain a 
x 


2 is called the first derivative of y with respect to x. 


If you differentiate y 


” a. . d (dy 
If you differentiate = vith respect to x you obtain £2) which can also be 
2 ax is (de 
| > ene! 


re 
ey 
“+ is called the second derivative of y with respect to x. 


Given that y = 3x" 


Answers 
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Exercise 12.8 


a 
1 Find aot for each of the following functions. 
ast 


a ysSx'-7e+3 b ys2x'+3x2-1 yes 
4 
d y= (4x41) = V2 f y= 
y= (4x +1) e y= vaer1 a 
2 Find a for each of the following functions. 
fe 
a yax(x-4) b c jee 
x-3 
x+2 x 2x45 
d = e = f = 
wo 7" 5-5 I ae-1 
3. Given that f(x) = x° — 7x? + 2x+ 1. find 
a f() b f() 
4 Acurve has equation y = 4x3 + 3x" — 6x 
a Show that 2 = 0 when x = -1 and when x = 0.5. 
x 
2 
b Find the value of pe when x =-1andwhen x = 0.5, 
8 
5 Acurve has equation y = 2x3 - 15x" + 242+ 6, | | 


Copy and complete the table to show whether 2. and s are positive (+), 
and a 


negative () of zero (0) for the given values of x. 


x 0 1 2 3 4 5 


6 Accurve has equation y = 2x" + 3x” — 36x + 5. Find the range of values of « for which both 2 and 
‘ x 
a* * 
ra are both positive. 


aly dy 
-2 how that 422 4(¢—1) 2 = 2, 
2x +5, show that 45 +(x — IS = 2. 


7 Given that y = 


CHALLENGE Q 


8 Given that y = 8¥sx, show that 4x" + 4x 
ie 
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12.9 Stationary points 


Gonsider the graph of the function y = f(x) shown below, 


Wy <9 
dé 
dy 
: an dy 
4 5 ir 
al 2 ; 
pe a 
Hoa 
R 
sy 
ae 7? 
oO x 


‘The red sections of the curve show where the gradient is negative (where f(x) 
is a decreasing function) and the blue sections show where the gradient is 
positive (where f(x) is an increasing function), The gradient of the curve is 
zero at the points 2, Qand R. 


A point where the gradient is zero is called a stationary point or a 
turning point, 


Maximum points 
‘The stationary point Qis called 2 maximum point because the value of ) at 
this point is greater than the value of y at other points close to @. 
Ata maximum point: 

a 

9) 29, 

dx 
* the gradient is positive to the left of the maximum and 

negs 


re to the right 


Minimum points 
The stationary points Pand Rare called minimum points, 


Ata minimum point: 
a = + 


Lis negative to the left of the minimum and 


jositive to the right 
ig 
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Stationary points of inflexion 


‘There is a third type of stationary point (turning point) called a \ 
point of inflexion. 0 a 0 
‘Ata stationary point of inflexion: ff \ 


+ Boo 


dx from positive to zero and then to positive again 
© thegradient changes 4 or 
from negative to zero and then to negative again 


You do not need to know about points of inflexion for the examination, They 
have been included here for completeness, 


WORKED EXAMPLE 18 


Find the coordinates of the stationary points on the curve 
determine the nature of these points. Sketch the graph of y 


x8 4x +1 and 
det]. 


Answers 
yor! 3x41 
dy 

4 32-3 
ieee 


For stationary points, 


(e+ 1(e-)=0 


lore=1 
When x =-1, y =(-1)3-3(-1) +1=3 
When x= 1, y=(1)*-3(1) +1=-1 


‘The stationary points are (-1, 3) and (1, 1). 


Now consider the gradient on either side of the points (—1, 9) and (1, -1): 


8(-0.9)* — 3 =negative 


tangent 


shape of ee 
| 


ay 


de = = 
Tiption of 
tangent — af as ———— - 
shape of — 
curve 7 | 
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So (-1, 8) is amaximum point and (1, -1) is a minimum point. 
‘The sketch graph of y = x"— 3x +1 is: 


Second derivatives and stationary points 
Consider moving from left to right along a curve, passing through a 
maximum point: 


The gradient, —-, starts as a positive value, decreases to zero at the maximum 


dx 
point and then decreases to a negative value. 


Since © decreases as x increases, then the rate of cha 
dx 


negative. 


YY se writ 4(2)-4 
(The rate of change of 5? is written as (32) = 5 


This leads to the rule: 
dy d’y 


If — = 0 and _ 
dx" ast 


<0, then the point is a maximum point, 


Now, consider moving from left to right along a curve, passing through a 
minimum point: 
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wn ‘ 2 a7 
The gradient, ae , starts as a negative value, increases to zero at the minimum 
point and then iperekias a poitie value 

Since & increases as x increases, then the rate of change of es * is positive, 


dx 
‘This leads to the rule: 


If 2 =0 and “ > 0, then the point is a minimum point. 


WORKED EXAMPLE 19 


Find the coordinates of the stationary points on the curve 
determine the nature of these points. Sketch the graph of y ~ 


Qe — 15x24 24x +6 and 
x8 —1GxP + de + 6 


Answers 
y= 2x5 TEx? + 2x + 6 


Yo 692300424 
dy 


For sutionary points, 2 


6x? — 30x +24 = 


(1)8— 15(1)* + 24(1) + 6 
2(4)"— 154)" + 24(4) +6 
10) 


=-18 whichis <0 


When x 


When x=4, 7 ©Y 18 whichis >0 


So (1, 17) isa maximum point and (4,—10) isa minimum point. 
‘The sketch graph of y = 2x°—15x% + 24x + 6 is: 


8 1bxt 424x468 
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Exercise 12.9 


1 


o 


Find the coordinates of the stationary points on each of the follawing 
curves and determine the nature of each of the stationary points. 


12848 (5+x)(1-x) 
1242 xi +x? 16-16 
(3-4-2) (x= 1) (x? — 6x +2) 


Find the coordinates of the stationary points on each of the folloy 
curves and determine the nature of each of the stationary points. 


ay=it by 


Qx+5 
+1" 


The equation of a curve is y 


Find s and hence explain why the curve has no turning points, 


‘The curve 3 


2. 


* ~ 128 +7 has a maximum point at x= 


Find the value of a 


‘The curve y= x? +ax+0 hasa stationary point at (1, 3), 
a Find the value of a and the value of b. 
b Determine the nature of the stationary point (1, 3). 


© Find the coordinates of the other stationary point on the curve and 
determine the nature of this stationary point 


+“ +6 asa stationary point at (I, 


x 
a Find the yalue of aand the value of b. 


b Determine the nature of the stationary point (1, -1) 
b 


The curve y= ax + 


has a stationary point at (1, -12), 


x 
a Find the value of a and the value of b. 


b Determine the nature of the stationary point (-1, ~12). 


CHALLENGE Q 
8 The curve y = 2x! — 3x? 
(3-77). 


a Find the value of and the value of b. 


ax +b basa stationary point at the point 


b Find the coordinates of the second stationary point on the curve 
¢ Determine the nature of the two stationary points, 


d Find the coordinates of the point on the curve where the gradient is 
minimum and state the value of the minimum gradient. 
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12.10 Practical maximum and minimum problems 


There are many problems for which you need to find the maximum or 
minimum value of a function, such as the maximum area that can be enclosed 
within a shape or the minimum amount of material that can be used to make 
a container. 


lisem —= a 


LC ee 


“The diagram shows a 24cm by 15cm sheet of metal with a square of side xcm 
removed from each corner; The metal is then folded to make att open rectangular 
box of depth xem and volume Vem? 

a Show that V=4x"— 78x* + 360%, 

b Find the stationary value of Vand the value of efor which this occurs. 

¢ Determine the nature of this siationary value. 


answers 
a V= length x breadth x height 
= (24 - 9x)(15 - 2x) 
= (860 ~ 78x + 4x") 
= 4x3 — TBs? +3602 
b a = 12x* -156x + 360 
Stationary values occur when a =0. 
124 —156x + 360 =0 


x 13x +30 =0 
(x-10)(x-3) =0 
x=lors=3 


“The dimensions of the box must be positive so x = 3. 
When x=3, V=4(8)3 — 78(3)? + 360(3) = 486. 
‘The stationary value of Vis 486 and occurs when = =3. 
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WORKED EXAMPLE 21 


r s 
Hy 
xm ke 
/ 
ae. 
Pym Q 


A piece of wire, of length 2m, is bent to form the shape PORST: 
POSTis a rectangle and QRSis a semi-circle with diameter SQ, 
PT = xm and FQ 


‘The total area enclosed by the shape is Am 


T= yn. 


a Express y in terms of x 


b Show that A 


da aA 
Find and <2 
6 Bint ax 4 at 


(the value for x for which there isa stat 


€ Determine the magnitude and nature of this stationary value 


Answers 
a Perimeter = PQ+ arc QRS 4ST +7P 
gayrtxon(e) rye 


gy =2- 


y value of A. 
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4. Stationary values oceurwhen 
1ox-tne=0 
4-42—nen0 
x(4tn)=4 
i curswhen «= —*—, 
Stationary value occu a 
4 4 Cy Eee: 
When's = jae al 
see em EES) Fell tlt 
_A(4 +n) 8-2 
(+n 
_ Baan 
Gy 
_ 24+) 
(sn 
we 
(4+) 
4 aa ere 
Whees = Ten! a ris which is <0 
sear 
The saonay alae of 48 2 mand ite maximum ve gz 
Exercise 12.10 


1 The sum of two numbers xand yis 8. 
a Express y in terms of x. 
b i. Given that P =a9, write down an expression for Pin terms of x. 
ii Find the maximum value of P. 
¢ i. Given that § =x* + 9, write down an expression for 5, in terms of x. 


ii Find the minimum value of S, 


2. The diagram shows a rectangular garden with a fence on three of 
its sides and a wall on its fourth side. The total length of the fence 
is 100m and the area enclosed is Am?. 


(100 ~ x). =m 


a Show that A = 


2 
b Find the maximum area of the garden enclosed and the value of x for 
which this occurs, 


3. The volume of the solid cuboid is 576m’ and the surface area is Acm’. 


a Express y in terms of x. 


b Show that A = 4x7 eeceed 


¢ Find the maximum value of A and state the dimensions of the 
cuboid for which this occurs. 
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4 A cuboid has a total surface area of 400cm* and a volume of Vem: 


The dimensions of the cuboid are 4xcm by xem by hem. 


a Express in terms of Vand x. 
b Show that V = 160x - 78 

5 
¢ Find the value of xwhen Vis a maximum 


5 Apicce of wire, of length 60cm, is bent to forma sector of a cirele with 
radius rom and sector angle @ radians. The total area enclosed by the 
shape is Acm®. of x 


a Express @ in terms of r 


b Showthat A= 30r - 


x As 
© Find a and LA oe \ 


G dr F 
d Find the value for rfor which there isa stationary value of A. 


@ Determine the magnitude and nature of this stationary value. 


6 The diagram shows a window made from a rectangle with base 2rm ra = 
and height 4m and a semicircle of radius rm. The perimeter of the 
window is 6m and the surface area is Am?, / rm, \ 
a. Express rin terms of > 
b Show that A = 67 —2r? 
@A < hm 


dA 
© Find — and ‘ 
dr dy? 


@ Find the value for rfor which there is a stationary value of A 


Determine the magnitude and nature of this stationary value, 


7 ABCDis a rectangle with base length %p units, and 
area Aunits® 


‘The points A and Blie on the «axis and the points 


nd Dlie on the curve y 


a Pxpress Cin terms of f. 
b Show that A= 29(4— ?). 
c 
Find this stationary value and determine its nature 


ind the value of p for which A hasa stationary value. 


8 A solid cylinder has radius rem and height Acm, 
‘The yolume of this cylinder is 250 cm® and the surface area is Acm®. 
a Express fin terms of r 


b Show that A = Qnr? + 


dA a, 
¢ Find = and 
a: 


500m 
7 


G dr? 
@ Find the value for rfor which there is a stationary value of A, 


€ Determine the magnitude and nature of this stationary value. 
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9 The diagram shows a solid formed by joining ahemisphere of 
radius rem to a cylinder of radius rem and height hem. The surface 
area of the solid is 288% cm? and the volume is Vem*. 

a Express rin terms of 
b Show that V = Maer — Ear’. 
5 


¢ Find the exact value of rsuch that Vis a maximum. h 


10 A piece of wire, of length 50cm, is cut into two pieces. 
One piece is bent to make a square of side «cm and the other is bent to 
make a circle of radius rem. The total area enclosed by the two shapes is 
Acm*. 
a Express rin terms of x 

(m+ 4) x" — 100% + 625 

——_ 

¢ Find the stationary value of Aand the value of x for which this occurs. 


b Show that A = 


Give your answers correct to 8 sf. 

41 The diagram shows asolid cylinder of radius rem and height fem 

cut from asolid sphere of radius 5cm. The volume of the cylinder s 

is Vem’. 

a Express rin terms of A. 
b Show that V = 27h(25—/” 
¢ Find the value for / for which there is a stationary value of Ve 
d 


Determine the nature of this stationary value, 


CHALLENGE Q 

22 The diagram shows a hollow cone with base radius 12em and 
height 24cm. 
A solid cylinder stands on the base of the cone and the upper edge 
touches the inside of the cone. 
‘The cylinder has base radius rcm, height cm and volume Vem’. 
a Express hin terms of 
b Show that V = 2nr?(12- 7). 
¢ Find the volume of the largest cylinder which can stand inside 

the cone 


24cm 
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CHALLENGE Q 


13 The diagram shows a right circular cone of base radius rem and 
height hem cut from a solid sphere of radius 10cm, The volume of the 
cone is Vem’, 

a Express rin terms of h. 


b Show that V = +nA2(20— 1) 


€ Find the value for h for which there is a stationary value of V. 


d Determine the magnitude and nature of this stationary value. 


Summary 
Rules of differentiation 
Power rule: Tf y= x", then 2 = nxt 
Scalar multiple rule: S[re] = AA [it] 
ix 


: : d a d 
Addition/subtraction rule: ag LEO) 4g(x)]= qq] Ee ql] 
Chain rule: 


Product rule: 


Quotient rule: 


Tangents and normals 
If the value of a atthe point (x, 9,) is m, then: 
x 


= the equation of the tangentis given by _y~y, = m(x— 2m) 


™ the equation of the normal is given by _y~ y, = -—(x ~ x) 


‘Small increments and approximations 


If 8x and 8y are sufficiently small then 2! — 9) | 
8x dx 


Stationary points q 
Stationary points (turning points) of a function y= f(x) occur when oe =0. 
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First derivative test for maximum and minimum points 


‘Ata maximum point: 
s D0 
dx 


= the gradicntis positive to the left of the maximum and negative to the right 


Ata minimum point: 
ge 
2 De0 


= the gradientis negative to the left of the minimum and positive to the right 
Ps 


Second derivative test for maximum and mii 
2 
4 < 0, then the point isa maximum point 
x 


imum points 


if a =0 and d®. 
dx = > 0, then the point isa minimum point 


Examination questions 


Worked example 


‘The figure shows a sector ABC of a circle centre C, radius 2rem, where angle ACBis 3@ radians. 
‘The points D, E, Fand Glie on an arc of a circle centre C, radius rem. The points Dand Gare the 
mid-points of CA and CB respectively. Angles DCE and FCGare each @ radians. The area of the 
shaded region is 5cm?, 


a. By first expressing @ in terms of , show that the perimeter, Pcm, of the shaded region is 


8 is 
given by P = 47+ [6] 
r 
b Given that rean vary, show that the stationary value of Pcan be written in the form kJ2, 
where kis a constant to be found. al 
¢ Determine the nature of this stationary value and find the value of @ for which it occurs, (2) 


Cambridge 1c 


‘Additional Mathomaties 0606 Paper 11 QtO(pert) Nov 2011 
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Answers 
a Area of sector ABC 


(area of sector DCE + area of sector FCG) 


Lig ne Ee ey ae 
ge) (80)-($r Oar @)= 5 
6r'@— r= 5 

Sr%6 = 5 


P = CE + are ED + DA+ arc AB + BG + arc GF + FC 
=r +10 ++ (21)(90) +r +1044 
tr + 8rd 


4 


= 4+ 8rx 


=ar48 


A ap 
Stationary values occur when “~ = 0. 
dr 


When r = V2, P = 4(J2)+ 


Stationary value of Pis 8/2 


2 


© When r= 


When r 


‘The stationary value is a minimum and occurs when @ = 


rol— 
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Exercise 12.11 
Exam Exercise 
1. Find the coordinates of the stationary point on the curve y= 


5 one’ io] 


CCamirgeIGCSE Adiional Mathematics 0606 Pape 11 Q Noo 2014 
2. Given that y=, show that 2 
one" ax @+x?' 

Cambridge 1GCSE Additonal Mathematcs 0606 Paper21 Qi Nov 2014 


where kis a constant to be found, [3] 


: L 
3 Given that a curve has equation y = — + 2x, where x> 0, find 
¥ 


RI) 
2) 

Hence or otherwise, find 
¢ the coordinates and nature of the stationary point on the curve. [4] 


Cambridge IGCSE Additional Mathematics 0506 Paper 21 Q7i,ixiifum 2014 
4 Asector of a circle of radius rem has an angle @ radians, where 6 < x. The perimeter of the 
sector is 30em. 
a Show that the area, Acm®, of the sector is given by A = 15r— [3] 
b Given that rcan vary, find the maximum area of the sector, 3] 


Cambridge IGCSE Aditional Mathematics 0606 Poper 21 OSiii Jun 2014 


dy 2 
as (2) 


8 
5 a Given that y= (s-5) » find 
b Hence find the approximate change in yas x increases from 12 to 12 + p, where p is small. [2] 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3i,ii Now 2013 


6 Find the equation of the normal to the curve y at the point on the curve where x =4. 


(6) 
Cambridge IGCSE Additional Mathematics 0000 Paper 21 Q6 fn 2013 


7 a Find the equation of the tangent to the curve y= x3 +2x*—3x +4 at the point where the 
curve crosses the y-axis. (4 


b Find the coordinates of the point where the tangent meets the curve again. (3) 
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,i jun 2012 


8 The normal to the curve y = x° + 6x? —84y + 44 at the point PQ, 8) cuts the x-axis at Aand 
the y-axis at B. Show that the mid-point of the line ABlies on the line 4y =x +9. [8] 


idge TOCSE Adena Nathalie 0606 Papier 27°Q8 Noo 2072 
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9 Given that f(x) find the value of x for which £%(x 


0. (6) 


F Additional Mathematics 0506 Paper 21 Q7 fun 2012 


Cambridge I 


10 
]ecm 


60cm 


Arectangular sheet of metal measures 60cm by 45cm, A scoop is made by cutting out squares, 
of side xm, from two corners of the sheet and folding the remainder as shown. 


@ Show that the volume, Vem! of the scoop is given by 
V = 2700x - 165x2 + 2x9 1) 
b Given that x can vary, find the value of x for which Vhasa stationary value [4] 


Ganbridge IGCSE Aduitional Mathemeties 0606 Paper 21 71,8 Now 2010 


B |. 


The diagram shows an empty container in the form of an open triangular prism. The triangular 
faces are equilateral with a side of xcm and the length of each rectangular face is ycm, The 
container is made from thin sheet metal. When full, the container holds 2004/3 cm’, 


i Show that Acm?, the total area of the thin sheet metal used, is given by 


¥3x? | 1600 


2 és 


ii Given that xand y can vary, find the stationary value of A and deter 


neits nature, — [6] 


Cambridge IGCSE Additional Mathemattes 0606 Paper 12 Q9 Mar 2015 


Scanned with CamScanner 


This section will show you how to: 


use vectors inany form, e.g. ig | AB, p, ai+ bj 

use position vectors and unit vectors 

find the magnitude ofa vector; addand subtract vectors and multiply vectors by scalars 
composeand resolve velocities. 


= = ee ee 
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You should already be familiar with the following vector work: ; 

Quantities that have both magnitude and direction are called vectors, 

Quantities that have only magnitude are called scalars, _— 
AB means the displacement from the point A to the point B. 


ae a 
wt cn (4) 5 


‘The ‘magnitude’ of the vector AB means the ‘length’ of the vector AB and is denoted by |AB |, 


|B Lis called the modulus of the vector AB, Pa 
as = a 
Using Pythagoras for the diagram, !AB| = (4)? + C3 Br 


‘Two vectors are said to be equal if they are the same length 


and are in the same direction. 
ay 4 
‘The vertor—a is the same Iength as the vector a but is in the opposite direction. 


Addition and subtraction of vectors 

‘The yector a +b means the vector a followed by the vector b, 
‘The vector'a ~ b means the vector a followed by the yector -b. 
‘The resultant vector is often shown with a double arrow. 

Itis drawn from the starting point to the finishing point. 


Forexample, if a 


) and b= (t). then a+b and a~b can be shovn on a vector diagram as: 


Va /* 


Start Start 


a+b and a—~ b can also be found as follows: 
FEI C06 
Multiplication by a scalar 


5 
ee The vector a-+a can be writen as 2a, ee 


‘The vectors a and 2a are examples of parallel vectors 
‘Two vectors are parallel if one vector can be written as a multiple of the other vector, 


For example: 
Bk ~®) are parallel and i 1 directi ase [8] = 5(-! 
Q) and (72) arepacitet id in the same direction beca (3) 4f a 


12) te paslelandin opps diretons because ( 


joints 


(AC then the points A, Band Care collinear, 
(This is because the lines ABand AGmust be parallel and the point A lies on both lines.) 
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13.1 Further vector notation 
‘The vector AB in the diagram can be written in component form as (3). 


AB can also be written as 4i + 3), wher 


isa vector of length 1 unit in the positive x-direction 


and jisavector of length 1 unit in the positive y-direction. 


Note: 
Avector of length 1 unitis called a unit vector. 


WORKED EXAMPLE 1 


a Write PQ in the form ai + bj. 
b Find |PQ) 


Answers 


a PQ=4i-3 
b. Using Pythagoras, |PQ| = V4 + (-2) = 20 = 26. 


You could be asked to find the unit vector in the direction of a given yector. 


‘The method is outline in the following example. 


WORKED EXAMPLE 2 


T= 4i5 3) 


Find the unit yector in the direction of the vector EF. 


Answers 
First find the length of the vector EF: 
EF? = 42438 using Pyhagoran F 
EF=5 
Hence the unit vector in the direction of HF is: 
date 3) EB 
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Equating the I's gives, 
“2144p = 28 
14g =-11 » 
Equating the J's gives 
SAW =18 
64-24-96 —___.\» 
‘Adding equations (1) and (2) gives 
5a 
a 


Substituting for A in equation (|) gives 


Exercise 13.1 
1 Write cach vector in the form ai + bj, 
a AB b AC © AD 
4 AE e BE f DE 
g ba h DB i De 
2. Find the magnitude of each of these vectors, 
a -2 b 4i+3j © 5i-19j d -8i-6j 
e@ 71+ 24j f 151-8] & -4i+4j h 5i-10j 


3 The vector AB has a magnitude of 20 units and is parallel to the 
vector 4i+3j 
Find AB. 

4 ‘The vector PQ has « magnitude of 39 units and is parallel to the 
vector 121 — 5j 
Find PQ. 

SF 


id the unit vector in the direction of each of these vectors. 


a Gi+8j  b 5i+1Q) € 
6 p=8i-6j,q= 

Find 

a 2q b 2p+q c 


4i-3j dd 81-15j ee 3143) 


21+3j and r = 10i 


yw 
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7 p=9i+19), q=3i-3j and r=7i+) 


Find 
a |p+al b |ptatr|. 
8 p=Ti-2j and q=itaj. 


Find Zand p such that Ap + q = 361-13), 
9 a=5i-6j, b=-i+2j and c=-13i+ 18). 
Find Aand p such that Aa + ub 


13.2 Position vectors 


The position vector of a point Prelative to an origin, 
O, means the displacement of the point Pfrom 0. 


3 
2 P 


1 


Ord var ox 


or OP =31+9j 


‘AB means the position vector of Brelative to A. 
TB = 40 + 08 
OA + OB 


ai =0B 0A or AB=b—w 
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WORKED EXAMPLE 4 


Relative to an origin O, the position vector of Pis 4i+5j and the position vector of 
Qis 101-33 


a ind PO. 


The point Rlies on PQsuch that PR = 1 PG. 
b Find the position vector of R. 


Answers 
a 


= (4i+ 5j) + (51-2) 
Si 9 


1 0, the position ve 
and A(2i+ j) respec 


ii, 101 
'y. Given that Clies on the line AB, find the value of 2. 


answers 
ap = 0B - 0A Wf = 10L—J aud DY <2 


If Clies on the line AB, then AC 
50 = 06-08 hepa eam 
(21+4) - 21+) Heer andj 
QA+2)i-(5-) 
(12% ~ 64) 

= 12k ~ Gj 
Hence, (24 +9)i-(5- A)j 
Equating the i's gives: 24+2 
Equating the’s gives: 5-2, 


kAB 


10~ 24 = 12k 
Using equation ||) and equation |“) gives 
Q+2= 1-9 
4A =8 
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1 


Find AB, in the form ai +b), for each of the following, 


a A(4,7) and BG, 4) b A(0,6) and B(2, ~4) 
¢ A(3,-3) and B(6, -2) d A(7,0) and B(-5, 3) 
e A(-4,-2) and B(-3, 5) f A(5,~6) and B(-1,-7). 


a isthe origin, Pis the point (1, 5) and PQ = (3) Find 0@. 


b_ Ois the origin, Fis the point (-3, 4) and EF = (3) k 
Find the position vector of F. 

© Oisthe origin, Mis the point (4,-2) and WM -( 3) 
Find the position vector of N. ze 

The vector OA has a magnitude of 25 units and is parallel to the 

vector ~8i+ 41. 

‘The vector OB has a magnitude of 26 units and is parallel to the 

vector 124 + 5). 

Find: 

a OA b OB « AB a laal. 

Relative to an origin O, the position vector of A is ~7i— 7j and the 

position vector of Bis 91+ 5j- 

‘The point Clies on AB such that AG = 308. 

a Find AB. 

b Find the unit vector in the direction of AB. 


¢ Find the position vector of 

Relative to an origin O, the position vector of Pis -9i ~ 4j and the position 
vector of Qis 81+ 20j. 

a Find PO. 

b Find | PO | 

¢ Find the unit vector in the direction of PQ. 

d Find the position vector of M, the midpoint of PQ. 

Relative to an origin O, the position vector of A is 41 — Qj and the position 
vector of Bis Ai + 2h. 

‘The unit vector in the direction of AB is 0.31+ 0.4]. Find the value of A. 


Relative (o an origin O, the position vector of A is (33) and the 
position vectors of Bis (3), 
a Find AB. 

ate Ay Band Clie ona straight line such that AG =9AB- 
ion vector of the point C 


Chapter 13: Vectors 
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10 


u 


2 


13 


14 


15 


21 
Relative to an origin 0, the position vector of Ais (3 and the 


a Find: 
i lox) 


{on | it |, 


The points A, Band Clie on a straight line such that AC 


b Find the position vector of the point C. 
Relative to an origin 0, the position vector of Ais 3i - 2 and the position 
vector of Bis 15i +7). 

a Find AB. 


The point Clies on AB such that AG 


AB. 


b Find the position vector of €. 


Relative to an origin 0, the position vector of Ais 61 + 6j and the position 
vector of Bis 124 — 9}. 
a Kind 48 


AB 


‘The point Clies on ABsuch that AC : 
b Find the position vector of C. 


Relative to an origin O, the position vector of Ais ()) and the position 

vector of Bis (?). 
5 

The points A, Band Care such that 2G = 948. Find the position vector of G 

Relative to an origin O, the position vectors of points A, Band Care 

=1]j. 231-4] and A(i -3)) respectively. 

Given that Clies on the line AB, find the value of A. 


Relative to an origin O, the position vectors of A, Rand Care -24 +7), 
2i—j and Gi + Aj respectively, 


a Find the value of A when AC = 17. 
b Find the value of A when ABCis a straight line, 


¢ Find the value of A when ABCis a rightangle. 


Relative to an origin O, the position vector of A is -6i + 4j and the 
position vector of Bis 18i + 6). Clies on the axis and OC = O4 +A0B. 
Find 06. 

Relative to an origin O, the position vector of Pis 81+ 3} and the position 
vector of Qis -12i—7j. Rlies on the z-axis and OR = OP +100. 

Find OR. 
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CHALLENGE Q 


16 Relative to an origin O, the position vectors of points P, Qand Rare 
=61 +8), —4i + 2j and 5i + 5j respectively. 


a Find the magnitude of: 
i PQ WPR iti QR. 
b Show that angle PQRis 90°. 
¢ If OP =0Q + HOR, find the value of A and the value of H. 


13.3 Vector geometry 


0 


i DA i BX ii ON w BY 


bb Given that OP = ADX, find OP in terms of 2, wand b 
© Given that BP = URY, find OP in terms of y, a and b. 
d_ Find the value of Zand the value of 1. 


Answers 


ai BA-OA-OB=a-b 


iti OX = 08 + BX 


iv Bi =BO + OF =-» +708 = 
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9a _ 34 ‘ 
34 = St dlividle hon sieles by 2 
5 4 
wale tmp: beth siete yy 20 
54 
4A = 5p -— 0 

Equating the coofficienta of b for OF gives: 
2a 
Boip suittipty both sides by 
2A = 5-5 

Adding equation ||) and equation (2) gives: 


bA=5 


Substituting A 2 im equation (1) gives x 


5 2 
and w=. 


Hence, 4 = 


6 


WORKED EXAMPLE 7 


OA 


1. U8 = Ah and Mis the midpoint of 08 


OP: PA=4:3 and BX Pp. 

a Find in terms ofa and b: 
ia i MA. 

b Find in terms of 4, a and b: 
i BX i OX. 


© IfM, Xand Aare collinear, find the value of a. 7 


Answers 
ai 4B =AG+0R 


a+ 4b 
li MA = M0408 
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bi Bx = JB 
= A(BO + OP) 


= 1(-4»+401) we U4 = 3a 


Seley 
7 


ii MX = MB + BR use BX = 
124 


=the ta collect a's and BS 
hea 4a eet ws anil 


= aa (-anyp 


¢ If M, Xand Aare collinear, then MX = MA. 
Bg (2-42)b = hea —2b) 
‘Equating the coefficients of a gives; 


divide both sietee by 9 


quating the coefficients of b gives: 
2k 2—4a divide beth nides by 
k=QA-1 (2) 
‘Using equation | 1) and equation (”) gives: 
4a 


aa-1= 
i 


M4A-7= 40 
10k=7 
A=07 


Exercise 13.3 
1 OA=a, OB =v. bes 
Ris the midpoint of OA and OP = 308, 
AQ = 4AB and RO = wRP. 
a Find 0@ in terms of A, and b. 
b Find O@ in terms of , aand b, 
© Find the value of 2 and the value of . 
2 Ai=5a, DC =3aand CB =b. D, 
Fk = AAC and DX = uBR. 
a Find in terms of 8 and b, iD, ii DB. 
b Find in termsof A. j,.aand/orb, i AX, ii DX 


¢ Find the value of Zand the vahie of 1 _ a 
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PY = 2b, and 0G = 5b. 

HOF and QX = OP. 

n terms of 4, a and b, 

b Find OX in terms of u, aand b, 

¢ Find the value of Zand the value of p. 


4 0A |. OB = b. 

Bis the midpoint of OD and AC 
AX = AAD and BX = BC. 

a Find OX in terms of A, a and b. 

n terms of jt, # and b. 

© Find the value of Aand the value of p. 


g| 


wlno 


5 OA =a, OB=b. 


Mis the midpoint of AB and O¥ = 3 OA 
‘OX = KOM and BX = jiB¥. 
a Find in terms of a and b, 

i 4B ii OM. 


b Find OX in terms of A, a and b. 
¢ Find OX in terms of u, a and b. 
d Find the value of A and the value of ML 


5 


BA and OF =? OA. 


nd BP = uBY, 
a Find OP in terms of A, a and b. 
b Find OP in terms of p, a and b. 
¢ Find the value of A and the value of j. 


a, OB = b and Ois the origin, 
X =XOK and OY = 0B. 
ai Find BX in terms of A, aand b 


1p 


Wi Find AY in terms of y, aand b. 
b SBP =2BX and AY = 47Y. 


i Find OF in terms of A, and b. 
if Find OP in terms of yu, and b. 
Find the value of 2 and the value of 1. 


D 
8 
b Ix 
0 5 A G 
B 
M 
o ¥ 4 
zB 
x 
0 ¥ A 
B 
y 
o ¥ A 
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b Use your answers to part a to explain why Blies on the line AC. 


‘CHALLENGE Q 
9 OA =a and OB 
OA; AE=1;3 and AB: BC=1:2. 


OB = BD 

a Find, in terms ofa and/or by 
ide ii OD iit OC. 

b Find, in terms of a and/or b,_ 
i CE ii cD iii DE. 


¢ Use your answers to part b to explain why C, Dand Eare collinear. 
d Find the ratio CD : DE. 


13.4 Constant velocity problems 


If an object moves with a constant velocity, v, where v = (44-2) ms", 
the velocity can be represented on a diagram as: 


Velocity isa quantity that has both magnitude and direction. 


The magnitude of the velocity is the speed. 


If v =(4 ms then, 
speed = y(4)* + 
= 20 


=9/5ms'. 
‘Yon should already know the formula for an object moving with constant speed: 


distance travelled 
speed = “Smee 

time taken 
Similarly, the formula for an object moving with constant velocity is: 


6 displacement 
peloenpee ee 


time taken 
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Splitting a velocity into its components 


The velocity of a particle travelling north-east at 4V2 ms” can be written in 
the form (ai + 4j) ms" 


a b 
45° = 1 sind5°= 
cos iB and sin ae 
a= ANB x cos 45° b= 4y2 x sin 45° 
a=4 ba 


Hence the velocity vector is (41+ 4j) ms, 


The velocity of a particle travelling on a bearing of 120° at 20ms" 


20 ‘ ~ 0 
x 0 * sin 60° = 20 x cos 60° 
OS y=10 


Hence the velocity vector is (10V3i —10j) ms“. 


WORKED EXAMPLE 8 


An object travels ata constant velocity from point Ato point B. 
aR 


= 24j) mand the time taken is 4a, Find: 


a the velocity b the speed, 
Answers 
a velocity = Ssplacement _ 321 

time taken 


B speed = (8)? +(-6)* =10 mst 


Consider a boat sailing with velocity (3) am ht 


At 1200 hours the boat is at the point A with position vector (3) km relative 
to an origin O. 


The diagram shows the positions of the boat 


at 12.00 hours, 1 pm, 2pm, $ pm, 4 pm , 


The position at 1 pm 


The position at2 pm = 


‘The position at $ pm = 


‘The position at 4 pm = 2 14 16 18 20 29* 
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Hence the position vector, r, of the boat t hours after 12 00 hours is given by 
the expression: 


3 3 
=(3}+(3} 
‘This leads to the general rule: 


Ifan object has initial position a and moves with a constant velocity v, the 
position vector r, at time ¢, is given by the formula: r= a+ wv. 


Exercise 13.4 
1a Displacement = (21i + 544) m, time taken = 6 seconds. Find the velocity. 


b Velocity = ( 


¢ Velocity = (-4i + 4)) kmh", displacement = (~50i + 50j) km. 
Find the time taken. 


i — 6j) ms", time taken = 6 seconds. Find the displacement, 


2. Acar travels from a point A with position vector (60i- 40j) km to a point B 
with position vector (-50i +18j)km. 
The car travels with constant velocity and takes 5 hours to complete 
the journey. 
Find the yelocity vector. 
3. Ahelicopter flies from a point Pwith position vector (504+ 100) km toa |= | 
point Q 
‘The helicopter flies with a constant velocity of (301 — 40j)kmh land takes: 
2.5 hours to complete the journey. Find the position vector of the point Q 
4 a Acar travels north-east with a speed of 18y2 kmh™ 
Find the velocity vector of the car. 
b A boat sails on a bearing of 030° with a speed of 20kmh'’. 
Find the velocity vector of the boat 
© Aplane flies on a bearing of 240° with a speed of 100ms'. 
Find the velocity vector of the plane. 
5 A particle starts at a point Pwith position vector (-80i + 60j)m relative to 
an origin 0, 
The particle travels with velocity (12i-16j) ms". 
a Find the speed of the particle, 
b Find the position vector of the particle after 
i 1 second ii 2 seconds iii 3 seconds. 
¢ Find the position vector of the particle ¢seconds after leaving 
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10 


At 12.00 hours, a ship leaves a point Qwith position vector (10i + 38j) km 
relative to an origin 0. The ship travels with yelocity (64 - 8j)kmh7 
a Find the speed of the ship. 
b Find the position vector of the ship at 3 pm 
€ Find the position vector of the ship (hours after leaving Q. 
@ Find the time when the ship is at the point with position vector 
(61i ~ 303) km. 
At 12 00 hours, a tanker sails from @ point Pwith position vector (51+ 129) 
km relative to an origin 0. The tanker sails south-east with a speed of 
12V2 kmh, 
a Find the veloc 


vector of the tanker. 


b Find the position vector of the tanker at 
i 1400 hours ii 1245 hours. 
€ Find the position vector of the tanker ¢ hours after leaving P. 


At 12 00 hours, a boat sails from a point P. 

The position vector, r km, of the boat relative to an origin O, thours after 
F . 10 5 

1200 isgiven by r= [5 J+ 15 


@ Write down the position vector of the point P. 
b Write down the velocity vector of the bout. 

¢ Find the speed of the boat. 

Find the distance of the boat from Pafter 4 hours. 

At 15 00 hours, a submarine departs from point A and travels distane 
120km to a point B. 

The pos 


ion vector, rkm, of the submarine relative to an origin 0, thours 
15 +8¢ 

20+ 6¢)" 

@ Write down the position vector af the point A. 


after 15 00 is given by r 


b Write down the velocity vector of the submarine 
¢ Find the position vector of the point B. 

AL 12 00 hours two boats, A and B, have position vectors (-10i + 40j)km 
and (704 + 10j) km and are moving with velocities (201 +10j) kmh! and 
(-10i + 30j) kmh respectively. 

ition vectors of A and Bat 1500 hours. 


b Find the distance between A and Bat 1500 hours. 
Attime | =0, boat Pleaves the origin and travels with velocity (3i+ 4j) km h7, 
Also at time ¢ =0, boat Qleaves the point with position vector 

(101 + 17))km and travels with velocity (51 + 2) km h7. 

aw 
b Find the distance between boats Pand Qwhen t= 2. 


down the position vectors of boats A and Bafter 2 hours 
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Summary 


Position vectors 

AB means the position vector of B relative to A. 

ZB-O8-OA or AB=b-a 

Ifan object has initial position a and moves with a constant velocity v, 


the position vector r, at time 4, is given by the formula: r =a +tv. 


Velocity 


«cg — Aisplacement 
Velocity = ime taken 


Examination questions 


Worked example 
In this question (() isa unit vector due east and (") is a unit vector due north 
: a 
At 12:00 a coastguard, at point 0, observes. ship with position veeter ( 2) km relative to Q. 
The ship is moving at a steady speed of 10kmh” on a bearing of 330°, 
5 
a. Find the value of psuch that [ rl kin represents the velocity of the ship. (21 
b Write down, in terms of ¢, the position vector of the ship, relative to O, thours after 1200. [2] 
¢ Find the time when the ship is due north of O (2) 
4. Find the distance of the ship from Oat this time. a] 
Cambrilge IGCSE Additional Mathematic: 0606 Paper 21 Q7eiv Now 2012 

Answers N 
a costo? and singot = 2 

10 10 

= 10x cos 60" 10 x sin 60° 
x=5 


‘ 5 
The velocity vector of the ship is le 


Hence, p = 5v3. 
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‘4 (i +f %)_f 16-5 
© (12) (58) > 2+ 58 


16—5¢ 
© (12+ 5¥5e 


Ship is due north of Owhen 


16-52 =0 
t=3.2 
Time 512 
16-5x3.2 
When ¢=3.2, r=[ 1° ef. © 
12+ 5v3 x3.2) (12+ 16V3 


Distance of ship from 0 = 12 + 16V3 = 39.7km to 3 sf. 

Exercise 13.5 

Exam Exercise 

1 Relative to an origin 0, the position vectors of the points Aand Bare 2i~3j and Li + 49j 
respectively. 


B a Write down an expression for AB. [2] 
‘The point Clies on ABauch that AC = 173 
b Find the length of € i) 
The point D lies on OA such that DC is parallel to OB. 
© Find the position vector of D. rey 


Cambridge IGCSE Additional Mathematics 0606 Poper 21 QS, l,i fun 2012 


In the diagram OA. 
@ Given that OX = OP, where is a constant, express OX in terms of , a and b [3] 


b Given also that AX =A.08, where Lis a constant, use a vector method to find the value 
of wand of A. (5) 


Camtridge IGCSE Additional Mathemauies 0606 Paper 21 Q8i,ii Noo 2011 
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3. Relative to an origin O, the position vectors of the points A and Bare i 4j and 7i+ 20j 
Dns 
= AB. Find the position vector of C 


(5) 


Cambridge IGCSE Additional Mathematics 0606 Paper 2103 fun 2011 


respectively. The point Clics on ABand is such that AG 


3 


and the magnitude of this vector. 


4 The position vectors of the points A and B relative to an origin Oare~* 
respectively. 


i Find the vector AB. Ww 


i+ 17} and Gi + Bj 


ii Find the unit vector in the direction of AB. 1 
‘Of + mo, 


ii The position vector of the point Crelative to the origin Qis such that wa 
where misa constant. Given that Clies on the 2-axis, find the vector OC. 3) 


Cambridge IGCSE Additional Mathemotics 0606 Paper 22 Q5 Mar 2015 


5 a The four points 0, A, Band Care such that OA = 9a, OB 15b, OC = 24b ~ 3a. 
Show that B lies on the line AC, [3] 


b Relative to.an origin O, the position vector of the point Pis i— 4j and the position vector of 
the point Qis 3i + 7j. Find 


i |Pd|, 2 | 


ii the unit vector in the direction PQ, uw 


the position vector of M, the mid-point of PQ. [2] 
Cambridge IGCSE Additionel Mathematics 0606 Paper 21 Q2 Jun 2015 


6 Relative to an origin , points A, Band Chave position vectors (3) (7S}oma(_.8) 


respectively. All distances are measured in kilometres. A man drives at a constant speed directly 
from A to Bin 20 minutes. 


i Calculate the speed in kmh at which the man drives from A to B. [3] 
He now drives directly from B to Cat the same speed. 


ii Find howlong it takes him to drive from B to C. {3] 
Cambrilge GCSE Additional Mathematics 0606 Paper 21 Q3 Now 2015 
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The position vectors of points,A and Brelative to an origin Q are aand b resp 
point Pis such that OP = 140A. The point Qis such that O@ = OB. The lines 
intersect at the point R. 


tively. The 
Qand BP 


i Express AQ in terms of 4, aand b. ul 
ii Express BP in terms of, aand b. a 
Itis given that 3AR = AQ and SBR = 7BP. 

Express OF in terms of A, a and b. (21 
iv Express OR in terms of a and b, [21 
v Hence find the value of wand of A. (31 


Cambridge IGCSE Additional Mathematies 0606 Paper 11 (12. 


w 2014 


a4 


The figure shows points A, Band Cwith position vectors a, band ¢ respectively, relative 
to an origin O. The point Plies on AB such that AP: AB =3:4. The point Qlies on OCsuch 
that OQ: QC =2:3. 


AP in terms of a and band hence show that O) 


i a+ 3b) [3] 
ii Find PQ in terms of a, bande. 3] 
iii Given that 5PQ =6BC, find ein terms ofa and b. (21 


Gambridge IGCSE Additionel Mathematics 0606 Paper 11 Q9 jun 2013 
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9 a The vectors pand qare such that p = Lli- 24) and q=2i + aj. 


i Find the value of each of the constants orand such that p + 2q = (a+ B)i- 2 


[3] 


fi Using the values of @ and found in parti, find the unit vector in the direction 
P+ 2q. Q] 


B 


‘The points Aand Bhave position vectors and b with respect to an origin O. 
‘The point C lies on ABand is such that AB: ACis 


A Find an expression 
for OC in terms of a, band A. Bl 
¢ The points Sand Thave position vectors and t with respect to an origin 0. 


‘The points 0, Sand To not lie in a straight line, Given that the veetor 2s + Ut is 
parallel to the vector (11+ 3)s + 9twhere isa positive constant, find the value off. [5] 


Cambridge IGCSE Additional Mathematics 0606 Poper 22 QIO Mar 2016 
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In Chapter 6 you learnt about the exponential function y= e* where 
718. 


This function has the very special property that the gradient function is 
identical to the original function, ‘This leads to the rule: 


The derivative of e"") 
Consider the function y =e" 


Let where w= f(x) 
dy du 
Dew = ty) 
du a 

dy | du 

Using the chain r a4 

‘ing the chai aes 
=e" x f(x) 


= f(x)xe 


mal 7] = £%(x) x ef 


de 


In particular: 


W [eens] = gx earte 
Ale] =axe 
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Differentiate with respect 10 x. 


ac! bet ¢ ve od 

Answers 

a 

b 2x 8) x cf = (2x — Be 
onl bec 

« 
ze (2-3x) 

4 


product rule 


quotient rule 


WORKED EXAMPLE 2 


Accurve has equation y =(e% + 


ay 
Find the value of 5 when x=0. 


Answers: 
ye (eres) 
Ba 5(ee + et x(Be* + Se") 


When x 


Sha afer tet (200-3?) 
x 2XE 


chain rule 
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CLASS DISCUSSION 


Exercise 14.1 
1 Differentiate with respect to «. 


ack b ck © 
d Qe-ts e be? f 
g ert ho be-30% i 
2 : eftet 

j 2G-e k > t 


a xe" b 


d Veet e = f 


Bose 


3 Find the equation of the tangent to 


4 Acwre has equation y 


‘The tangent to the curve at the point (0, 2) meets the “axis at the point A, 


Find the coordinates of A, 


5 Acurve has equation y= xe* 
@ Find, in terms of e, the coordinates of the stationary point on this curve and determine its 
nature 


b Find, in terms of, the equation of the normal to the curve at the point P{I, e). 
€ The normal at Pmeets the x-axis at A and the y-axis at B Find, in terms of, the area of 


triangle OAB, where Ois the origin. 
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14.2. Derivatives of logarithmic functions 


Graphing software has been used to draw the 
graph of y =In xtogether with its gradient 
(derived) function. 


‘The gradient function passes through the 


points (5.2) (4), ( 3) and ( Bh 


Discuss with your classmates what conclusions 
you can make about the gradient function. 


gradient 
finetion 


From the class discussion you should have concluded that: 


< (Inx) 


The derivative of Inf(x) 
Consider the function y = In f(x). 

Let y=Inu where uw =f(x). 
du 
de 


=f") 


du 
Using the chain rule; 22 = ¢ 
dx du ds 
dss 
=txr@ 
u 
£6) 
f(x) 
£(x) 


a =e— 
ale f)]= 5 =) 
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In particular: 


a a 
 in(ax + 6)) = 
rear, 
Differentiate vith respect 10 x 
a Inge b n(br-7) © In(et +5) do inyeat0 
answers 
d 8 
anes) <2. —— ned sieventived 
m as i) 8x +—— ‘inside 
a = ———— wide dilnerepiiened 
DUG Ser = te 


d lax? = —4t_ ‘inside ditferentinted 
© gel ors <—<—sie 


1 a 
Sle — 10) (1) 
dy, 2 — inside” differentiated 
d Method 1: qylinve=10 i= ea = ees 


1 
2(e-10) 
Method 2: using the rules of logarithms before differentiating, 


glove J S[inte—10)] ve In = san 


iuide’ differentiated 


inside 
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WORKED EXAMPLE 4 


Differentiate with respect to x, 
a 5x! Inde errs 


Answers 


a A (ost m2) = 58x g In2x) +n28 xB (ox?) 


a 
= bx? x2 + Inde x 308" 
z 
= Bx? + 30x5 In 2x 
xx (1nz)-ina x LH) 


poe ax 
(Bx) 


3ext-Ine x3 
oF 


WORKED EX 


Acme has equation y= Sxsins +2. 
1 ; 
a Show that y= 5 In(2x—1)—In(x* +1). 


@ 
b- Hence, find the value of &2 when x= 1. 
dz 


fi(43) eto 
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Accurve has equation y 


1B2(5x ~ 2), 


a Show that y = [in (5x -2)] 


i 
inal! 
Ind 


dy 
b Hence, find the value of $* when x=2 


‘Answers 
a y= loge (52) Use logy0 = 
_ In(5x~2) 


Ind 
x 
= plin@s— 2) 


we x Sfin(5e-2)] 


Ind 


lowe 
log, 


| >| Exercise 14.2 


1 Differentiate with respect to «. 


a Indy b Inlax © In(2x+3) 
@ 2+in(i-x') e in(3x +1) f invx+2 
4 
2- 5x)! arth 4) ee 
g In(2-5x) h 2+ (2 1 5-5 
j In(Inx) kk In(ve +1)" U tn(x? +Inx) 
2. Differentiate with respect to x 
a xinx b 2x*Inx © (x- Inxs 
d@ 5eInx? e x!In(Inx) f Haze 
4 h In(2x +1) i In(x! — 1) 
Inx Po Qt 


3 Acurve has equation y = x*In3x. 
, : 
Find the value of dy. and 
dx dx® 


y i 
+ at the point where x= 2, 
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4 Use the laws of logarithms to help differentiate these expressions with respect 10 x 


a inv3x+1 b In © In[x(e—5)*} 
QT Qa x(x +1) 
aw) ew) oR] 
Qw+3 2 (a+ D(2x—8) 
8 || Ls ol —el nf | 


x(x 1) 
vg OY 7 
5 Find © for each of the following. 
dx 


a y= logyx Note: 
‘Use change of base of logarithms before 
get Bs cs 
b y= logy’ differentiating. 


¢ y= log, (5x- 1) 


6 Find 2 for each of the following. 
x 


Note: 
a eta 4xt—1 ‘Take the natural logarithm of both sides 
be = 5x3 Ie of the equation before differentiating 


© el =(x + 8)(x-4) 


7 Acurve has equation x= Bf" + 1] >> | 


Find the value of 2 when x= 
x 


14.3 Derivatives of trigonometric functions 


ASS DISCUSSION 


gentient 
function 
gradient 
fimetion, 
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From the class discussion you should have concluded that if xis measured in 
radians then: 


The derivative of tanx can be found using these two results together with the 
quotient rule, 


<(anx) 2 +( 


use the quotient rule 
dx 


cosx 


d d 

cosx x “(sin x) ~ sine x * (cosx) 

= ae ie 

(cos 

cosx X cosx ~sinx x (~sinx) 
cos* x 


SEES, use cos*x + sin? x = 1 


ec 


cos? x 
sec? x 


* (tan) = sec? x 
dx 
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WORKED EX 


APLE 


Differentiate with respect to x. 


a Tcosx b xtsine c d (5-3cosx)* 


Answers 
a a 
a F(Teass) = 75 (c0ss) 


Tsinx 


a : 
st ogo leina) + sins product rate 


ox 


= s¥cosx + Qxsinx 
a 
(=) 


xx“ Gtanx) - Sunex 


= 
_ xx Ssectx-Stanex1 
=Eeiets et 
_Sesee! x — Sian 


= 


4 Z[(6- s¢osa)* ]= 8(5~Scoss)’ x sins chain rite 


= M%Msine(5—3cosx)" | | 


Derivatives of sin (ax+b), cos(ax+6) and tan (ax+b) 
Consider the function y = sin (ax +8) where xis measured in radians, 


Let y=sinu — where us axtb. 
du 
ae 
dx 
Using the chain rate: £2 = 4 , du 
dx du” dx 


d 
a, bin (ax + b)| = 2 cos(ax +b) 
Similarly, it can be shown that: 


4 [cos(ax + 0)] = ~a sin (ax + 0) 


ian (ax +B) = a sec (ae F By ——— 
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Note: 
It is important to remember that, in calculus, all angles are measured in 
radians unless a question tells you otherwise, 


WORKED EXAMPLE 3 


Differentiate with respect to x. 


a bsin( 


d (1+8ran2x)° 


=] hee 


a A[ssin(2 as))-5[sn(Z-2s)] 


5x cos(*— 2x) x(-2) 


-e(2-2) 


a a a 
b Fa (ecosde) = x J (cosde) + conde x (x) product rae 
x (3sin 3x) + cose x (1) 


= cosSx —Sxsin 3x. 


‘ail __sin(20+ 2) 8 8) xo [in(te+Z)] — 


| ain(ae + 2) [r*(2+ Ai 


a) 


sin( + 5) <(24)-x*x{2 coo(20+)] 


sin’ (209 ®) 


4 =) asteox( 20+ 
sint (2+) 


a Af +3tan 2x] =5(1+ Stands)! x 6sect2x chain rule 


© 


= 30sec? 2e(I-4 Stan 2x)4 


Exercise 14,3 
1 Differentiate with respect to x. 


a 2+sinx b 2sinx + 3cosx ¢ 2cosx—tanx 

d 3sin2x e 4tandx f 2cos3x—sin2x 
alone y X 

g tan(3x+9) h sin(2x + 5) i 2eos{ se eo 2) 
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2 Differentiate with respect to x. 


asin y b 5cos?(3x) € sin? x—2eosx 
d (8—coss)! e 2sin'(2e+2) G Scoste + 2ant(2e- 
3. Differentiate with respect to = 
a xsinx b 2sin2Qxcos3x © x?tanx 
4 xtan?(3) et «| = 
2 cos3x cos 
tanx » asin sinx 
BE T+ conx 3e-1 
1 3x sing + cosx 
i sin? 2x K sin2x u sinx ~ cosx 
4. Differentiate with respect to x, 
er b eae eh 
dd chiantenns) e etne f ercosx 
g e(cosx+sinx) fh xtem* i In(sinx) 
j x*In(cosx) k ee = 
= = 
5 Find the gradient of the tangent to 
© 2—cosx © 
a 4 = 2xcos3x when x = > b — when x =—. 
4 ‘ 3 Btanx 4 j2 | 
- itl 
6 a Bywriting secx as » find —(secx). 
cosx dx 
l 4 
b By writing coveex as =, find —(cosecx). 
¢ Bywriting cotx as “S*, fina Benes): 
sinx dx 
dh 
7 Find & for each of the following. 
oY sine be? = Scos2x Note 
mee 5 Take the natural logarithm of both sides 
of the equation before differentiating. 
CHALLENGE Q 


8 Acurve has equation y = Asinx + Bsin2x. 
‘The curve a through the point ff, 3) and hasa gradient of 
as 
when x =— 
Fe 


Find the value of Aand the value of B. 
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CHALLENGE Q 


9 Acurve has equation y= Asinx + Bcos2x. 
The curve has a gradient of 5/3 when x= - and has a gradient of 
6+ 2V2 when x = A 
Find the value of A and the value of B. 


14.4 Further applications of differentiation 


You need to be able to answer questions that involve the differentiation of 
exponential, logarithmic and trigonometric functions, 


WORKED EXAMPLE 9 


Acar ha egiation y= Sesine +2 


a Find the value of a. 
b Find the equation of the normal to the curve at P 


5 Answers 


a When x=, y= 8x Ex sin(S) 42 


an 
pat 
Hence, a = 8% 
3 
hveniens 
b y=Sxsine+ © 
2» scone + $sine 


2-o(o(S}sm()-s 


erie) 
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WORKED EXAMPLE 10 


“A-curve has equation y= x" Ina, 


Find the approximate increase in yas xincreases from ¢ to ¢ + , where pis small 


‘Answers 
yoeing 
Watcha inane 
=x+2xInx 


product rule 


When 


WORKED EXAMPLE 11 


Variables x and yare connected by the equation y= 


he a 


Be45 
Given that y increases at arate of 0.1 units per second, find the rate of change of « 


Answers F 
poke 2. 
Qermaty ce igen 
L 
ye CDs Re quotient rule 
dx (+5) 
_ (v4 5)— ex 
Qe +5) 
dy _ (44 5)—4in2 
wees 
nS Gen aCner 
_9-4in2 
162 
inrule, 92 = SF oh 
Using the chain rule, 2 = S 2 
TE ae ain tay cae 
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A.curve has equation 


in 2x ~ cos 2x) for 0-< x < = radians, 


Find the #coordinate of the stationary point on the curve and determine the nature of 
this point. 


Answers 


= €*(2sin2x —3cos2x) 


ay ee re 
= e*(Ucosde + sin2s) ~e-* (Brine — 8.0828) prklaes ete 
© (Deon + 4 sin 33) 
; dy 
Stationary points occur when 22 = 0, 
ASTRO poms dé 


© (Tcos2x + 4sin 2x) =0 
Toos2x+4sin2x=0 or 0 
tan de = t no solution 
r= 2.0899 There are other-values of x for which 
#= 1045 tan 2x = —— but they are outside the 


X 


nge O< x 


Gat 707 (Msin 2x + B cose) ~ e°* (7cos 2x + 4sin 2x) 


= e* (cos 2x ~ 18sin 2x) 


ay 
When x= 1.045, 5 <0 


Hence the stationary point is a maximum poi 
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16cm 


10cm 10cm 


“The diagram shows an isosceles trapezium PQRS with area Acm*, 
Angle SPQ = angle PQR = 8 radians. 
PS = QR= Wem and SR = Wem, 


a Showthat A = 160sind +100sin@cos9. 
b> Find the value of 8 for which A has a stationary value, 
© Determine the nature of this stationary value. 


Answers 


(a+b)h ise b= 10sin@ 


(PQ+ 8n)<10sin0 vse PQ = Wcos 416-5 100040 = 164.20 con | 


[(16 + 20cos@) + 16] x 10sin8 


2 
= 5sin8 (32 + 20c0s8) 
= 160sin@ + 100sin@ cos 
da ae 2 
pS = ro0c0s0 +[100sind(—si 6) + 100 con 4] we the product rule on 100sin Bcos@ 
x 
= 160 c0s8— 100sin@ + 100cos* 8 ane sin? @ = 1 ¢08! 0 
= 160080 ~ 100(1 ~ cos? 6) + 100cas" @ 
= 2000s" 8 + 160.cos —100 
2 a 
Stationary values occur when 
200-cos? 8 + 160cos@ - 100 = 0 
10cos? @ + 8cos0— 5 = 0 use the quadratic formula 
cosd = 0.412 or cos@ =-1.212 
@= 1.146 radians no solution 
, 
« a = ~400.cos 0 sin8 ~ 160.in@ 
aa 
When @= 1146, <4 <0, 
en 8 (aac 


Hence the stationary value isa maximum value. 


‘Scanned with CamScanner 


Cambridge IGCSE and O Level Additional Mathematics 


Exercise 14.4 


1 


10 


= ssin(2s +2). 


2 id 
Find the equation of the normal to the curve at the point on the curve where x = ra 


Acurve has equation 5 


Acurve has equation y = x sin 2x for 0< x <x radians. 


e : x 
a Find the equation of the normal to the curve at the point 2% ). 
b The normal at Pintersects the wa 


at Qand the y-axis at R. 
Find the coordinates of Qand R. 


¢ Find the area of triangle OQR where (is the origin. 
1 


Acurve has equation y +1 
The curve crosses the y-axis at P, 
The normal to the curve at Pmeets the xaxis at Q 


Find the coordi 


es of Q 


A curve has equation y = 

‘The curve crosses the x-axis at A and the y-axis at B, 

a Find the coordinates of A and B, 

b The normal to the curve at B meets the »-axis at the point C, 
Find the coordinates of C. 


A curve has equation y = xe*, 


The tangent to the curve at the point P(1, ¢) meets the y-axis at the point A. 
The normal to the curve at Pmeets the x-axis at the point B, 


Find the area of triangle OAR, where Qis the origin. 


Variables ¢and yare connected by the equation 1 = sin 2x. 


Find the approximate increase in yas xincreases from 2 ws + p,where 


pissmall. e 
Variables x and yare connected by the equation ) = 3 + In(2x —5) 


Find the approximate change in y as xincteases from 4 t0 4 + p, where 
pissmall, 


Variables xand yare connected by the equation y 


243° 
Find the approximate change in y as x increases from 1 to 1+ p, where 


pis small. 


Variables x and y are connected by the equation y= $+ 2x — 5e~* 


Find the approxi 
where p is small. 


ate change in yas «increases from In to In2 + p, 


In(xt 


A carve has equation 9 = 


Find the approxi 
pissmall, 
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11 Find the coordinates of the stationary points on these curves and determine their nature. 
a y=xe? b y=xe% 


d y=5e-10x-1 e y= 


Fe $2 


f yoxtine 


Inx 
bar hy 


12 Find the coordinates of the stationary points on these curves and 
determine their nature, 


R 
a y=4sinx+8cosx for OS x <> 


F Ea 
b y= Gcos—+8sin= for OS x< 20 
2 2 


ua Tt bn 
=5sin(2r+4) for Zens 
e y= 5sin[e+8 is z 
d y= for 0<xcn 


e y=Qsinxcosx +2cosx for OS x= 


13 Acurve has equation y= Ac?* + Be. 
‘The gradicnt of the tangent at the point (0, 10) is 12. 
a Find the value of A and the value of B, 
b Find the coordinates of the turning point on the curve and determine B 
its nature. 
14 Acurve has equation y= xInx. 


‘The curve cro: 


-s the «axis at the point A and has a minimum pointat 2. 
Find the coordinates of A and the coordinates of B. 

15 Acurve has equation y = x%e* 
‘The curve has 2 minimum point at Panda maximum point at Q. 
a Find the coordinates of Pand the coordinates of Q, 


b The tangent to the curve at the point A (1, €) meets the y-axis at the 
point B. 


‘The normal to the curve at the point A (1, ¢) meets the y-axis at the 
point C. 


Find the coordinates of Band the coordinates of C. 
¢ Find the area of triangle ABC, 
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16 The diagram shows a semi-circle with diameter EFof 
length 12cm, 

Angle 
of Acm’ 
@ Show that A = 366 + 18sin 20. 


@radians and the shaded region has an area 


b Given that Gis increasing at a rate of 0.05 radians per E 


rt 
second, find the rate of change of A when 6 = © radians, 


CHALLENGE Q 
47 The diagram shows an isosceles triangle POR 
inscribed in a circle, centre O, radius rm. 


PR = QRand angle ORP = @ radians, 
Triangle PQR has an area of Acm* 
a Show that A = r?sin 20 + 125i 


cos 26. 
b Find the value of @ for which A has a 
stationary value and determine the nature of this 
stationary value, 


Summary 
Exponential functions 
dew 7 art ioc a ix) “H ix) 
£e)= feet] = aon? A fetal] = #9) x 0 
Logarithmic functions 
d Lil d me: d _ £¢x) 
qin = 5 gg lin ax +8) = A galinlt@))] aa 
Trigonometric functions 
elbinx) = cose 2 foin (ax +b)] =a cos (ox +8) 
ing [eos(ax +6] = asin(ax+5) 
= sectx [tam ax + 6)] = a see? (ax +2) 
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Examination questions 


Worked example 


B 
‘The figure shows a sector OAB ofa circle, centre O, radius 10cm. Angle AOB = 26 radians where 
0<8 <5 A circle centre C, radius rcm, touches the arc ABat the point D. The lines OAand OB 


are tangents to the circle at the points Zand Frespectively. 


a Write down, in terms of 1, the length of OC. en) 
1Osin@ 

b- Hence show that r : a] 
1+ sin@ 

© Given that Ocan vary, find © when + = (61 
ao 


ditional Mathematics 0606 Paper 11 (10(part) Nov 2011 


Answers 
a 0G =0D-CD 
OC =10-r 


b> Using triangle OCE: 


sing =~ use OC = 10-r 


r 


sin@ = 


10-7 
r= 10sin@—rsiné 


r+rsin@ = l0sin@ 
r(1+sin@) = 10sind 


i+sin@ 


multiply both sides by (10 r) 
collect terms involving r 


factorise 


divide both sides by (1+ sin @) 
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use the quotient rule 


dr _ (1+ sin6)10 cos@ — 10sin@cos8 
do sind 
dr 10cos@ 
8 (1+sinoy 
When = 20, 20, idsne 
3’ 3 1+sind 
30sin@ = 10+ 10siné 
20sin@ = 10 


1) 


sin@= 


If sind ==, then cos@ 


Substituting in equation (1) gives; <' = —__2 
ibstituting in equation (1) gives: (3) 3 


203 
9 


d When 6 = & sin@ = 


ing the chain rule; 


Exercise 14.5 
Exam Exercise 
1 a Find the equation of the tangent to the curve y = x* - Inx at the point on the curve 
where x= 1, (4) 
b Show that the tangent bisects the line joining the points (2, 16) and (12, 2). [2] 


3 CaminidgeIGCSE Additional Mathematics 0606 Paper 11 Q5i i Now 2014 
2 Find 2 when 
dx 


r y= coszxsin(®), I 


tan 4 


Cambridge IGCSE Aditional Mathematics 0605 Paper 21 Q10i, 11 Jun 2014 
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3. Variables xand y are related by the equation y = 10—4sin? x, where 0< x <4 
Given that wis increasing at a rate of 0.2 radians per second, find the corresponding rate of 


change of y when y=8 


(6) 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3,fun 2013 


4 Gi 


ae 
b the approximate change in y when x increases from = to ee P,where pis small. 


13] 
[2] 


Combridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Nou 2012 


5 Variables xand yare such that y = e% +e, 
a Fina & 
dx & 
b By using the substitution «= ¢*, find the value of y when a 
x 


¢ Given that xis decreasing at the rate of 0.5 units s", find the corresponding rate of 
change of y when 


(2) 
@ 


(3) 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10ii ti jun 2012 


‘The diagram shows part of the curve y = In(x +1) ~ Inx. The tangent to the curve at 
the point P(1,In2) meets the «axis at A and the y-axis at B. The normal to the curve 
ai Pmeets the x-axis at Cand the y-axis at D. 

a Find, in terms of In2, the coordinates of A, B, Cand D. 


of tri BPD 
by Given tisar Ste oetrlaaiale BP. 


1 
= ki Ind. 
Tamme re 


[8] 
(3] 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12(part) Now 2011 


7 Acurve has equation y = 2xsinx +f The curve passes through the point o(§ . 2). 


a_Find, in terms of 7, the value of a. 


b- Using your value of a, find the equation of the normal to the curve at P. 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5iii Nov 2010 
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@ i Given that y find 2 : [3] 
Ie 
tan ’ 
Hence find the equation of the normal to the curve y * at the point 
where x ==, [3] 
8 


Camridge IGCSE Additional Mathematics 0606 Paper 12.06 Mer 2015 


In (4x? +3 


9 The point A, where x=0, lies on the curve y . The normal to the curye at A 


meets the x-axis at the point # 
i Find the equation of this normal. (71 
ii Find the area of the triangle AOB, where Qis the origin [2] 


Gamiridge IGCSE Additional Mathematics 0606 Paper 11 Q7 jun 2015 


20 Variables xand y are such that y 


(x— 3)In(2x" +1). 
iy 
i Find the value of & when 


[4] 
[2] 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5 Now 2015 


dx 
Hi Hence find the approximate change in y when x changes from 2 to 2, 


x 


42 Acurve has equation y= "5 
i Find the coordinates of the stationary points on the curve. [5] 
i= pee 
dx? (@?+15" 
the nature of the stationary points of the curve. [5] 


fi Show that where pand gare integers to be found, 


amirridge IGCSF Adstonal Mathematics U606 Paper 22 QI Mar 2016 


2 


The diagram shows a circle, centre O, radius rem. The points A and Blie on the circle such that 
angle AQB = 26 radians, 


i Find, in terms of rand 6, an expression for the length of the chord AB, ii (] 
fi Given that the perimeter of the shaded region is 20cm, show that r= ——?—, [2] 
dc O+sin@ 
ili Given that rand @ can vary, find the value of 5 when 6 5 [4] 
6 
iv Given that ris increasing at the rate of 15 cms“, find the corresponding rate of 
x : 
change of @ when @ = =, [3] 


6 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 QU1 Jun 2016 
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This section will show you how to: 


use Integration as the reverse process of differentiation 


powers of xyincluding > and — 


= integratesums of terms 
x awth 


a integrate functions of the form (ax + b) sin(ax +b), cos(ax-+b) 


and apply integration to the evaluation of plane areas. 


‘& evaluate definite integr 
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{In Chapter 12, you leamt about the process of abtaining 2 when you know y 


This process was called differentiation, 


Applying this rule to functions of the form y= x* +¢ you obtain: an infinite number 
458 of functions 
23 that when 
x 2 
give 2 
ya 


{In this chapter you will leam about the reverse process of obtaining y when you know 2. 
This reverse process is called integration, 


15.1 Differentiation reversed 


5 Find {2 for each of the following functions, 
Ee dx 


Discuss your results with your classmates and try to finda rule for obtaining yit 2 


Describe your rule in words. 


From the class discussion you should have concluded that: 


1 
x" then y= ~——x"1 4 ¢, where 


an arbitrary constant and n #—1. 
n+l 


Itis easier to remember this rule as: 


“increase the power 1 by 1 to get the new power, then divide by the new power’. 
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Find yin terms of # for each of the following. 


Find yin terms of xfor each of the following. 


ae 


xt 43x! 10x! 


Siig oy ay 
* ax ag ee Sa 
Answers 

dy 
a2 b 

ae 

resi 
WORKED EXAMPLE 


ay 5 ay gee dy _ (w—9)(e +5) 
oy ge 5 pitti geo a 
agg ee age? ae 
Y= Gx? ~ 5x t +42! write in index form ready for integration 
4 
toxtte 
ear ar 
x + Ba! + 2x" + ¢ 
‘ 
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Acarve is such thot g = (1~)(8e—2) and (2, 8) is a point on the curve 


Find dhe equation of the curve, 


Answers 
ay (1—*)(8e—2) expand brackets 
dz 


“Bx? + Se — 2 
= Bx" + Set — 25° 


write in index form veady for integration 


-2e +0 


When x =2, y=8 


8=-(2P Saf 26) +6 
ba-er10 446 
c10 


‘The equation of the curve is y = —x3 + me ~ 2x +10. 


B Exercise 15,1 


1 Find yin terms of x for each of the following. 


fy 
a = 19x4 b Zest € 
dx 


dy 
dx 2 


2. Find yin terms of x for cach of the follow’ 


x(x -8)( +4) 


(2x -3)(v-1) 
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4 
4 Accurveis such that = Bt —4x+1. 


ie 
Given that the curve passes through the point (0, 5) find the equation of 


the curve. 
5 Acurveis such that 2 = 6x(x-1). 
Given that the curve passes through the point (1, ~5) find the equation of 
the curve. 
6 A curve is such that 2 eeees 
ea 
Given that the curve passes through the point (-1, 10), find the equation of 
the curve. 2 
7 Acurveis such that 2 Bae) 
curve is such that $2 =“. 
Given that the curve passes through the point (9, 14), find the equation of 
the curve. 


& A-curve issuch that 22 = hx? ~2x where & is constant 


Given that the curve passes through the points (1, 6) and (-2, -15) find the 
equation of the curve. 


2 
9 Accurve is such that oe = 12-12, 
ix 
‘The gradient of the curve at the point (2, 9) is 8. = | 


a Express yin terms of x. 
b Show that the gradient of the curve is never less than 2. 
10 A curve is such that 2 = kx —5 where k is a constant. 


x 
The gradient of the normal to the curve at the point (2, —1) is zi 


3 
Find the equation of the curve, 
15.2 Indefinite integrals 
‘The special symbol } is used to denote integration, 


When you need to integrate x*, for example, you write 


Jorar= Lx +6, 


fr dx is called the indefinite integral of x? with respect to x. 
It is called ‘indefinite’ because it has infinitely many solutions. 


Using this notation the rule for integrating powers of x can be written as: 


1 
fe dx = 727" + where c isa constant and n # -1 
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This section provides you with practice at using this new notation together 
with the following rules: 


free dx = Aft) dx, where k is a constant 


flr] 


WORKED EXAMPLE 


Fede fur -sees)ae wf: 


Jee exe Jee dx 


Answers 
a fx (ost -8e+3) ae - Joost — ant 302) as 


1Ox* Bx! ax? 


Exercise 15.2 
1 Find each of the following, 


a fa ax b fox dx c fo dx 


4 3 
a i a e Je dx f 
eo ve 
2 Find each of the followi 


a foresee b Jo-nee=3)ax c J (e-s)fae 


q Jiersfas ei Jo—v8as 


es 
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3. Find each of the following. 


xt-5 xt-8 (w+) 
a J rc dx b oe dx c if 3x ad 

4x? — 3ye 45 i( 3 
a j sis © | ae ee f Vita 


15.3 Integration of functions of the form (ax+ b)" 


In Chapter 12 you learnt that: 


a sige +o']= (2x+5)" 


Hence J (ox-+ 5) ax 


(2x +5) +0. 


1 
2x8 
‘This leads to the general rule: 


fecrmaxr-2 — (ax + by"! +6, #—Land a #0 


a(n +1) 
Find [= | 
hs 4 0s 


af @x-syPae ‘lau ee ae 


Answers 
a Jos-orar= aE yenem 
= Era +e 
b Ten or 8f Ger dx 
“IG ccome ae 
(ax41y +e 
1 
ora a 
rie - 
‘ cha he nia: 
= (-7)2" +0 
Fees 
= Wyie-7 +e 
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Exercise 15.3 
1 Find: 


a Jororac b Jer-sias « 


J 
4 Js@-se'ax e J(x+2)s as f v@x-0F ae 
J 


J Gere L IG) | 26-a) 


2 Acurveis such that 2 = (49 41), 
dx 


Given that the curve passes through the point (0, ~1.95) find the equation 
of the curve. 


3. Acurveis such that 
dx 
Given that the curve passes through the point (4, 11) find the equation of 


the curve. 

aa is nuch that 2 u 
curve is such that < = ——__ 
ii dx Vi0—x 

Given that the curve passes through the point (6, 1), find the equation of 

the curve. 
5 A curveis such that & k(x —3)° where k isa constant, 

dz 
e * 1 
‘he grasient of the normal to the curveat the point (2, 2) is -2 


Find the equation of the curve. 
d 


6 Accurve is such that 


2(kx -1)' where & isa constant 


dx 
Given that the curve passes through the points (0, 1) and (1, 8) find the 


equation of the curve. 


15.4 Integration of exponential functions 


In Chapier 15, you learnt the following rules for differentiating exponential 
functions: 


dx, 
Since integration is the reverse process of differentiation, the rules for 
integrating exponential functions are: 


Je a 


Sete 
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WORKED EXAMPLE 6 
© forras. 
2, 
b ferax « feta 
e Jacrax t frcvax 
ke a 
h fermax i Jae dx 


b (ct +i fae 


ie anc 
e J Ber =! ax 
Re" 


Accurve issuch that 2 = 2c Fe*. 
© 
Given that the curve passes through the point (0, 4), find the equation of 
the curve. a 
A.ccurve is such that ae = he?* + 4x, where his a constant. 


x 
Atthe point (2, 10) the gradient of the curve is 1 
a Find the value of k. 


b Find the equation of the curve. 
2 


Accurve insuch that 22 = ge, 
dx* 


a 7 
Given that a =2 when x =(and that the curve passes through the point 
a 


(. 3) . find the equation of the curye. 
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= Be%# 


3 
7 The point (3, } lies on the curve for which 


The point Q(1, #) also lies on the curve, 
a Find the value of k, 

The normals to the curve at the points Pand Qintersect at the point R, 
b Find the coordinates of R. 


15.5 Integration of sine and cosine functions 


In Chapter 14, you learnt how to differentiate sine and cosine functions 


—(sinx) = cosx in (ax + 5)] = acos(ax + b) 


dx 
d m da 
ay (608%) = -sine = 08 (ax + b)] = ~asin(ax +b) 


1, the rules for 


integrating sine and cosine functions are: 


sin (ax + 6)+¢ 


Jcosxax=sinx +e Jleostax +0] dx= 


1 
—cos(ax + b) +¢ 
a 


e J sinx ax = ~cosx +e Jlsin(ax+ 0] de 


Note: 
Itis important to remember that the formulae for differentiating and 
integrating these trigonometric functions only apply when «is measured 
in radians, 


WORKED EXAMPLE 7 


Find: 


a frinzeds b feosedy ¢ JosnZ ax 


‘Answers 


a f singe dx =—Leosae + 


2 


bf cosseax pane te 
s x 

Ssin® ax ~3{ sin® de 
Jengae-a] sing 


=3%( tea 


=—Goos® +e 
2 
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ens 


Find: 
a J Gcos2e+5sin3:)dx b ffs? +2c0s(54-1] de 


Answers 
a J cos2e+ sind) ds = 8) cone dx +5f sindx dx 


= tn{Lanss)s4n(-ente) 


= Bsinde~ Feonte +e 


b Js +2e08(6e—D] ax= J ax+2f cos(5x—1) de 


z 
3 


+2x[tsin(ox-D]+¢ 


1 2 
aged peinie=l) ee 
Exercise 15.5 
1 Find 
af sins ax b J cose dx « fsink ax > | 
4 Jrcosse doe Josings dx f Jseostex +1) dx 
g Josine-39) dx h fzcos(ex—7) dx i Jasin ~ Bx) dt 
2 Find 
a Ja-sny dx b J (2-203) dx 
« J (seov2x— asin] dx 4 J(4-@%) dx 
= a 2 
2.8 
e | (c—Ssinax) d f J(Zrmg}e 
Jler-5sin ae Fe ting | ax 
3 Acurve is such that = = cosx—sinx. 
ix 
Given that the curve passes through the point & 3}. find the equation of 
the curve. F: 
4 Acurve is such that oa = 1- 4cos2x. 
x 
Given that the curve passes through the point (:. 1), find che equation of 


the curve. 


—5~—-Acurve-issuch-that. 2 =dx—6sin x. 


Given that the curve passes through the point (0, ~2), find the equation of 
the curve. 
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2 

6 Acurve is such thar 52 
2 ax 

Given that a = -2 when x =0 and that the curve passes through the 
dx 


point (, —1), find the equation of the curve. 


5 cos8x-+ Qsinx, 


a 
7 Acurveis such that = keos3x —4, where kis a constant. 
ix 


At the point (7, 2) the gradient of the curve is -10, 
a Find the value of k. 
b Find the equation of the curve. 
& The point & 3) lies on the curve for which & = stain(2x -3) 


ix 
a Find the equation of the curve. 


a : Ed 
b Find the equation of the normal to the curve at the point where x = ©, 


9 The point (5 } lies on the curve for which 2. = seon(8— 2), 


x 


The point aff. i] also lies on the curve, 


a Find the value of 
The tangents to the curve at the points Pand Qintersect at the point R. 


b Find the coordinates of R. 


. ‘ 1 1 
15.6 Integration of functions of the form = and att 


In Chapter 14, you leamt the following rules for differentiating logarithmic functions: 
1 


a 


sax tb>0 


d d 
—(Inx)=—, x>0 = [in(ax +8)] = 
ax (™*) gee a) oe) ax+b 

Jtis important to remember that Inx is only defined for x > 0. 


Since integration is the reverse process of differentiation, the rules for integration are: 


fiareinere x>0 J SE NOCD 
5 ath a 
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WORKE 


AM 


Find each of these integrals and state the yalues of for which the integral is valid. 
6 


dec ¢ 
We+5 3-4 
=5inx+e x>0 
6 1 
eo 2 
lesen sf Frame 
=6(d}nias+5)+0 velliel fay Sy SO 
=3in(2e+5)40, x> 
< 
vubiet for 3 = dae 


CLASS DISCUSSION 
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CLASS DISCUSSION 


Raju and Sara are asked to find f ae 


PEER Naeene n= | at 


= Lin(6x-2) +e 


Sara writes; 


lay a De eal) Sx 


-()Q)a0-0» 


= din@e—1)+< 


Decide who is correct and discuss the reasons for your decision with your classmates. 


Exercise 15.6 
1 Find; 


+ [bee 
: 


2 Fin 


o 


3 Acurveis such that 57 = 5 


Given that the curve passes through the point (1, 8), find the equation of the curve, 
4 Acurve is such that 2 axe for x>0. 
Given that the curve aie through the point (c, e*), find the equation of the curve. 
5 Acurveis such thar & = for g>~c. 
dx xte 


Given that the curve passes through the point (e, 2+1n), find the equation of the curve. 
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CHALLENGE Q 

6 The point P(1, -2) lies on the curve for which 2 =3- 2 » 
The point Q(2, #) also lies on the curve. 
a Find the value of k. 


‘The tangents to the curve at the points Pand Qintersect at the point R. 
b Find the coordinates of R. 


15.7 Further indefinite integration 


This section uses the concept that integration is the reverse process of 
differentiation to help integrate complicated expressions. 


Ir Sfre] = (a), then J f(e) dx = Fla) +e 


WORKED EXAMPLE 1 


Answers 
tals | eka) 
dx ie-3 
Sia 
ae=3 - EH) raul marmaruot 
< (as dbsicinitnasar by he 


_ Bel4e - 8) - 2607 +1) 
(ts — 3) Jie 3 

_ 2(4xt ae - x? -1) 

“ as— 3" 

_ 2(3x% - 3x — 1 

Yay 


2 (3x5 


‘Scanned with CamScanner 


Cambridge IGCSE and O Level Additional Mathematics 


WORKED EXAMPLE 11 


Differentiate xsin.x with respect to x 


| Hence find Prcosx oe 


Answers 
Lety = xsin x 
4y 


| FE =G) (Cosa) Hsing))— role rl 


= xcosxe+sinx 


Hence f (xcosx + sins) ds = xsinx 
Jrcose ax+ J sine ds = ssing 
Jrooss ax = ssinx— f snx ax 


rcosx ds = sins +cosx-+ 


WORKED EXAMPLE 12 


Differentiate 8/81 with respect to x 


enena [2 
x 


Let y= 2Vie=1 
B= (09 [Exax (e073 ] + BT x (4x!) product rule 
2 4s 8E=1 
V2x-1 
_+3s!(2x—1) 


J gaa ace | ef 


= J ce dx +5 f (ae ays ae 

= PVR 1+— 7 (ee~De +e 
and 

= YRE—1+4 5YOe-T +e 

=(8+5)VeaT +0 
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Exercise 15.7 


x+5 


Qx—1 


=6 
b Hence find j Tea dx. 
(2x-1)° 


2. a Differentiate (3x? —1)° with respect to x. 
b Hence find Jao 1) dx. 


1a Given that 9 


sh hat 2 = 
show that Gy 


3 a Differentiate xlnx with respect to x, 
b Hence find f tnx ds. 
ins) _1-Inz 


d 
aa show that 2 (@# 
dix \ x 


i 
b Hence tind f( nz) ds. 
5 a Given that y = xv" —4, find 


xt -2 
b Hence tna fs di 
ee 
dy _ 9(x-3) 


6 a Given that y =3(x + 1) V¥—5, show that 2 = = 


pa dx Qe—5" 
b Hence find J oo dx. 


df 2 
7 a Find Sm - 


b Hence find fost dx, 


sin 
8 a Show that 4 = ) can be written in the form ——, and state 


1-cosx. cosx— 1 


the value of k. 
b Hence find J 


dx. 
cosx —1 


d 
9 a Given that y =(x + 8)Ve>4, show that 2 
dx 
value of &. 


b Hence find 


, and state the 


dx, 


10 a Given that y = 


(x?-7) 


b Hence find J dx. 


. — 
Find —(2x*Inx). 
ana Fin ae ) 


b Hence find [tins ds. 


1 
> show that 3 = oa and state the value of k. 
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12 a Differentiate xcosx with respect to x. 


b Hence 


13 a Given that y (sin 2x + cos2x), show that 2 = de® cos 2x. 


b Hence find fe" cose dx 


CHALLENGE Q 


24 a Find A (ever =i) 


=14x+3 


b Hencesind f je 


15.8 Definite integration 


You have learnt about indefinite integrals such as 
1, 
fenders 


3 
where cis an arbi 


rary constant. 
fe dy is called the indefinite integral of x? with respect to x. 
This called ‘indefinite’ because it has infinitely many solutions. 


You can integrate a function between two defined limits, 


The integral of the function x* with respect to x between the limits 


x=4is wriuen as: i xdx 
1 


The method tor evaluating this integral is 


fae 
“(eee red 


i} x? dx is called the definite integral of x? with respect to x. 


Itis called ‘definite’ because there is only one solution. 


Hence, the evaluation ofa definite integral ean he written as: 


Ji dx = [F(x]! = F6)- F(a) 
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The following rules for definite integrals may also be used. 
‘ . 
J E(x) dx = af f(x) dx, where h is a constant 


fb a(e)] dx = mc) dye few ax 


Eratute: af! Sas b [Varta € J wo 


Answel 
a 


f 


rs 
+3, _ ft 2 
a a= [Ge +3e%) ae 
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Evaluate: 


a fear b [*Gcos2e+s)ax 


rele rele 


In Scetion 15.10 you will learn why the modulus signs are included in the following integration 
formulae: 


2. 
Jojer= intact alee 
axtb a 


Note: Itis normal practice to only include the modulus sign when finding definite integrals. 


‘The next two worked examples show how these formulae are used in definite integrals. 


WORKED EXAMPLI 


Find the value of [ dx. 
Qe +1 
Answers 
- 8 
Ip oer [Sinleeeal] suibsticute Hants 


=(410|7| )-(4in|a])——sunpniy 
=4(In7~in5) 
=4inZ 
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Answers 


* 1° 
Jee [Smr-si[ echusieijnibain 


= (-Stn|-13}) ~(-819|-7]) isnt 
=-8in13-+3in7 
= 3(In7~In13) 


fa 
=3in= 
13 


Exercise 15.8 
1 Evaluate. 


a fires 


o 

aa 

Je 
= 


‘ 5 
Jeera k pie=ae9 E+) ay 
1 
2 Evaluate. 
a fex+ntax b [i eerFax 
1 Fi 
* oR 12 o 6 
— — de =e 
4 lew ox : Law ae \ la a 
3. Evaluate. 
1 
1 4 
2 b [tetra 
a fe dx fier ax 
+ 1 
d Jieras e Jaae 
0 pe 


a flere 
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4 Evaluate. 


a Jose ax b J2@ + costae 
lo Jo 
q if 2cosx—sin2xjdx e [*(2x-singx) dx 
5 Evaluate, 
re 
iret ’ 


«| 
6 Evaluate, 


a fx) 


& 
7 Give that f 
fen that J 5 


LG 


In7 , find the value of k, 


o 


A 
Bee3 2 * Fy" find the value of the constant A. 


1 4x 5 


8 a Given that 


b Hence show that j, dx = 2-32, 
Jo Qe 48 3 
9 a Find the quotient and remainder when 4x? +4x is divided by 2x1 1. 


Vax? +4: a! 
b Hence show that J wa =2-sIn3. 


CHALLENGE Q _ 
410 Find the value of 
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15.9 Further definite integration 


This section uses the concept that integration is the reverse process of 
differentiation to help evaluate complicated definite integrals 


WORKED EXAMPL 


d 


Ld oy 
Given that 9 = Ram fina 2 
Hence evaluate fi ear* 
248) 


‘Answers 
= Sx 
OTE 
(JE +3) - G2) ee +5)2 x) 
s quotient rule 
45 
NP - multiply numerator and denominator 
we+5 by Wx? +5 
_ B(x? +5) — 3x" 
© (t+ 5S 


_ 15 
Vee a 


f Tee a all ar 
“ae 
“as) Ga) 


oa 
=a 


WORKED EXAMPLE 18 


4 
Given that y= xeos2x, find > 


Hence evaluate J desinas dx 
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Da (x) x(-2 


= cos2x ~ Qxsin de 


Jitcor2x—a 


2x) +(cos 2x) (1) product rule 


2x) dx = [ecos 2x] 


ficosae ox [*zesinzxae = (Excos® )- (Xcos0) 


Leet Lae ee th 
[sinzs]? HE desiny dx = 


i *sesinze ax = [2 sinas]* -z 
et) fo 
ce 


Exercise 15.9 
1a Given that y= (x +1)V2e—1, find 


dx 
br 


2 gy? 


Hence evaluate j =e dx, 
h (x? +5) 


3 


7 a 
5 a Show that —| 
dx \cosx 


£0 
b Hence evaluate I 
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CHALLENGE Q 

6 a Find “(xsinx). > 
dx 

CHALLENGE Q 

T a Find Aetna). b 


CHALLENGE Q 


8 a Given that y = xsin 3x, find 2. 


15.10 Area under a curve 


A(x) 


b Hence evaluate f 


Hence evaluate f xcosx dx, 
0 


Hence evaluate j Axinx dx, 
1 


" xcosdx dx, 


d= F(x) 


Fo 


Ifyou define the area under the curve y = f(x) to the left of vas A(x), then as xincreases then A (x) 


also increases, 
Now consider a small increase in x, say 3x, whi 


d 


A(x) 
0 


8A = area to the left of (x + 5x) —area tot 


BA = A(x + 8z)—ACs) 


ich results in a small increase, 6A, in area. 


x x2 Ox 


the left of x 


Now consider the area 8A which is approximately a rectangle. 


8A 
3x 
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As 6x 0, then 94, 14. hence #4 
bx" dx dx 


y, then A= foar 


Hence the area of the region bounded by the curve y= fix), the lines x= a 
and x = band the «axis is given by the definite integral. 


. 
Area = J £(x) dx, where f(x) = 0 


WORKED EXAMPLE 19 


Find the area of the shaded regio: 


Answers 


: 
Area = [eax 
2 
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= 2+ 2e% - 2e? 


= 2[1+Ve(e-)] 
= 7.87 units 


In the examples so far, the required area has been above the x-axis, 


If the required area between y = £(x) and the a-axis lies below the x-axis, then 


. 
J £(e)dx will be a negative value, 


[ £(0) dx 


Hence, for a region that lies below the «axis, the area is given as 


Find the area of the shaded region. 


Areais 4.5 units’. 


‘The required region. could consist of a section above the x-axis and a section —_— 
below the x-axis. - - 


If this happens you must evaluate each area separately. 
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This is illustrated in the following example. 


WORKED EXAMPL y 


Find the total area of the shaded regions. 


Answers 
Jf 2sineae = F2cosal§ 


= (-2cosn) ~ (280) 


fF esine ae =[2eosa 


(-2cosz) 


Hence, the tou! area of the shaded regions = 4+ 2=6 units’ 


. a a 
Jn Section 15.8 you were given the formula f dz =Injx| +c 
‘The use of the modus symbols in this formula can be explained by considering 


the symmeuy properties of the graph of y 
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iz oi) 
The shaded areas that represent the integrals f day and J 1 de are equal in 
magnitude, ae a8 


wa 4) 
However, one of the areas is below the x-axis, which suggests that J dae -f 2 ag; 
ay x A 


8 
Evaluating J dae gives: 
ex 


+ 3 
2a =[Inx }} = In3~ Ing = In 
ex 


‘This implies that fie 


x 


a 
1 
dx you obtain 


If you try using integration to find the value of 
aa 2 2 
—dx =[h $= In(-2)-In(-3) = In> 
J bee =fins 13 = ta(-8)-n(-8) = m5 
‘There is, however, a problem with this calculation in that Inx is only defined for x > 0 
so In(-2) and In(3) do not actually exist. 3 


1 
Hence for x <0, we say that J <dx = In|x| +e. 
x 


Exercise 15.10 
1 Find the area of each shaded region. 


ay b 
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'sinx + 3cosx 


al tx 6 


rey 
cw) 
note 


2. Find the area of each shaded region. 


a 
y 


2) 


Find the total shaded region. 


4 Sketch the following curves and find the area of the finite region or 
regions bounded by the curves and the x-axis, 


a y=x(x4l) b y=(x+2)8-2) ¢ y=x(x?-4) 
d y= x(x-2)(v +4) e y=x(x-I(x-5) f y=x2(4—x) 
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6 
5 Find the area enclosed by the curve y ==, the waxis and the lines x=4 
and x=9. vs 


12 
6 a Find the area of the region enclosed by the curve y =~}, the x-axis and 
the lines x = 1 and x =4. - 


b The line x = p divides the region in part a into two equal parts. 
Find the value of p. 


) =xe', 


y 


CHALLENGE Q 
8 


‘The diagram shows part of the curve 9) = Given that the shaded 


region has area 8, find the exact value of f. 


CHALLENGEQ 
9 a Show that ae ns) = tine. 
x 


b Use your result from part a to evaluate the area of the shaded region. 


a yeinx 
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CHALLENGEQ 
20 a Show that —(cosx) = cosx —xsinx. 
S 


b Use your result from part a to evaluate the area of the shaded region. 


Fi 


Di 


KO 788i 


© 


15.11 Area of regions bounded by a line and a curve 


‘The following example shows a possible method for finding the area enclosed 
by acurve and a straight line. 


WORKED EXAMPLE 23 


The curve y=2vx intersects the line y =x 
atthe point (4, 4), Find the area of the shaded. 
region bounded by the eurve and 

the line. 


Answers 


wrea under curve — area of triangle 


a 1 
=[ Wi dx~ S44 


= 22onie! 


‘There is an alternative method for finding the shaded ai 
example. 


in the previous 
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If two functions f(a) and g(x) intersect at x= aand x 
then the area, A, enclosed between the two curves is given by: 


ne f £G) ax = f sa)dx 


So for the arca enclosed by y =2Vx and y= x 


yen 
y= Qe 


using f(x) = 2Vx and g(x) = x 
4 4 
area = J, F(x) de — i g(x) dx 
7 
= [ave ax- fx av 
= [eve —x)dx 


4 


2 0 


3 3 
Sar —dyat|-(4 x0 
a 3 


$ 


xa") 


‘This alternative method is the easiest method to use in this next example. 


Chapter 15: Integration 
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WORKED EXAMPLE 24 


The curve y =x"-4 intersects the waxis 
atthe points Aand Band intersects the 
line y= -2 atthe points Band 


a Find the coordinates of A, Band C. 


b Find the area of the shaded region 
bounded by the curve and the line. 


Answers 
a When y=0, x 


2 
Ais the point (-2, 0) and Bis the point (2, 0) 
For intersection of curve and line: 


sa4=x-2 

e-2=0 
(e+ I(e-)=0 
x=-lore 


When x 


CLASS DISCUSSION 


Discuss with your classmates how you could find the 


‘i yase 
shaded area, A, enclosed by the curve y =x(8~ 2) / 


Can you find more than one method? 


P \- x(8—) 
Calculate the area using each of your different methods. y A 
Discuss with your classmates which method you preferred. ie 


the line y= 8% and the w-axis. 


0 8 
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Exercise 15.11 » 
1 Find the area of the region enclosed by the curve 


y =1+cosx and the line y y= Lt cosx 


y=l 


2. Find the area of the region bounded by the curve 
y=2+3x- x, the line x=2and the line y =2 


3. Find the area of the region bounded by the curve 
y =8x? +2, the line y = 14 and the yaxis. 


4 Find the area of the shaded region. y 


Qsin Qx + Bcosx 


oO 


rela 


5 Sketch the following curves and lines and find the area enclosed between 
their graphs. 


a y=x?+1 and y=! 
-2n+3 and x+y=9 


bo 

vx and yas 
d yade—at and B+ y=0 
e@ y=(*-1)(x-5) and y 
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6 Sketch the following pairs of curves and find the area enclosed between 
their graphs for x> 0, 
a y=x' and y=x(2—x) 

4x— 3x? 


and 


7 Find the shaded area enclosed by the curv 3Vx the 


line y = 10 ~ xand the x-axis, 


8 ‘The tangent to the curve y = 6x 
cuts the x-axis at the point P. 


atthe point (2, §) 


a Find the coordinates of P. 
b Find the area of the shaded region. 


B 9 The curve y= /2x+1 meets the y-axis at the point P. 


The tangent at the point Q(I2, 5) to this curve meets 
the y-axis at the point R. 


Find the area of the shaded region PQR. 


10 The diagram shows the graphs of y = 2+ cos 2x and m 
y= 1+ 2cos2x for 0<* <n. 


y= 2+ cosBx ;: 
Find the area of the shaded region aN fl 


T+2 cos2x 


CHALLENGE Q a 
41. The diagram shows the graphs of y=——"> and y=4—, 
Find the area of the shaded region. * 
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Summary 
Integration as the reverse of differentiation 


4 [ro] =£(q), then fro EEO 


Integration formulae 


fe d= getty where ¢ is aconstant and x # —1 
nel 


Jlox+ oraz = (ax-+ 6)" 4c,n¢-landa#0 


ee 
ae+t) 
feras=er+e for dx= Zen +0 

2 
Jeose ax annvesh Jleos(ax+0)] ae = 2 sin(ax +8) +6 
Jone dx = cose +e Jlincox+- 0) as= ~Heos(ax +8) ¢ 
1 


Jiae=inete x>0 J dx=1in(@r +8) +6, axtb>0 
z g 


ere 

ng 1 et 
JZor=tnbl+< J dx =+injax+5|+e 

x axt+b a [> | 
Rules for indefinite integration 


{} E(x) dx = ef £(x) dx, where k isa constant 
Jlec+ste)] ax = j f(x) det Jee dx 
Rules for definite integration 
. 
1 J f(<) de = Fle) +6, then || f(x) dx = [F(«)]’ = FO) -F(). 


* : 
{ f(x) dx = rf £(x) de, where k is a constant 


fie tet] ae = fire cas [ EG) ae 


Area under a curve 
‘The area, A, bounded by the curve y =f(x), the xaxisand 
the lines =a and x=} is given by the formula 


is j f(x) dx if £@) =0. 
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Area bounded by the graphs of two functions 
Tf two functions f(x) and g(x) intersect at x= a and x=, then 
the area, A, enclosed between the two curves is given by the formula: 


A i) rOyee [ee de. 


Examination questions 


Worked example 


39 The diagra 


shows part of a curve s 


Points A and Bare stationary points of the curve and lines from A and Bare drawn perpendicular 
to the waxis. Given that the curye passes Unrough the point (0, 30), find 


a the equation of the enrve 


iy 
b the x-coordinates of Aand B, [3] 
€ the area of the shaded region. i | 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qi2{part) Nev 2012 


Answers 
dy _ 


3x? = 64-9 
dx 


y= x3 — 3x2 -Ox4e 


Using x= 0, y = 30 gives c= 30. 


The equation of the curve is y = 


Oy + 30. 


iy 
b Stationary points occur when 2 = 0 


Sx? = Gx 


x? - Dx 
(x + I)(x-3) 


‘The x-coordinate of A is -1 and the x-coordinate of Bis 3, 
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* 26 +3000) (e -cay 20, s0(-0) 


Exercise 15.12 
Exam Exercise 


1a Given that y (21 
b Use your answer to part ato find fe dx. ira] 
a 9 
€ Hence evaiuate fre" dx. 21 
f 
amines YGCSE Atioel Mathematics 0606 Popr 11 Qi, fan 2014 Bo 
ay 1 1 
is Ds 4x4] |. The es 1 
2 Acurveis such that $= 4x + Gyr for x> 0. The curve passes through the point (3 


a Find the equation of the curve. 4 
fl 
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7i,i Jun 2014 
ea) 
a 


b Find the equation of the normal to the curve at the point where x = 


3 a Find Je 


b Hence find the value of the positive constant f for which 


Cambridge 1GCSE Adiltional Mathematics 0606 Paper 11 Q5i,i Jun 2013 


4 The diagram shows partof the curve of y = 9x*— x, which meets the x-axis at the origin O 
and at the point A, The line y~ 2x +18 = 0 passes through A and meets the y-axis at the 
point B, 


NOT TO 
SCALE 


y=Oxt= x8 
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a Show that, for x > 0, 9x¥ - x3 < 108 i] 
b Find the area of the shaded region bounded by the curve, the line ABand the yaxis, [6] 
(Cambridge IGCSE Additional Methematies 0606 Paper 11 Q1I(part) Jun 2012 


5 The diagram shows part of the curve y= 2sin $s. The normal to the curve y =2sin 3x atthe 
n 3 
point where x= meets the maxis at the point P 


F | 
le Ee 


Qsin Bx 


NOT TO 
SCALE 
7 x 
a Find the coordinates of P. [5] 
b Find the area of the shaded region bounded by the curve, the normal and the yaxis. [5] 


Cambridge IGCSE Additional Matiematcs 0506 Paper 11 QI (pert) un 2012 


eS 
6 Find the exact value ot f (5+ 
1 


Jax , giving your answer in the form In (ac), where 
aand bare integers 


4x—3. 


7 a Find the value of the constant A such that Be =3+ 21 
x3 
6x5 POA 
b Hence show that if Sas = 64207, (5) 
Ernination ye question 
8 a Differentiate 4x°In(2x + 1) with respect to x. [3] 
F 2x dy__xi4 
b Given th = , Show that — = ——__, 4 
Given at y= TAS stow enae Tey ty 
ii el 
ii 12] 


Cembrige IGCSE Additioncl Mathematics 0506 Paper 11 Q9 Now 2013 


_} 
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9 Donot use a calculator in this question. 
d 


ts 
i Show that ae - x) = pse™, where pris an integer to be found. (4) 


int 
ii, Hence find the exact value of J xet* dx, giving your answer in the form 
0 


b * 
ain? +2, where a, band care integers to be found, (4) 
é 
Candid IGCSE Additional Mathematics 0606 Paper 11 Q5 fun 2016 


10 i Find Sle “| dx. [2] 
’ 
‘The diagram shows part of the curve y= 3x—x? and the lines y=3x and 2) =27-8x, 
‘The curve and the line y= 3x meet the z-axis at Oand the curve and the line 2y = 27~ 3x 
meet the x-axis at A, 


Find the coordinates of A. f1) 
ili. Verify that the coordinates of Bare (3, 9). a 
iv Find the area of the shaded region. [4] 


Cambridge IGCSE Additional Mathematics 0606 Paper 21 QU! Jun 2016 
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= apply differenti 
ofa particle moving 
wtgraphs, 


nt, velocity and acceleration 
ation, and the use of x¢ and 


Chapter 16: Kinematics 


‘You should already know about distance-time graphs and speed-time graphs. 
Distance-time graphs can be used to find out how the distance changes with time, 
© The gradient ofa distance-time graph represents the speed. 


distance 


A horizontal line shows, 
that the speed is zero. 
si ‘The steeper aline 
Ais, the greater the 
speed. 
Acstrsight line shows aj 
that the speed is 
constant (steady). 


Speedtime graphs can be used to find out how the speed changes with time. 
© ‘The gradient of a speec:time graph represents the acceleration. 
‘© The area under a specd-time graph represents the distance travelled. 


Aline with zera ‘The steeper the line 
gradient means the is, the greater the 
Speed isconstant, acceleration. 


speed 


A line with positive 
gradient means the 
speed is increasing: 
(lvisaccclerating,) 


Mine with negative 
\— gradient means the 

speed is decreasing, 
(iis decelerating.) 


time 


Distance und speed are examples of scalar quantities, 
(Scalar quantities have magnitude butno direction.) 


In this chapter you will learn about displacement, velocity and acceleration. 
Displacement, velocity and acceleration are examples of vector quantities. 
(Vector quantities have magnitude and direction.) 
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16.1 Applications of differentiation in kinematics 


Displacement 
Consider a particle, F, wavelling along a straight line such that its 
displacement, s metres, from a fixed point O, tseconds after passing through 
0, is given by s = 4¢- 02, 


‘The graph of sagainst ¢for 0 <¢ <5 is: 


At time ‘=, the displacement of the particle from O is 4n. 


When ¢=8 the particle stops instantaneously and reverses its direction of 
motion. 


At time ¢ 
4+ (4-3) 


the displacement is $m and the total distance travelled is 
5m. 


At time {= 4, the displacement is 0m and the total distance travelled is 
4+4=8m, 


Ai time ¢=5, the displacement is 5m and the total distance travelled is 
4+9= 13m, 


Velocity and acceleration 
Ifa particle moves in a straight line, with displacement function s(), then the 


5 MOET: 
rate of change of displacement with respect to time, Gy: Bthe velocity, x, of 
the particle at time & ce 


ds 
de 
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If the velocity function is v(2), then the rate of change of velocity with respect 


to time, &, is the acceleration, a, of the particle at time f 


ae _ ate 
dt de? 


Earlier in this chapter you considered this displacement-time graph for the first 5 seconds of the 
motion of a particle P. The displacement of the particle, smetres, from a fixed point 0, ¢seconds 
after passing through O, was given by s = 4t—- 
Working in small groups, complete the following tasks, 
1 Find an expression, in terms of ¢, for the velocity, vms7, of this particle. 
2. Draw the graph of v against ¢for 0 < ¢ <5. 
3. State the values of for which vis 
a positive b zero € negative. 
4) What can you say about the direction of motion of the particle when vis 
a positive b zero € negative? 
5 Find the acceleration, ams~, of this particle and interpret your answer. 
Now, discuss your conclusions with the whole class. 


Itis important that you are able to interpret the signs for displacements, 
velocities and accelerations. 


‘These interpretations for a particle P relative to a fixed point Oare 
summarised in the following tables. 
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Signs for displacement s 


s<0 s=0 ! s>0 


Pisto the left of 0 | Pisa 0 to the right of O 


v=0 | v>0 


Pis instantaneously at 


Pis moving to the let ee Pis moving to the right 


Signs for acceleration a 


a<0 a=0 a>0 
velocity could be 


maximum or minimum | _ velocity is increasing 
orconstant 


velocity is decreasing 


WORKED EXAMPLE 1 


A particle moves in a straight line so that, ¢seconds a 
displacement, smeires, from Ois given by s= 8 — 


fer passinga fixed point 0, its 
AB 


Find the velocity when t= 2, 


Find the acceleration when 


a 
b 
© Find the values of ¢when the particle is instantaneously at rest 
Fine the distance of the particle from Owhen ¢ =7. 


Find the total distance travelled by the particle during the first 7 seconds, 


Answers 

a s= 19 + 45¢ 
4 

“dt 

When ¢ = 2,0 =3(2)' —24(2)+45=9 


Se 2404 48 


The velocity is 9ms"! when ¢=2. 


6(4)-24=0 


‘The acceleration is ms" when f= 4. 
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¢ The particle is at instantaneous rest when v = 0. 
Bt 2h +4 


(t= 3)0-5) 
t=Sort= 


"The particle is at instantaneous rest when ¢=3 and ¢ = 5. 


d When (=7, 9 =(7)'— 12(7)? + 45(7) = 70. 
‘The particle is 70m from Owhen ¢= 7. 


© When !=0,5 "0. 
Gritical values are when ¢ =3.and ¢ 
When 1=3, s= (8) — 12(3)? + 45(3) = 54. 
‘When 1 =5, s = (5) — 12(5)® + 45(5) =50. 


BO 54 70F 


‘Total distance travelled = 54 + (54 ~ 50) + (70-50) = 78m. 


A particle moves in a straight line so that the displacement, s metres, from a fixed 
point 0, is given by s = In (2t-+5), where tis the time in seconds after passing a point 
Xon the line, 


a Find OX. 

b_ Find the velocity when ¢= 10. 

€ Find the distance travelled during the third second, 
d Find the acceleration of the particle when = 25. 


Answers 
a When f=0, s=In[2(0) +5] =In5 the ponticle is at Nau time (= 0 
OX =In5 = 161m 


In(2t+ 5) 
hae ed 


dt 45 


—— 
2(0) +5 
‘The velocity is 0.08ms". 


When ¢=10, 
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€ Since v> Oforall values of there is no change in the direction of motion of 
the particle, 
The third second is from ¢=2 to t 


When i=2, s=In [2(2) +5] =In9. 
When /=8, 5=In [2(3) +5) =In 11. 

(<0 aR ees 
0 ins Ino Init $ 


Distance travelled during he third second = inl ~1n9= nt = 001m. 


a 2 = 9045) 
Bre 
du ; 
8s gery oy? x2 
a aai+5y*x 
Wirnita®hig= 2 yon 
[2(25) + 


‘The acceleration is -0.04ms~, 


WORKED EXAMPLE 3 


A particle moves in a straight line such thatits displacement, s metres, from a fixed. 
point Oon the line at time tseconds is given by s = 20[e2! —e-"] 


@ Find value of ¢when the particle is instantancously at rest 
b Find the displac 
© Find the total distance uavelled during the first second of its motion 


‘ent of the particle from Owhen (= 1, 


Answers 


v=0 when ~ 26% +e = 0 
2e% 


Iti 


instantaneously at rest when ¢ = nd 14055, 


b When ¢=1, = 20[6-%—e%] = 1711 
Displacement from Ois 1.71m. 
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© When ¢=0, s=0. A 
Critical value is when ¢= In. 


ae al 8) Ie ts] = 2.963. 


Lain zoos F 


‘Total distance travelled = 2.963 + (2.963 ~ 1.711) = 4.21m, 


[A particle travels in a straight line so that, ¢seconds after passing through a fixed 
point @, its velocity v ms", isgiven by v = sea(4). 
a. Find the value of when the particle first comes to instantaneous rest. 


b Find the acceleration of the particle when t = z 


Answers 
‘a The particles at rest when v=0. 
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Exercise 16.1 


1 A particle, moving in a straight line, passes through a fixed point O. a 


(r+2) 


lis velocity ums", ¢seconds after passing through O, is given by v = 


a Find the velocity of the particle as it passes through O. 


b Find the value of twhen the velocity is 0,125m:s 
cr 


‘ind the acceleration of the particle when = L 
2 A particle, moving in a straight line, passes through a fixed point O. 
Its velocity ums", ¢seconds after passing through O, is given by v = 6e" — 2¢. 
a Find the i 
b Find the initial acceleration of the particle. 


tial velocity of the particle. 


3 A particle starts from rest and moves in a straight line so that i seconds 
after passing through a fixed point 0, its velocity ums", is given by 
v= 5(I-e-'). 


‘ind the yelocity of the particle when ¢=In 100. 


b State the value which v approaches as ¢ becomes very large. 
€ Find the acceleration of the particle when v= 4, 


Sketch the velocity-time graph for the motion of the partic 


4 Aparticle moves 
a fixed point Oon the line at time ¢seconds is given by s 


a straight line such that its displacement, s metres, from 
9 [In (9+ 2)]. 
a Find the value of ¢when the displacement of the particle from Ois 36m 


b Find the velocity of the particle when ¢=1 
© Show that the particle is decelerating for all values of t 

5 A particle moves in a straight line so that, ¢seconds after passing through a 
fixed point O, its displacement, s metres, from Ois given by s = In(1 +0) 
a Find the value of ¢when the velocity of the particle is 0.4ms"! 
b Find the distance travelled by the particle during the third second, 


¢€ Find the acceleration of the particle when t = 1.5. 
6 A particle travels in a straight line so that, tseconds after passing through a 


a Find the 


luc of ¢when the yelocity of the particle first equals 4m" 


b Find the acccleration of the particle when ¢ 


T A partic 


moving in a straight line, passes through a fixed point O. 
lis velocity ums 


v= cost + sin 


, seconds after passing through 0, is given by 
3t. 

a Find the value of ¢when the particle is first inst 
b Find the accelera 


ntaneously at rest, 


mm of the particle when = x 
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8 A particle starts from rest and moves in a straight line so that, tseconds 
after leaving a fixed point , its displacement, s metres, is given by 
5=2—2cos2. 
a Find an expression for the velocity and the acceleration of the particle 
in terms of t 
b Find the time when the particle first comes to rest and its distance from 
Oat this instant. 


9 A particle moves in a straight line such that its displacement, s metres, from 
a fixed point Oon the line at time fseconds is given by s = 50[e* —e~*']. 


a Find the time when the particle is instantancously at rest. 
b Find the displacement of the particle from O when ¢=2. 
€ Find the total distance travelled during the first 2 seconds of its motion. 
10 A particle moves in a straight line so that its displacement from a fixed 
point 0, is given by s = 2¢ + 2cos2i, where tis the time in seconds afier the 
motion begins. 
a Find the initial position of the particle. 
b Find an expression for the velocity and the acceleration of the particle 
in terms of f. 
¢ Find the time when the particle first comes to rest and its distance from 
Oat this instant. j= | 
4 Find the time when the acceleration of the particle is zero for the first 
time and its distance from Oat this instant. 
11 A particle, moving in a straight line, passes through a fixed point O. 
Its velocity ums", tseconds after passing through O, is given by 
» = kcos4t, where kis a positive constant. 
a. Find the value of twhen the particle is first instantaneously at rest. 
b Find an expression for the acceleration, a, of the particle seconds after 
passing through O, en 
¢ Given that the acceleration of the particle is 10ms“when ¢ = {, find 
the value of k. 34 
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CHALLENGE Q. 
12 A particle moves in a straight line such that iis displacement, s metres, 
from a fixed point Oat a time fseconds, is given by 


s=21 for 0<1 <4, 
$=842In((-3) for 1>4, 
@ Find the initial velocity of the particle. 


b Find the velocity of the particle when i 


¢ Find the acceleration of the particle when i 
Sketch the displacement-time graph for the motion of the particle 


Kind the distance travelled by the particle in the 8th second 


CHALLENGE Q 

13 A particle moves in a straight line so that the displacement, s metres, 
from a fixed point 0, is given by s = 2c —17¢ + 40t- 2, where (is the 
time in seconds after passing 2 point Xon the line. 


a Find the distance OX. 
b Find the value of when the particle is first at rest 
© Find the values of ¢ for which the velocity is positive. 


d Find the values of ¢for which the velocity is negative. 


16.2 Applications of integration in kinematics 


In the last section you learnt that when a particle moves in a straight line 
where the displacement from a fixed point 0 on the line is s, then: 


“dt 
and golds 
‘ dt de 


Conversely, if particle moves in a straight line where the acceleration of the 


particle is a, then: 
Joa and ss fods 


In this section you will solve problems that involve both differentiation 
and integration 
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‘The following diagram should help you remember when to differentiate and 


when to integrate. 
displacement (3) 


velocity (uv) 


acceleration (a) 


‘A particle moving in a straight line passesa fixed point O with velocity 8ms 

Lsacceleration a ms®, iseconds after passing through Ois given by a =2¢ + 1. 
a Find the velocity when ¢=3. 
b Find the displacement trom Owhen ¢= 3 


Answers 
a smi 
v= fou 
=Jerna 
atatte 
Using v= 8 when £ =0, gives ¢= 


vets 
When t= 3,0 =(3)+ (3) +8 = 20 
‘The particle’s velocity when {= 3is 20ms 


b v=24e48 


= Joa 


= Jer rers) ac 


Using = Owhen t= 
Teen 
sateake ear 
ar 3 
when 1=3, += (5) +L@)' + a(@)= 97. 
Gly 


Its displacement when 1= 3 is 37.5m 
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A particle, moving in a straight line, passes through a fixed point 0, 
Is velocity 


"1, éseconds alter passing through 0, is given by v = Ge + 2 
eration of the particle when = 1 


b  Findan expression for the displac: 


nt of the particle from 0. 
© Find the total distance travelled by the particle in the first 2 seconds of its motion. 


Answers 


When t=1, a= Ie" +9 = 364 
Its acceleration when = 1 is 364ms 


= J (eer +20) de 
HBG te 
Using s =0 when ( =0, gives e=~2 
‘The displacement, s metres, is given by s= 2e™ + ¢? - 
€ Since v >0 forall values of t, there is no change in the direction of motion of 
the particle. 
When ¢=0,5=0 
When t=, s = 2c%" + (2)? -2= 266 +9 
Distance travelled during the first 2 seconds = 2e® + 2~ 809m. 


Alternative method 
Sin 


ce there is no change in direction of motion: 


s=foar 


2 
~ J (be +91) de Note: 

lo This alternative method can only be 
=e +e]? used when there has been no change 


in direction of motion during the 


= (Be" + 4)—(2e” +0) relevant time interval. 
eh +2 


= 309m 
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w 


EXAMPLE 7 


A particle starts from rest and moves in a straight Line so that, tseconds after leaving & 
fixed point 0, its velocity, v ms", is given by v = 4+ 8c0s 2 


a. Find the range of values of the velocity. 

b Find the range of values of the acceleration, 

¢ Find the value of ¢when the particle first comes to instantaneous rest. 
4 Find the distance travelled during the ime interval 0 = ¢-= 5. 


Answers 


a v=4+8cos% and -1< cos <1 
Upin =4+8(-1)=—4 and — thy, = 44+ 8(1) = 12 
Hence, -4< 0 <12, 

b v=4+8c0s2 

ay : x 
a=") =-Msin® and -1< sine <1 
tein =—16(I)=-16 and iggy = -16(-1) = 16 
Hence, -16 <a = 16, 


4, 


© When v =0, 4+ 8cos2 


cos2t 
ais 


‘The particle first comes to restwhen ¢ = ~ 


fr de 


w= fos-rsenan a 
= 4e4 Asin te 
‘Using s =0 when £=0, gives ¢=0 
sett dsin Qe 
Particle changes direction when ¢= 2, 
4(2)+4sin( 52) ~ 7.0520 
3, 3 


(2) ese) ae ea 


‘Total distance travelled = 7.655 + (7.653 - 6.283) =9.02m. 
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Exercise 16.2 
1 A particle, moving in a straight line, passes through a fixed point O. 


Its velocity » ms“, ¢seconds after passing through O, is given by v = 10¢—¢°, 


Find the velocity of the particle when the acceleration is 6m. 
b Find the time taken before the particle returns to 0. 


¢ Find the distance travelled by the particle in the 2nd second. 


Find the distance travelled by the particle before it comes to instantaneous rest. 


€ Find the distance travelled by the particle in the first 12 seconds, 


2 A particle, moving in a straight line, passes through a fixed point 0. 


lis velocity v ms, tseconds after pass 


ig through O, is given by v 
a Find the acceleration of the particle when ¢= 2. 
b Find an expression for the displacement of the particle from 0. 
¢ Find the distance travelled by the particle in the 3rd second. 
3. A particle, moving in a straight line, passes through a fixed point O. 
Its velocity ums“, tseconds after passing through 0, is given by v = 4e% + 2. 


=1 


@ Find the acceleration of the particle when 


b Find an expression for the displacement of the particle from 0. 


€ Find the total distance travelled by the particle in the first 2 seconds of 


its motion, Give your carest me 


wer correct to the 


4 A particle, moving in a straight line, passes through a fixed point O. 


Its velocity ems" 


| tseconds alter passing through 0, is given by 
( 

vat+ 2eon( ) 
3 F 


3 
Find the displacement of the particle from Owhen ¢ = “= and its 


acceleration at this instant. 


5 A particle, moving in a straight line, passes through a fixed point O, 


Ils velocity vms', {seconds after passing through 0, is given by v = 4e2! + 6 
a Show that the velocity is never zero. 
b Find the acceleration when ¢ = In2. 


¢ Find, to the nearest metre, the displacement of the particle from 0 
when ¢=2, 
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6 A particle moves in a straight line, so that, tseconds after leaving a fixed 
point O, its velocity, ums", is given by v = pt? + gt —12, where pand 
gare constants. 

When (=2 the acceleration of the particle is I8ms™. 
When 1 =4 the displacement of the particle from Ois 32m. 
Find the value of pand the value of q. 

7 A particle moving in a straight line passes a fixed point O with velocity 
10mst, 

Its acceleration ams*, tseconds after passing through Qis given 
by a=3-2t. 

a Find the value of twhen the particle is instantaneously at rest. 
b Sketch the velocity-time graph for the motion of the particle. 


n. Give 


¢ Find the total distance travelled in the first 7 seconds of its mot 
your answer correct to 3 sf. 


8 A particle moving in a straight line passes a fixed point O with velocity 18ms!, 


Its acceleration ams”, ¢scconds afier pass 


a Find the values of ¢ when the particle is instantaneously at rest. 
b Find the distance the particle travels in the 4th second. 
¢ Find the total distance travelled in the first 10 seconds of its motion. 

9 A particle starts from rest and moves in a straight line so that, {seconds 
after leaving a fixed point 0, its velocity, vm", is given by v = 3 + 6cos2e. 
a Find the range of values for the acceleration. 
b Find the distance travelled by the particle before it first comes to 


instantaneous rest. Give your answer correct to 3 sf. 


10 A particle starts from rest ata fixed point O and moves in a straight line 
towards a point A, The velocity, v ms", of the particle, tseconds after 
leaving O, is given by v = 8- 8e 


a Find the acceleration of the particle when t= In5. 
find the distance OA. 


b Given that the particle reaches A when ¢ = 
Give your answer correct to 3 sf. 


11 A particle travels in a straight line so that, t seconds after passing through a 


fixed point O. its speed, v ms‘, is given by v = geos(£)- 1 


a Find the value of fwhen the particle first comes to instantaneous rest at 
the point P. 


“b Find the total distance travelled from #= 0 to T= 2n,- 


1g through is given by @ = 31 — 12, 
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CHALLENGE Q 


22 A particle moves in a straight line so that tseconds afier passing through a 
fixed point 0, its acceleration, ams°, is given by @ = pt + q, where pand q 


are constants. 
The particle passes through Owith velocity 3ms” and acceleration 2m“, 
The particle first comes to instantaneous rest when | = 2. 

a Find the value of p and the value of g. 


b Find an expression, in terms of ¢, for the displacement of the particle, 


¢ Find the second value of ¢ far which the particle is at instantaneous rest. 


Find the distance travelled during the 4th second, 


CHALLENGE Q 
13 A particle starts fom a point Oand moves ina straight line so that its 


at 
sem, from Oat time ¢seconds is given by s = 2rsin 2. 


displaceme: 


a Find expressions for the velocity, v, and the acceleration, a, of the 
particle at time ¢ seconds. 
b Show that 18(e ~ s) = (9a + ns). 


displacement (5) 
@ ( Jers 


velocity (v) 


“ acceleration (a) 


A particle is at instantaneous rest when v = 0. 
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Examination questions 


Worked example 


A particle travels in a straight line so that, t s after passing through a fixed point O, its velocity, 
vems |, is given by 7 = 4e% — 241. 


Find the velocity of the particle 


s it passes through O. ita 
b Find the distance travelled by the particle in the third second. [4] 


¢ Find an expression for the acceleration of the particle and hence find the stationary value of 
the velocity. (5) 


Cambridge [GCSE Additional Mathematics 0606 Paper 21 QI (pert) Nov 2012 


Answer 
a When 1=0, v = 4e®*" — 24(0) = 4. 

‘The velocity of the particle as it passes through Ois 4ems™. 
b The third second is from 1=2 tot =3. 


v=0 for 2<1 <3, hence there is no change in direction of motion in this time interval. 


3 
Distance travelled = J ude 
2. 
: | 
= j (de? — 241) de 
1, 


= [2e* - 1207] 
= (2e8 — 108) - (2e* - 48) 


= 20° — det 60 
Distance trayelled in third second = 638m, 


a 
© Acceleration = —(w) 
4 ian a 


= Stet —241) 
= Re" 24 
Acceleration is (Se! — 24) cms, 


Stationary values of v occur when on =0. 
Be ~ 24 = 


When f= 2in3, = —12In3 = 12-12In3 


Stationary value of velocity is 120 — In 3) cm: 
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Exercise 16.3 
Exam Exercise 
1 


24 ts 


The yeloci 


wg in a straight line 


-time graph represents the motion of a particle mo 


a Find the acceleration during the first 5 seconds. i] 


b Find the length of time for which the parti 1 velocity. ri) 


Je is travelling with con: 
¢ Find the total distance travelled by the particle. (3] 


Cambridge IOOSE Additional Mathematics Q606 Paper 21 24 


i fun 2013 


2 A particle moves in a straight line so that, ¢s after passing through a fixed point 0, its velocity, 
‘ Bl ae és aA 
‘ms, isgiven by v= 2¢—11 + —— Find the acceleration of the particle when itis at 
instantaneous rest. 17] 


B Camere 1GCSE Addon Mathematics Roper 21 9 fn 2012 


3 A particle moves in a straight line such that its displacement, xm, from a fixed point Oat time 


ts, is given by x = 3+ sine, where ¢ > 0. 
a Find the velocity of the particle when ¢= fe 
b Find the value of ¢when the particle is first atrest. 2] 
€ Find the distance travelled by the particle before it first comes to rest. [2] 
d Find the acceleration of the particle when ¢ = &. (i 


Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i¢v Nov 2011 
4 A body moves ina straight line so that, /s after passing through a fixed point O, its 
displacement from Ois sm. The velocity » ms“ is such that v = 5cosdt. 
@ Write down the velocity of the body as it passes through 0. ii) 
b Find the value of ¢when the acceleration of the body is first equal to 10ms®, 4) 
4 


Cambridge IGCSE Additional Mathematics 0696 Paper 11 QS. iyi Jun 2011 


¢ Kind the value of s when ¢ 
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5 A particle Pis projected from the origin Oso that it moves in a straight Tine. At time ‘seconds 
after projection, the velocity of the particle, v ms", is given by v= 2c — 14¢+ 12. 
i Find the time at which P first comes to instantancous rest. [2] 
ii Find an expression for the displacement of P from Oat time tseconds, [3] 
iii Find the acceleration of Pwhen ¢ [2] 
Canbridge IGCSE: Auditional Mathomaties 0606 Paper 21 Q6 Jun 2015 


6 a Aparticle Pmoves ina straight line, Starting from rest, Pmoves with constant 
acceleration for 30 scconds after which it moves with constant velocity, kms“, for 
90 seconds, Pthen moves with constant deceleration until it comes to rest; the 
magnitude of the deceleration is twice the magnitude of the initial acceleration. 
i Use the information to complete the velocity-time graph. 12] 


ren that the particle travels 450 metres while it is accelerating, find the value | | 
of kand the acceleration of the particle. i] 
b A body Qmoves in a straight line such that, ¢seconds after passing a fixed point, its 
acceleration, ams-®, is given by a= 3¢7 + 6, When f= 0, the velocity of the body is 5ms-! 
Find the velocity when f= 3, (51 
Cambridge IGOSE Additional Mathematics 0605 Paper 22 Q11 Mar 2015 


7 Aparticle is moving in a straight line such thatits velocity, vms-1, rseconds after passing a fixed 
point Ois v= e%—Ge*~1, 

i Find an expression for the displacement, sm, from Qof the particle after ¢seconds. [3] 

Using the substitution =e, or otherwise, find the time when the particle is atrest. [3] 

ii Find the acceleration at this time. (2 

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10 Now 2015 


8 A particle Pis projected from the origin Oso that it moves in a straight line, At time ¢seconds 
after projection, the velocity of the particle, vs“, is given by v= 92? — 684+ 90. 


i Show that Pfirst comes to instantaneous rest when t= 2. [2] 
fi Find the acceleration of Pwhen ¢=3.5. [2] 
Find an expression for the displacement of Pfrom Oat time tseconds. [3] 
iv Find the distance travelled by P 
__|_a_ im the first 2 seconds, ie} 
b in the first 3seconds. “ry | 


Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q12 Mar 2016 
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Answers 


Chapter 1 
Exercise 1.1 
1 one-one 2 many-one 
3 one-one 4 one-one 
5 one-one 6 one-one 
7 one-one 8 one-many 


Exercise 1,2 
1 1,2,3,4,5,6and7 


2 a-T< fie 


b2<fx) <17 


= fa) =9 


12 x=3orx=4 
Bais bef cg aft 


Exercise 1.4 


C0816  d -23,25 


e-2,13 
g 05,1 
10,26 
4,0), (8,7), (5.9) 
b (0,0), (1,1), @, 2) 
(1, 3), (2.5, 7.5) 


Exercise 1.5 


1 


a v shape, vertex at (1, 0), 
srintercept L 

b v shape, vertex at (1.5, 0), 
jintercept 8 

© v shape, verter at (5, 0), 
yintercept 5 

dv shape, vertex at (-6, 0), 
p-intercept 3 

€ vshape, vertex at (, 0), 
yrintercept 10 


fv shape, vertex at (18, 0), 
pintercept 6 


o 


er mar mar 
v shape, vertex at (0,1) 
v shape, vertex at (0,3) 


s shape, vertex at (0,2) 


aoc 


v shape, vertex at (3, 1), 
yimtercept 4 
€ v shape, vertex at (-3, -2 
sintercept 3 


<x) <1 
u 
© 3 <h(x) <5 


b0<g(x) 


b straight line through ( 
0,5) 


© -3,1 


av shape, vertex at (8,-3), 
yintercept 3 


av shape, vertex at 
yintercept 4 


b straight line through (~2,-4), 
©, 10) 


€ 08,4 
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ga 
, 
0 
f 
8 
ft 
| 
1 
ST 6 ea et 
Exercise 1.6 
2 f(x) = ve4 7-5 
6-26 
2 F(x) = S= 
x 
3 rlay= Steer 


+3 
5 x)=", ¢ 


Ba 
ga (2) 
b no solution 
10 0 1-2, 
wewyso 13 Mgt 
14 Gh 
WSan=2 b geo 
16 a F(x) = 24 g(x) = st 
3 Bas 
bis ocx 
waf'g b gif 
cet? d figt 


Exercise 1.7 
1 


Ta Lisa one-one function 


b f(x) = V5-% 


b The curve is symmetrical 
about the line y= x 
Exercise 1.8 
1 65,-4 
2. a Vshape, vertex at (-0.6, 0), 
yintercept 3 
b ~0.2,-1 
3. a Vshape, vertex at (2.5, 0), 
jntercept 5 
bi4 
4 a -1<f(x) = 299 bxe0 


b f(a) = (e+ 3 #1 
-2 


2x 
6 a02<g(s) <1 


b gay tt 


c.2<x<1 


d 1.25 
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a a3 


bi 


kh iin? 
fii hk or (kh)! 


i 2-V5 <f@<2 


ii P= 


-aF-5 


domain 2-V5 <x <2 


bi 


range ~5 <F-"(x) <0 


Ax-2*-38 fi eee 


gO) =4, 1a) 0 


a6 ba a 


Chapter 2 
Exercise 2.1 


1 


9 and x=-2y=4 


y=-Tand x=4,y 


3 8,y = —4and =4,) 

4 y=Ly=4andx=-2y=-2 
=05 and x =0,y=1 
“Sand 


Qy=8 
land x =9,y=7 


=4and x 


=26andx=1y 


Land x =1, 


“Sand x 


0.8 and x = -1, 


é 1 
W xe -Ly=Band v= 75 


18 x=-1.5,y=-8 and x= 
39 (-0.2, 1-4) and (1,1) 
= Ly xy = 21.25 


and x= 85, 


21 Iemand 230m 
22 G5 or 13.410 3sf 
23 (0.5, 0) 

24 5Y2 or 72.07 10 3st 
25 (2,2) 

26 y=-x-1 
Exercise 2.2 


1a min (2.5, -12.25), axis 
crossing points (-1, 0), (6,0), 
(0, -6) 


b min (0.9, -20.25), axis 
crossing points (4, 0), (5,0), 
(0, -20) 


© min (2, -25), axis crossing 
points (7, 0), (3, 0), (0, -21) 


min (-1.5, -30.25), axis 
crossing points (-7, 0), (4, 0), 
(0,28) 


min (2,—3), axis crossing 
points (~2~¥3, 0), 


(-2+v3,0), (0, ) 


max (1, 16), axis crossing 
points (3, 0), (5,0), (0, 15) 


(x=4)* -16 
(x= 5) 


(x— 25) - 6.25 


(e+ 9.5)" - 0.95 


Q(2- 97-5 
2(x—3)'—17 
3(x-2)*-7 
2(x— 0.75)" + 0,875 
2x41)" -1 
(ath 
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12 


3B 


a 6-(x+1) 

b 12-(x+2)" 

© 16.25 = (x + 2.5) 
4 9.25 - («41.5 
a 125-2(x+1.5)' 
b 3-2(xt1) 

¢ 15-2(%-2)" 


a a{v+t) +479 
b No, since 4.75 >0 
-7 b (2-7) 
a -5.25,0.5 


a B(x— 


b x205 


st 
i) 


a nid-a{x+ 
8 


ct 
bxstie 
8 


a 185-2(x-15) 
b (1.5, 18.5) 


© 9 shaped curve, vertex 
=(L5, 185) 


a 13.25 -(x- 2.5)" 
b (2.5, 13.25), maximum 
c -7 <f(x) = 13.25 


d No, itis not a one-one 
function. 


b (2,5) maximam, 
¢ One-one function, 


£"(x) 


Exercise 2.3 


ga|et—ane 5] 


4 
9 yo fet set] 
2 
1 


yale 2x8] 


Answers 


f 
x 
8 
6 
Al yo Bate 3 
vaF 
a 5-(x+2) 
b 9 shaped curve, vertex 
=(-2,5) 
© 
w 
‘ 
‘ 
‘ 
eran ae ee ees 


a 2(x + 0.25)" — 3.125 
b 


Saaviss 


a (3, 16) 


y= ls Deer] 


Borrees 
c 0<k<16 

a (3.4) b k>4 
a (5,625)  b 6.25 

a 44 b -2,0,2 
©4936 d 64 
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el MO ai 
Levt ni 

i 13 
8 a (-1,0),(2,3), (4,5) 


b (-21),(-1,1.5), (2.3), 
(5, 4.5) 
© (1,2), (24) 


h 


Exercise 2.4 
Loax<-3x>4 
blex<5 
© xS-7,x23 

d0<x<5 
“O.b<x<4 
-1<x3 


e 
f 
g-li<x<5 
h 


x<-42>1 
05<x< 06 
$<e<5 
ler<i 
O5<x<l 


Ser<5 


eance-e@ 


r<-hx es 


5 a teres 
> 0<x<9,6<x<8 
© 0<8<84<x<6 

6 -pcx<e 

Exercise 2.5 


2a two equal roots 


two distinet roots 
€ two distinet roots 
4 no roots 

€ two distinet roots 
£ two equal roots 
£ no roots 


h two distinet roots 


8 b=-10,k=14 


9 b=k=4 
Exercise 2.6 

2 a keh 
2 h=-Tka-8 
3 c=at 

4 ks kd 
5 a k=210 


b (-2, 6), (2,-6) 
ho 


hE 0.75 


-l<mel 


m=-2,m=-6 


Exercise 2.7 


1 3<ke4 

2 -l<x<0 

a2 ast) 2 
4) 3 


47 


b> when x = 


4 ke- 
5 ~O<x<1 
6 2-18 


T a a=20,b=-4, (4, 20) 


b A shaped curve, vertex 
= (4,20), yrintercept = (0, 4) 


k=et9 
h<-6,h>10 
12,6=-4 b ~ 
MM om<Qm>14 


10 a a= 


ia 


bi (+4) 25 
fi 25,4 
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Chapter 3 

Exercise 3.1 

Lag pet coe 
de eet oh 
ax ba i) Lexy" 
j Sxty? k 16x79" | 6x8y* 


208 Bi shat 


Exercise 3.3 
1 a 1V5 b 5V10 
¢ OVIT d 5v3 
2 a 5V5 +43 
b 4N5 +5138 
¢ 125 +5V3 
d 2015 +27V8 


3 a 2+13V7 
b 10+35V7 
© 24 n= 1)V7 


4 a 183 b +35, 


d 27 e BY2 fF 62 
g3v2 h4¥2 i 4N5 
j 3Vi0 k 3v7 1 3VIT 
m2vil_n 595 0 313 
p10V2 q 5Y3 Fr 10V80 
sw tv uae 
v 10V2 w2vi0 x Ava 
y 36 
4 a3 b 313 c SVE 
dW e0 f OE 
gp oh -3¥5 i 67 
j 8v2 k Wve 10 
m20V5 n 813 0 6Y2 
5 a2+8V2 bb 12 
© 445VB  d 9+5N3 
es of 20 
el h -2+4V3 || 
i 12+5N5 oj 7 
k 1s L-4 
m4 n 17 +3V35 
0 23 +16V2 


Answers 


5 x=5-3V2, y=8 +403, 6 a9+4¥5 — b 28-1018 
2=2- 73. © 1+40V3 d 54+2V6 
6 a l+v2 b 3+2V2 7 (0+ 12V2) cm* 
Exercise 3.4 8 a 293 b a=9,b=10 
1 aG biz c V30 © p=45,q=2 
ae es f 55 9 (114712) cm 
15V6 oh 14V35 . 
. 10 V2 
Bae A Se Ma a= 6=9,d=2 
dp ey OF 
g3 hi 2 Mr 
: u i 1 ae » 32 33 
72 k6 i iz Lae —_ 
3 45 
dy ee = fas 
3 aw? bwW3 cw 3 3 
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23 5v2 3V2 
ye ke ae 

& 
Va oe Poe 


e -W+5V5 


‘ 15+ 10V3 
girs Ht} 
EE areas 


3 a7-4V3— ob 


¢ 24S 
5 (2V5-y2)cm 
6 (4-V5)cm 


7 7-218 em 


1+5V2 15+ 14Vv2 
Bane b z 
23-4V7 
9 30 
10 6-4)2 


Exercise 3.6 
6+N15 

aed 
ABE + 2. 


1 
VTE 


2 a 1+v2,3-212 
b 2+ V6.3-V6 


¢ 2445, -3V5 
d 34V7,5-2N7 
e 3-V2,54V2 
100 1 
3am be 
€ nosolution 5 
e195 f2 
gb h ave 
i 20 
4 al ba c3 
d-3 el £5 
g4 fh nosolution 
i 4 — j Oorl j Oorg 
5 a-3orlb9 —c Oor4 
d0 e383 Ff -45 
6 Hae 
7 
Exercise3.7 
1 ors 
2 
3-45 
4 18, 12 
5 6-318 
6 1541 
7 ai 45-19Vi0+8 
=53-12V10 
fi -3V5 + 2N2 
b-l+V6 
8 7435 


10 p=-27,7=28 


Chapter 4 
Exercise 4.1 


1 


Bet 4945 4 ae! 


a 
b ost 4a + 7a 2 


© Bx! — xt — 
Gx! + 3x5 + 4x" + Sx — 25" 
4-1 
2 a Bx! — 4x3 4 9x" + Ax —9 
b 8x! + 8x° + 4x! — 8-9 
© 3x! + Sx! —Be" +76" 48x — 20 
od Bx$ 4 1964 +1345 + Bt —4 
© x! 10x" + 295" 20x44 
€ 270" 27x" + 9x-1 
3 a Bx +x-7 
b 2x" + 17x" + Zlx-4 
© Bx" + Sx! — 8x’ — 2° 19x 
A axetitx-4 
b dx‘ —4x° ~ 15s" +8 +16 
© Bx! — 8x° — 322" +174 + 32 
d 4x! — 4x5 — by? + ax -2 
Exercise 4.2 
1 a x'+ 2x48 
bxtte-1 
© xP Le + 25 
d xe Qe41 
ext 44x58 
fx 
2 a Sx’ +2e-1 
b 2x" +3r-2 
© 3x*— 5-10 
d 3x44 
3 a Bx*-4 
b Qe — x5 
cx-4 
dx43 
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4oadt-Pte-1 
b xi +o ed 


Exercise 4.3 

2 a2 

b 546 

ci 

b=-2-2a 

4 a a=0,b=-19 
b a=2,b=38 
© a=-1,5= 

5-66, 18 

6 a=185,0=55 

t 

8 


a pahg=9 
bos 


Exercise 4.4 
1b (2x-1)(e+1)(2—1) 
2 a (x-2)(x +4045) 
b (e+ 4)(x+2)(¥-2) 
¢ x(2x+3)(x—6) 
d (x—7)(x+1)(x-2) 
e (2e41)(x-8)(x-4) 
£ (x—2)(x+3)(3x-1) 
g (2x-1)(2x+1)(x-2) 
h (2x ~1)(e—3)(x +5) 
30a-5,1,7 b 1,3,3 
c -4,-2,4 d 4115 


205,38 f —-4,-2,1 


g -2,-15,0.5 bh 4, 25,3 


4a 1-347 
b 8-32 a7 
© 3-245 
A 1514 
05, -2 4 JIB. 
5.54, -3, 0.54 


T We 

8 a x —dx*-7x+10 
b x° +x" - 18x —40 
cS 4x 6x 

9 a Qe —1Is' + 10e48 
b 2x9 - 7x" + Te 2 
© 2x" - 9x? — Br +15 

10 x° +x" -7x-3. 

11 2x° - 9x" +6x-1 


12 b 9, L2¥8 
8 

Exercise 4.5 

2 as ba 
67 de 

zas bos7 
eu 

3 a=4,6=0 

4 a=-6,b 

5 


~ 
1 


wad b-5 


15 a=2,b=-5,0=7 
16 b -3,6 


Exercise 4.6 

1b (x-2)(x-4)(3x +4) 

2 g=-2,b=25 

3b b'-4ac=—I1 

4 a7 b7 

5 (x41)(e-7)(2x 41) 
a=7,b=-6 


i a=6b=2 
ii @x— (Gx? + 5x—2) 
Wi @x-DGx—-D&+2 


Chapter 5 
Exercise 5.1 


2 
3 
4a x8, 
© f@)=-1 
10 
5 s=-Qeay 
6 x=0,j=5o0rx=2,7 
1 xadyo-% 


Exercise 5.2 
1 dsx<8 
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Exercise 5.3 
1 A(-1, 0), B(2, 0), €(3, 0), 
D(0, 6) 


2 af shaped curve, axis 
intercepts (-3, 0), (2, 0), 
(4,0), (0, 24) 


BAAN shapesd wares ail 
intercepts (-2,0), (-1, 0), 
(3,0), (0,6) 

¢ OY shaped curve, axis 

f -l<x<6 intercepis 

.0,(-4.0).,0.0,-9 


4 \A\ahaped curve, axi 
intercepts 

3 

(2, 0), a4o),( 


0).00,-6) 


3 (2.0), 80, 14) 


4 a #4 shaped curve, 
axisintercepts (-2,0) and 
(0,0) where (0, 0) is.a 


mini point 


b \\ shaped curve, axis 
@ -lex<3f -3<x<1 meetin 
? (E.o)ant 0.0) when 


2 2 (0, 0) is a mi 


imum point 


Pe ee ¢ O\ A stuaped curve; axie 
2 intercepts (-1, 0), (2, 0) 

d-G<x<0 (0,-2) where (-1, 0) isa 

maximum point 


o 


4 shaped curve, axis 


imercepts (2, 0), 

10 
@. GJ, (0, 40) where (2,0) 
isa minimum point 


\ oo | 


a \\shaped curve, axis 
intercepts (8,0), (0,0), 
3.0) 

b © shaped curve, axis 
intercepts (-3, 0), (-2, 0), 
(1,9), (0,6) 


¢ &V shaped curve, axis 


intercepts (~ 
(3,0), 0, 12) 


4 MY shaped curve, axis 
5 
50), 


intercepts (-3,0), 
(4, 0), (0,60) 
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blue curve axis intercepts: 
(2.0), c1.0)(Z.0). (0.2) 


red curve axis intercepis:, 


(1,0), (4,0), (0,4) 
b (-3,-14), (-1,0), (1,6) 


9 a=1,b=2% and k=-2 


10 a=-l, bel, c=2,4=3 

Exercise 5.4 

1 ax<-lor0<x<2 
bx221 


¢ 2<-I4 orl=x<14 


2az<2 

br=2 

¢ -19<x<03 or x15 
3B ax2e2Q5 

b -1<x<lorx>2 


¢ £<-08 or 0.6 <2 =2.2 


Exercise 5.5 
1 a 42,41 bap 
¢ +4, 42 d 42 


2 a £0.356,42.81 b 42.52 
¢ 41.16 d -Li1, 142 
2 126,-0.693 f +140 


304,25 b 6 
69 4% 
a2.8 ¢ 28 

16" 4 9 
1 1 
a h 2s 
aE 9 
i dye 
a 

a Ms 

5 a5fr=x+4 b (1,0. (164) 

6 aig 02 
e-L2 -2.3 
el 

1-2 

812 


9 ~4,-3,0,1 


Exercise 5.6 
8 


a) 


or 


2 x<-Sore>4 


3 texce 


ans 
9 ‘WX shaped curve, axis 


intercepts (0, 0), G 0). (4,0) 


10 #4 shaped curve, axis 
1,0). (5.0) 


intercepts (1, o( 
(0.5) 


11 x <-O8 oF 055 <x < 2.25 


12 a $A shaped curve, axis 
intercepts (-2, 0), (1, 0) 
(4, 0), (0, 8) 


13 a x(x-DW+3) 


b #Y shaped curve, axis 
crossing points(-3, 0), (0, 0). 
2,0) 


ba 
1S a We+4)(2x—1@e—-3) 


b #\A shaped curve, axis 
1 


intercepts(-4, 0}, G 
(3,0), (18) 


b (0, 0), (2 16), (8, -128) 


Chapter 6 
Exercise 6.1 
2a Ig 1000= 8 

b Ig 190 
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3 9 ise 6. 
exe acd one 6 aie ob Exercise 6.4 ; 
aie GA 8 2 ad  b75 ¢ 35 
d x=1g2 
. tee em f3 gi aes 
ee fia. 1 41 2al2 bB8 10 
f x= 1g 0.06 Gs ee ae d3 e07 £75 
2 ass b 248 ete We 3228 bS c6 
©2286 d Lig y * ea 13 
die #138 
25 has fos , 
e-170 f -2.30 ® ue a8 
1 BS 
3 a 10° = 10000 J-05 k> 1-05 
a 1 3 4a ba c¢ 
10 =1 € — 
100 s a2 b ; 15 ava 
dx=10% — @ x=10"7 d2 e-6 £35 5 5,25 b a 13195 
f x=10 a 
z2 we d ieGe ah als 
4 a 126000 b 1450 3 6 aap es aa 
< M5 d 0.501 Biase) «poe 6 
© 0.0316 F 0.00145 Exercise 6.3 
Fit ae 1 b log, 6 7 
ee aol © log, Gt dog, 2 
3 , 
B aie rot) e log, 20 f bog,() 2 a= 625, 
i i 
Exercise 6.2 log 12h gt 
oe 820 7 
1 a log, 6-3 
: i log, 64 i 
b log, 39-5 Exercise 6.5 
biog Wad Bae bees set 1 a6. © 0.861 
js 1 els 1-2 
d log, 3 ae d f 106 
logs £690 hsi9 115 


j 134 k oon 


a 2 b10 cc 432 
3 a04lb b 242 © 246 


4163 e 103 
4 -0.751, 1.38 
2 b 5 a 0,146 

4 b140 c 252 d 0.683 
b 6 0.683, 1.21 
d T ass 
‘i b 0.257, 0.829 
a ¢ 0.631, 1.26 


d 0.792, 0.161 
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8 2292 b 116 Exercise 6.7 6a i 
€ 0.681, 126 12739 b 448 ¢ 122 81 
b SL. A, represents the area 
4 0.481, 143 400498 80 
of the patch at the start of 
9 206  b -0.189 2 2139 b O72 the measurements 
wa12 b 281 4 -0.042 wes 
F 3 a5 bS 6 
ee Sail Exercise 6.10 
n Jog ie8 i 1 a asymptote: y= —4, 
Wg 102 4 a7 b25 cé y-imercept: (0, -2) 
prerise 6.6 4005 intercept: (In2, 0) 
1 a 3.32 5 a425 b 167 © LIT b asymptote: y = 6, 
esta aaee yintereept: (0, 9) 
¢ asymptote: 9 =2, 
gai 6a a b In3 yintercept: (0,7) 
u 1 
1 c (5+ in3) d gilt 3in2) d asymptote: y = 6, 
wd . itercept: (0, 8 
Qu 7 a1 b 0.135 ¢ 1100 spencer OEE) 
1 7 e asymptote: y=-I, 
pal bits d 125 ‘pinvercept: (0,2) 
cise ices 8 aad9 b-215 ¢ 0.268 ‘sintercept: (In3, 0) 
4 1 
9 a3stet b S(1+1n7) f asymptote: y= 4, |= | 
¢ 1 bias 2 y-intercept: (0,2) 
me © 22 d Ling xintercept: (—In, 0) 
6223 bs - ote: 
e 21ng Ind f In, InB Ltn ce 
" y-intercept: (0, 5) 
Pai ee 10a 179 b 0.1.39 h arymptote:y=8, 
b 256 ¢ -3.69, 438 yrintercept: (0, 10) 
eas ND dia i 1 asympote 
ere intercept: (0, 
© 159) d 187 b x= in0.6, y= In0.12 pani 0 
—- moat) 
oar) b39 es 
ee ay 2 2 asymptote: 
H An intercept 
10a we bs 14 +2, gins yintercept: (0,In4) 
< b asymptote: x= 2, 
ct d 16,64 Enercise 6.8 is 1 
: 3 
egret £8 2 243000 b 2091  asympote: x=4, 
1 1 3 20012 b 724 a ane 
Ala clogx b <log,y yvintercept: (0.1n8) 
2 3 4 a 500 b 82.6 a 
asymptote: x=—I, 
231 sintercept: (-0.5, 0) 
12 ¥=6.75,7- 135 insole 
ey 5 2 §250000 > O12 7 
© 6.18 


‘Scanned with CamScanner 


Cambridge IGCSE and 0 Level Additional Mathematics 


© asymptote: x= 2, Exercise 6.12 © 45, 3, 
intercept: (2.5, 0) . righ 
f asymptote: x= 4 5and-5 
intercept: (12,0) 2 Tand 3 
4 6.4) b (65,7) 
Exercise 6.11 3 Sat) (en7 
2 a f(x)=In(x—4), wo 4 CLES) od CORSE) 
\ F @ (-45,-2.5) 
bENx)=Inlx+2),x>-2 4 
F (a,b) 
“1 . 
=in(221) 25-1 5 a2 b 46 
6 34 | 
are)- 1 ar 8 a (0,45) b (1,1) 
1000 91 
ePes= 8 -0.569 10 A(-5, 2), #(9, 4), C(-3, 6) 


9 270 b 397 ¢ 170 
Exercise 7.2 


102 dogg 
. La2 b-3 co 


b y= 1950 
dak el ck 
i -2 —n 3 3 # 
liy=5 iv x=10 2a b2  ¢ -5 
d a2 
zat oo 
=} + 
4 
6 : 
b not collinear 
3 >1 
a f(x) : 36 76 
b f(x) ==In(x-1 
2 ( D 4 8 1,2 
crol dx 
a. 9 (11,0) 
4 ai bx ii x+in5 Chapter 7 
b V5 Exercise 7.1 Exercise 7.3 
5 aix® ii 3x 1 a3 ba 10 1 a y=3x-13 
dis #5 f 25 
en es. g v4 oh VIS i 12/9 
b r=ino 2 a 25, 35, VOB; = 
rightangled b Be+2y=-9 
b 2Vi3 ,10, 4/10: not C xtQy=1 


right-angled 
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Answers 


6 a (0-7) e 
b 60 units? 

T a (75,9) 
b 38.25 units? 

Ba (2,2), (4-2), (0, 6) 


b 40 units” 


~by+Ina, Y=", 
—b,c= Ina 


9 a (5.5, 1) 
h Iny = by +Ina, ¥ = Iny, 
one X=um=8,c=Ina 


¢ 116 units? 


Exercise 7.6 


© 1.6875 units? 
Ta G2 
b 3y=2x45 
8 26,6) bk=8 
2x 413 
b 6,1) 
c 65, v5 
45 units? 
Jai 2x+3y=14, 
ii y-ie 
<3 
b 4,2) 


ele 


Exercise 7.4 


20a 27.5 univ! 


oe 


22 units? 


o 


a 54.6 unis? 2 
b 76 units® 

ak=-9 

b 50 units? 
4 a (1, 1.5), (2,-4.5) = 
22,5 .units* 


Iga 
igh + Iga, ¥ = Ig. 
=Igh,c= Iga 
5 a (4,5), (0.-3) b 


b 20 units? 
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8 a y=100x* 2 b allow-14 to-1.6 3 20.559 b 0.960 ¢ 147 
b 0.54 ¢ allow 13 to 16 d215 e 431 

9 a Iny=S3inx-1 3 a Qi b y=-%+6 4a 745° b 149.9° © 50° 
| 8 ao ¢ (3,0), (-1,8) d 104.9° @ 332° 


e 
10 a 127 4 A=e,b=e 


bane! 


Exercise 7.7 - — > 3 
Salhi [28s sai] 8 janis 


wel 620| 7, a7 | 


ove 


40] 4.13 | 5.07 


7 125 
8 268 
b A= 898, =-0.5 
avila Degres 240 | 270 
8 i Qx+3y=14 ey 
Radiane | 5) x | 7x | 4x) 3 


S610) 


oy 
= 0.22 
1+ 8x ¢ | Degrees 
3b y= 08+ y Radians: 
equate = os 121i (0,35) ia = 
iii = in 6 20.964 b 1.03 c¢ 0932 
& (bi n180, 40.08 iii e+ y=11 iv 0,1) 
dl e 05 se | 
¢ 291 
Chapter 8 A dee 
5b k=3,k=0.7 Exercise 8.1 
re Exercise 8.2 
6 ba=5,h=16 Paes, BE oS re 
is 9 9 Bn ee a 
7 ba=18,n=05 eg _ pas beanie 
8 ba=0%b=3 456 ‘s pf c Bae ad tinem 
9 ba=-15,b=18 ¢ 861 3x bu i 
: 8 Ree es 2 b gem 
10 b a=36,0=-0.1 if é 
3 b L5rad 


¢ gradient = 3.6, intercept = 0.1 j 4x 
4 al24em b 32cm 


ms ¢ 3lcem 
¢ gradient =-0.8, 20 
intercept =3 2 290° 5 aldcm  185md 
20° ¢ 38.5cm 
Exercise 7.8 420 f 
26° 6 a 23cm 3 
Layet bee g 126 a23em —b 18,3cm 
e125 j 162° ¢ 41.3cm 
mais 
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Answers 


7 al86cm = b Qilem 4 a543  ¢ 187 Exercise 9.2 
© 347em 5 i allsides are equal tothe radii 2 y boy 
of the circles, which are also ar 
Exercise 8.3, eid a 
¢ 135g = = 
Evgorcin’ B)"5- Ue ii i 582 or 58s iw 
¢ Sinem? d nem? iv 148 « F doy 
220° 
2 a l04cm* b 4332cm* 61193 791 57.5 ~ " 
3 aLilrad b 122rad Tid ii 116 
4 2 08rad  b 40cm* iv 1.08 = Area = 1.11 t 
e 
5 1(75-r) rete z Hy 
apter’ e « 
6 a W2cm . i i 
Exercise 9.1 = * x 
ars wi, vis 
81 Peary, ag eg h 
arom! r 2 7 
«Gre m 
T a 124trad b 89.3cm* v ¢ g ke 
¢ 12lem* -* 
2 
Bo a lrad : b 49.8cm' ie i ; j " 
© 178cm" F 3 le 
9 a 24.3cm" b 37.70" Bg et a « % re 
© 134em? a 5 7 i“ 
232 - 233 
10 b agi e i 2 a second b fourth € third 
aaa Srad —b 18cm? d third @ third f first 
18 
i Ba b 4s : h 
12.2 439em b 240em UD g fourth h third i first 
© 156em d 15.0em? “ 8 ay i first 
13 344c1 Exercise 9.3 
= 1965 ty rm 
14a b 57.1em? * 1 a =sin40° b cos35' 
€ 80.8em? d 27cm? @ ¢ -tan 40° d cos 25° 
4a bs c= 
15 14.6cm? é e tnGo" Ff sine 
i. 8 5 
Exercise 8.4 a= ST 8 zt 
z # h cos™ 
1 a 04x° — -b 19.80r19.9 rT 6 
5a bs x 
¢ 24.95 to 25 2 fi ny 
2 a 741 b 42or42s c q Btlovs , 
3 b 54.6 or 54.5 or 54.55 
05.25. oF 15.3.0 115. 2-21 5-6 b 
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2 5 
4a b 
13 
s . 218 
13 
ea 6b 
Gs 
eo ae 
3 
12 
5 
E 5 
ook aad 
5 3 


Exercise 9.4 


2 ai amplitude =7, 
period = 360°, (0, 7), 


(180, =7), (360, 7) 


amplitude = 2, period 
180°, (45, 2), (135, -2), 

(225, 2), (815, — 

iii amplitude = 2, period 

= 120°, (0, 2), (60, -2), 
(120, 2), (180, -2), 
(240, 2), (300, -2), 
(360, 2) 


iv ampliew 


=3, period 
0", (180, 8) 

Vv amplitude = 4, period 
60", (0, 5), (180, ~8), 
(360, 5) 


vi amplitude = 5, period 
= 180°, (45, 8), (135, -7), 
(225, 3), (315, -7) 


= 2x, ( a} 


ji amplitude = 1, period 


Mo) 


nal Mathematics 


iii amplitude = 2, period 


iv amplinide 
(0,3), (2n,-3 


vi amplitude = 4, period = 7, 
0.9% 


= 5) (x3), 


2n, 9) 


b=4c=l 
b 


Bead 


a=30=%0=3 


ji period = 360°, x= 180° 


period = 60°, x= 30", 


13 b2 
bs 
Exercise 9.5 
La f(s)=0 

b 0< f(x) <1 


c 0<f(x) <3 
d 0<f(x)<1 


e 0<f(x) <2 


ii period = 5, 
pe 3 
x=tixanie 

ig a 
Ppa: 


f 


O= f(x) <2 


g I<flx)<3 


h 


O< f(x) <6 


O=K(x)<7 
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2 
4 
‘ 
e 
9 


10 a=1,0=4,¢ 


4 32 
cs 5 be 
bs Tb2 
ba 
1<k<5 


Exercise 9.6 
1 a 175°, 162.57 


b 


xan e an 


b- 


© 


414°, 318.67 
63.49, 248.4 
216.9%, 323.1° 
125.5°, 905.5° 
293.1°, 306.9° 
48.6°, ISL. 
130°, 240° 


3 
0.197, 


no solutions 
1.89, 5.03, 
3.99, 544 


2.15, 413 
0.258, 2.89 
3.85, 587 
26.6%, 63.4" 
63.4", 116.6" 
317°, 121.7" 
108.4%, 161.6° 
184°, 161.6" 
98.9°,171.7° 
80.8°, 170.8° 
20.9°, 69.1° 
150°, 270° 
9.72 129.3% 
225°, 515° 


c 
d 


14.08, 194.0° 

126.9%, 308.9° 

31.0°, 211.0° 

25.79, 115.78, 205.7°, 295.7" 


6 0.648, 2.99 


sae acge 


© 
cere 


sa mean 


(0°, 30°, 180°, 210°, 360° 
0°, 38.79, 180, 218.79, 360° 
70.5°, 90°, 270°, 289.5° 

0, 135°, 180°, 315°, 360" 
1L.5*, 90°, 168.5", 270" 

0°, 45%, 180°, 225°, 360° 
80°, 150°, 210°, 330° 

81.0°, 149.0°, 211.0%, 329.07 
45°, 108.4°, 295°, 288.4° 
30°, 150°, 270° 

OP, 109.5°, 250.5%, 360° 

60°, 180°, 300° 

0°, 180°, 199.5°, 340.5%, 360° 
19.5°, 160.5°, 210°, 330° 
19.5°, 160.5%, 270° 

30°, 150°, 270° 

19.5°, 160.5° 


10 0.818 


29.8 

73.3%, 258,3° 
75.5%, 284.5% 
210°, 330° 
58.1°, 306.9° 


2.55, 5.70 
25.7, 154.3° 
5.8%, 84.2° 
67.5", 157.5° 
112.8%, 157.2° 


e 
ceo 


aon 


a 100.5°, 819.5° 
b 73.3°, 151.7° 
2.56, 5.70 
© 1.28, 2.00 


5 a G0", 120°, 240°, 300° 


b 86.8", 128.7", 263.3°, 303.7" 


106.3°, 253.7" 


46.4", 


© 716°, 15% 
d 19.5%, 160.5° 
e 48.2, S118 


fF 18.4°, 30°, 150°, 198.4° 


g 60°, 300° 


414°, 180°, 318.6% 


4°, 251.6°, 333.4% 


hh 23.6°, 30°, 150°, 156.4° 


Exercise 9.9 

5 26 

6 a -247sin?x 
b -2<f(x)=5 

T a 7-(cosd-2)* 
b 6,-2 


Exercise 9.10 

1 bid 
ii 60" 

2 a 10°50" 


n 5m 


pi, 
6’ 6 


3 b 547°, 125.3%, 234.75, 305.3° 


Sa 1641" S44) 


b 0.898, 1.67, 4.04, 4.81 
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63 
8b 0.902, 2,94 
9 a @=3,b=Bc=7 
bi 120° 
ii 5 
10 a 30°, 150°, 210°, 330°. 


b 60°, 180°, 23.5%, 96.59, 143.5° 


2x 
3s 

12 i 643°, 154.5° 

Chapter 10 

Exercise 10.1 

1 2500 biz 840 
4336 d6 00 
#20 4200 

2e% ba 2 

3 


Exercise 10.2 


2 a2 b 5049 
2 a 120 b 40320 
3628800 
3 aut 
bi6 a6 


4 25040 b 576 


5 al20 b 7 
dag 


alg 


a720 b 120 © 48 
a 600 b sI2 


ry 


288 


ional Mathematics 


Exercise 10.3 


1 a 6720 b 360 
¢ 6652800 d 5040 


360 
15120 
336 
480 
18 

a 1680 
d 330 
8 a 60 
9 720 


Nouoswn 


b 840 630 


b 300 


Exercise 10.4 
1 as b% cl 
d7 el £35 
8! 
315” BIBT 
3 a 120 


4 10 


bac Bid 
5 56 

6 700 

7 2210 b 84 

8 a 30040015 b 142506 
9 67200 
10 a 16 


11 a 1387 
12 1709 
13 a 462 
wa is 
15 a 252 
16 2000 


b 350 
b 45 
b 126 


2 i 3628800 ii 17280 
bi 150 ii 110 


3 ai 15120 if 210 
bi 15504 ii 3695 
iit 56 
4270 bw © 480 
d 168 
5 ai 40320 2880 
b 350 
6 a8 bb 40 c 80 
Tai & 
ii 15120 
b 240 
8 a permutation because the 
order matters 
biss 1420 iit 70 
9 ai 28 iF 20160 iii 720 
b 203 
10 ai 6480 144 itt 1680 
bi 2100 i490 
Chapter 11 


Exercise 11.1 


1 


1,6, 15, 20, 15, 6,1 


1+ 8x 48x" + 2° 


a 
b 14x +6x"— 4x +3 
© ph 4p'g + Gp'g! +4 pq" + 9 
d 8412e+ 6x" +x" 
ex) + 5xty + 1e%s? + 10x73" 

+ Bayt ty? 


fy’ +12)" + 48y +64 


g a ~3a%h + 3ab® — 6° 

fh 16x" + 82x'y + Qaxty* + Bey” 
ty! 

i x? —6x*y + 12x" - 8° 

j Bix" - 482x" + 8642" — 768x 
+ 256 

k x +6x4 
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4 A=2048, B= 1280, C= 40 

5 1+ 14x + 74x” + 216x" + 297%" 
+1628" 

6 a=8 

Ta 81+ 108 +54" + 12x" +x 
b 376 +168V5 


Ba 145% 410x' +1085 + Sx! + 0° 


bi 76+44V9 
Wi 76 -44V5 
© 152 


9 a 16— Se" + 24x" — Bx® +3" 
b 64 

10 99 

n a 

AZ a 32+ 80y+80y" 


b 400 


B 
Ma a= 24,0 = 128 
b s0v2 


isa y'—3y 

by? By? +5y 
Exercise 11,2 
1 0 3c, °C, 5c, Sc, 

b 4G) 4G, 4G, 4Cy 40, 


© PCy FG, *Cy Cy 


is Cy 
2a L+4x+ 6x" + 4x" +x" 
b 1-5x+10s" 10x" + 5x! — x" 


1+ 8x4 24x? +320 + 16x" 


cf 


> 


oc 


274+ 27x + Ox +x? 
af 4 deby + Gx!y + day’ + y! 
32 — 80x + 805" — 405" + 10x" 


a’ — Bab + 24 
+160" 
16x! + 96x"y + 216x"y* 
+ 21Gxy" + Bly" 


= 82ab" 


—Six+81 


~ 100000 


x 15x? + 90 — 220, 8 
* 


> 


2 15 
Pe dst +a + 
saat +t 


a 
16x" "64x" 
4px? b 175000x" 


160x° d 720%" 
20x? 
94500008" 


53765" 


9542041000005" 

1+ 10x + 45x" 

1+ 16x +1128" 

1- 2x + 189%" 

729 + 2916x + 4860x" 
19683 — 59049x + 78732" 
256 + B12x + 448s" 


1958125 — 3515 625x" 
+2812500x" 


1048576" ~ 13107 2002" 
+78728000x'y" 

1+ 12x + 60." + 160" 

M0 


BeBe 
4 


a 1— 30x + 405x" - 3240x" 
b 4960 

a 14 14x + 84% 
ba7 


1+ 7x +2lx" + 35x" 


Exercise 11.3 
1 at4d,a+ 18d 


2 2765 b -1310 
©9075 d 240% A 
3 a 35, 8185 
b 15,1365 
ao 
5 25,25 b 1287 
6 ~1875 
7 2085 
a 40 
9 12.450 
10 45 
1 $236 
wa ll,-3 b 37 
13.68 
14 -5,-6 


5 Lint 
a 


16 8 
Wa a= bd 


8 
. 
2 
g 
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Exercise 11.4 


1 a not geometric 


7 
4 not geometric 
€ not geometric rn 
= 
wa. 
10 
5 
b ase 
rg 
lla 60 
b 375. 
12 162 


19 
1 

1020 3 
a 1020 b 1093, 


common ratio > 1 


© 8980 d —4166.656 


17 a in 
mu 
lin 
a3 a oft) aes 
b 67.232m Exercise 11.6 
14 40,-20 1 a 108 b 166.25 
15 50 minutes 19 seconds 2 a135 b 31 
aon 
ag 200"! =10~ 9n) 3 ais 
27 
b 364.5, 78 
Exercise 11.5 4 125,685 
1 a45 b 
Saf b 84975, 102 
c 10 d -97.2 
© 800 
2 50 5 
1 6 2075 b—,n=10 
3 1,250 4 
5 Tw 
eat Ba 
ea 9 = —5 or 8, Srd term = 33 or 88. 
Od= te 
100 * 10000 * 100000 


Exercise 11.7 
La 64+ 192x + 240x* + 160%" 
b G4 


2 a x +12" +60 b 72 
3 an=6 b-5 
4 3-275 b 38.5 
5 a 64-960x + 6000s" b -640 
6 i 729+ 2916x + 4860s? 


6804 


7 i G4410%2 + 240! + 16096 
it 1072 
8 ai at +4a%+ Gus? 
hab +8 
v3 


Chapter 12 
Exercise 12.1 
la 
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a 6x —5 
b 40st - 6x 


ea awe 


Bb=3 


Exercise 12.3 

Lo awtre 
b 1x0 
¢ (x +2) (4x +2) 
dx(x-1)'(5x- 2) 


Wx" + 10x ke -2x* + 10x7 


1 142% m 18e+6 
n -Gx'+6x° 0 12645 
3 a6 ba c-2 
2 
dv e-02 f r 
4 (25) “a3 
5 0.25 
t ae 
7 -1,n 
8 a=3,b=-4 
9 


a= 


1 a(t +245) 
wo (1.28}(43) alee 
11 a (-3,2),(0, 5).(9, 14) 

b 13,-8,37 
Ada 12x" +6x—6 
b x<-Land x 305 


j (4x + 9)(x-3F 

ke 2(x—1)(e + 2)(2e +1) 

L 14 (x—1)(e- 3) (2e 41)? 
29 3 85 
4 49,0 5 20,15 


13 a 3x +2x-16 € 2 
b -Scx<g ‘ 
Exercise 12.4 
a 
“4 Z= sl — 9 +(e+5)']>0 i " 
Exercise 12.2 — 
1a 9x42) 
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15 


® Gy 
2-4 
3 00,00 


Exercise 12.5 


1 a y=4%-6 


¢ y= 108-10 
i yextyen 


(3) 


9 
10 2 (7,4) 

b 12units® 
11 b y=-04x-06 
22 216 u 
43 22,5 units? 
Exercise 12.6 
1 0: 2 0.68 
3 -08p 4 % 
5 2p 6 


7 
8 

© -254p, decrease 
Exercise 12.7 
21 0.15 units per second 
2 0195 units per second 
3. -4units per second 
4 -—0.25 units per second 
5 0.5 units per second 

1 
6 units per second 
7 ~0.08 units per second 
8 0vZ5cms" 

1 
9 cms? 
10 324cn's! 
11 ams 

480 
12: 12m em's 


13a cms! b 
walems' b 
Exercise 12.8 
1 ald b 12e+6 
18 
Bisre 
eo, iF 
(ae) 
2 a 12(x-4)(x—9) 
8x -6 


Exercise 12.9 


2 
4 (22,442) mosimum, 
(2, -36) minimum 
e (-3,-18) n 


maximum, 
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Answers 


{ (@.#) maximum, (4,-18) 3 a y= 13 a r= 20h-W? 
sa F 
sninimum ¢ A= 432, 12em byGembySem eg 13 
20a 4,4) minimum ry as 
b (4,3) minimum An maximum, 
© (4,3) minimum . ierdiea att 
1 
- 1 1 
4 ) minim, 4 (212) 
2 kat 
© 30-4, -2 
Ba 
 (-2,-4) maximum, a E 
(0, 0) minimum @ 225, maximum bac 
f (-4,-13) maximum, € * S85 dient) axe 
2-1) minimum 2 ¢ (1,3), minimam 
3 ; mumerator of ¢ 6—4r—nr, -4-m 4b 56.25cm* 
@y 6 
ay a s 
Siig meverzero 4tn 
4 0-3 © pp mximum 
7 a RC=4-p° : 
b minimum < BS 7 + | 
3 
© (1,7), maximum ei b (2,10) 
@ arecsesad 4 3, maximam ae 
b minimum a a ne 10 b x-10 
Tf Shia B eae 42 fi A= 246, minimum 
b maximum c is : 
r 
8 a a=-26,b=4 a5 chapter 
Exercise 13.1 
b (-2,48) e aes : 
1 a i-9j b 31-25 c 4i-j 
¢ (-2,48) = maximum, 9a 7 7 
(3,-77) = minimum dae i+3) fF -Bi+5 
d 05,-145),-37.5 g-2i h -81-2ji -1-j 
one ee) cs 
Exercise 12.1 10 
re 2 ‘ dm e% Fit 
a y=8-x 
s iS g iv2 hb SVB 
bi P=8x- : 
aaa r= (8-H 3 16i+19j 
ii 16 - 
53 4 361-155 
ci S=x*+(8-x) a : i 
is 4 vaxinun sa Lau) 
A150 = 50 aire = 
cd = Ia SH 2 h(a i2y) 
© 512n 18 


‘Scanned with CamScanner 


Cambridge IGCSE and O Level Additional Mathematics 


6 adi b 14i-9j 

c aid 143) 
7 als b Va6r 
8 oyH 
9 w=3a 


Exercise 13.2 

1a-i-3j bi 10) 
© 3i+j @ 191+ 3) 
e 547i f 61-5 


4 5 
2 5 
a(n) * (i) 
ef 
() 
3 a -151+20j b 241 +10j 
© Sit] d J226 


a a rivi9g  b L4~59) 


© 514 3] 
5 a li+24j b 26 
L 


© jh (orh1a)) @ 3+ 8) 


a) »(% 


20 


9 a 1i+9)  b Ti+j 
10a Gi-8j = b 75i+ 4] 


13 


“4 


a22or-8 bo 
cl 


1 


a (1-A)a+ab 


3 3 


b Pua (1-1u)b 


fi 5a +10b 


b AC = "Gi, so ABand AC 


are parallel and A lies on 


both lines 
9 ai 4a 
ii 2b 
2a + 3b 
bi 6a—-3b 
Qa-b 
da ~ 9b 


b GE=3CD,s0 Chand CD ave 
parallel and Clies on hoth 
lines 


di:2 


Exercise 13.4 


1 a (35 


+9j) ms? 
b (301 36j)m 


2 
3 1251 kn 
4 a (181+ 18)) kit 
b (101 + 10¥3j) km h* 
© (-80V3i—50j)ms" 
a 20ms! 

bi (68+ 44j)m 


o 


ii (—56i + 28j)m 
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Answers 


iii (141 +199) m. 


_{-80 12 
(aL) 
6 3 10kmh™ 

b (281+ 14j) km. 


7 a (12i-12j)kmht 
bi (29i-12j)km 
ii (14i+3j)km 


«(C8 
12, 712 
a (101+6))km 
b (5i+12j)kmht 
¢ 13kmh™ 
d 52 
9 a (15i+20j)km 
b (8i+6j)kmh* 
¢ (111+ 92]) km. 
10 a (501+ 70j)km, 
(40% + 100) km 
b 31.6 km 
aaa (6i+8j)km, Qjkm 
b 1.3km 


Exercise 13.5 
Loa 9445) 
bis 


3 (5i+12))km, I3km 


4 i 8115) it pita 


1 
5 avi b Aguada 


© +15) 
6 i Sikh! 
ii 40 minutes 


T i ab- 


i yasp 


aay eee 
iit Sars ab 


8 
iti e= @b- 5a) 
i 16 
9 ai a=2,fp=-13 
1 
ii —(3i- 4 
ii 56 i 
b OC =(1-A)a+ Ab 
¢ p=3 
Chapter 14 
Exercise 14.1 
baw bach 


c lbe™ od -8e** 


e-Be? f Sc! 


et (x? + 24" + 24-45) 
(e+) 
Be + 8y=10 


5x—6y+15In5 =0 


© y= Sex +2x-2e-1 


aa 


&-2 j xing 

1 1 B® +1 
Waris | ierins) 
1+Inx b 2x +4xinx 


telime d 1045Ins* 
z. 


x 
@ yt deln(ins) 
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Sx* (2x +3) —2(x* = 1) In (x 


Inde 4 
ra 8 ~Sansy" 
2 2In(2x +1) 

Yar). © 


(ax+3) 0-1) 


3 24+4In6, 34+2In6 


4a 


x tae 2 
x(e+D(@+2) 


B(x +)(2e+3) 
~3x-1 

(e+ 3)(e=1) 

+6x-3 

x(x—1(x+ @x—3) 

a 

xin 


x Ind 


Exercise 14.3 


cos 
2cosx—Ssinx 
~2sinx —sect x 
Bros 2x 

20sec? By 
-Gsin3x ~ 2 case 


Ssec?(3x +2) 


2cos{ 26+ =) 


-éxo(a<~) 


3sin" x cosx 

—30cos 3xsin 3x 

2sinxcosx + 2sinx 

4(3 —cosx)’ sinx 

aan (+ Bonne 
6 


12 sin xcos? x 


+ stan( 2 — £)sec! 2x-2 


xeosx + sinx 


fisin2xsin 3x 
+ 400s 2xcos3x 


w'sec' x + Qvtanx 


1+ 2cosx 
(24 cosx 
(8 


I) cosx ~ 8sinx 
(8x-1)° 


—Beot2x cosec’ Qe 


3 cosec 2x ~ Ge cot 2x 
cosec 2x 


7 


8 
9 


b -5sinSxe™™ 


© sec* xe 


d (cosxsinx)e! 


© e'(sinx +cosx) 


1 Lo(embeasnde) 
2 2 2 


& Be" cosy 
fh xe (2—xsinx) 
i cotx 


J x[2In(cosx) - xtanx] 


6 
a tanxsecx 


b ~cotx cosec x 
© ~cosec® x 

a Scot3e 

b -2tan2x 
A=3,B=5 
A=4,B=-3 


Exercise 14.4 


1 
2 


3 


4 


4x -24y =n 


bel) #(09) 


® 2 
¢ & units? 
8 


QQ, 0) 

1 
F; a(Zin5,0), 30,4) 
b C(-8,0) 


de(2e? +1) 
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Answers 


6 2p 1p 
1 9 
fyb oF 

10 2V3 p 


a1 a (-2,-2e") minimum 


b (-1,e*) maximum, 
(0,0) minimum 


¢ (In7, 9=7in7) minimum 
¢ (0,4) minimum 


e (-2,-4e") minimum, 
, 8e) maximum 


( 
at 
(« 


1 


*) ini 


‘ 


1 
go) maximum 


h (-Je=T, e*) maximum, 
( 


0,0) minimum, 


(Ye=T, e°) maximum 
12 a (0927, 5) maximum 
b (1.85, 10) maximum 


€ (0,5) maximum, 


s) minimum 
4 (5. 310) minimum 
1 


ee 
6” 2 


13 a A=2,B=8 
1 33 
b (fins, a) minimum 
14 A(1,0), B(e*,-e°) 
15 a P(0,0),0(-2, 4e*) 


b B(0,-26), c(o, e+ ) 
3c 


«af +a) 


16 b 2.7 cm* per second 


Eg 
a7 = maximum 


Exercise 14.5 


1 a y=2e-1 
2 a Leoxaecos( 4) 
in @eain( = 
~ 2sin2xsin(2) 


(sec!x) (1+ Inx)- 2 (ans) 
Pepsi esti Baa 


(Fins) 
3-08 
4a xe cos 4x + 4x" sin 4x 
cos Ax 
= 
5a - 2" 
b 2.5 
c -7.25 
6a 
A(1+21n2, 0), 
alo. ding ) 
e(1-1n2,0), 
2 
D(0,-2+In2) 
b k=(In2)° 
Ta 
b 
Bi 
ii 
oi 
oi 
412i (-1,-0.5), (1.0.5) 
Hi p= 2, g=-6, (-1,-0.5) 
minimum, (1, 0.5) maximum 
“424 2rsin@— ih TB — 


iv -0.842 


Chapter 15 
Exercise 15.1 
a ay= Byte 
5 
gytoee 
c yetatte 
4 
d yee 
z 
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(8x +2)" +6 e = 


B y= an c 


5 
3 = 2x? — Gx +. Bx 
av eeey 2 d 12-32) +6 


10 y= 2s? Be 41 5 


Exercise 15.2 eager eere 3a 
om 6 2 el 
vatee  b mht. F ape De +e 
4 
gaye done g 1Wxtl +e 


B 3 (2x-3)'+1 


1 
_ Gx +8 gsinde +e 


x : © Seo 
Exercise 15.4 


ralse b < +e 


d sn2rtc 


© ~2cos3x+¢ 


© 2c +c d f Ssin(@x+1)+e 
etete Ff Ste & Fcos(2—3x) +6 
gee up - h sin(2e~7) +0 
aes 1 Scos(1—5x)+¢ 
i +e ! 
18 


2 a xtcosxte 


: c*) 
b x? = sin Sx | + 
Exercise 15.3 3! 
Da Gog © Ssinax +2 ncos 
a io* +2 +e =} 5 2 
. « + 6x 2 ox 
b 1 (ax-5y +e 2 2 d 1-243 


3 


i 
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© Ae + 5cosde) +c 


f AV -2coss +0 


3 yasinyteosx +2 


=x—Qsinge+ 3-2 
4 yaw Bender 3-7 
5 y=2x" + Bcos2x-5 


= Scosx—Qsinx +4 


y 
a k=6 
b 


Exercise 15.6 
1 a Sinxte 


b Sin xtc 


1 
¢ sine+e 


Aneto 
3 


a 


Finis + 2) te 
f -hing-a0+ 
1 ; 


Zins Dee 


oo 


> 


4 
~=in(2—32)+¢ 
gin y 


1 
2 


7x? 
2 a otet2ine te 


In(Sx-1)+e 


b x-teaine te 


ab, 2r,, 
= 2 
fac-a 
get - 4 —-12inx + 


Sinx— as te 
® Ve 


sine te 


3 y=Zin@x— +3 


yest Bin 5 


rs 


ya1+in(s +e) 


6 a 1-2In2 
b (2n2,2in2~3) 


Exercise 15.7 


xth 


10 


12 


13 


14 


o 


Answers 


Z(xts) erate 


te 


= 


ax! + 6s! Inx 
1 sing— 1a +6 
3 


cosa — xine 


sinx = xcosx + ¢ 
L si (sins 3 
ri (sin 2x + cos 2x) + ¢ 


lay 
8x 
(x° +3) 2-7 


Exercise 15.8 


1 


27 bb Bt 


12 
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d Exercise 15.10 on 
7 un 2 -ome 
Exercise 15.12 
5 b hints 
8 1a 2x* © 6 
a -2ng 2 1 
2 2a +1 
Ps] 
are b x4 My = 93 
3 b k=2 
6 b In9-10 
4 b 628 unit 
3 5 a (0,185) — b 0.292 units! 
z 3 6 In (25¢%) 
u T aA-4 
9 a quotient = Ba Ey retinar sd 
remainder eT 
q@ 
10 2-4ins wD 
B Exercise 15.9 i 
‘ 6 
la b5S 7 
eee 
8 1 Sa-2arse 
29 b4 eee or oe 
; 9 b 5in5-4 ii 9,0) ies 
2a oi 1b x-1 
Exercise 15.11 Chapter 16 
ee Exercise 16.1 
4a be 5 - 5 
Fare 1 al25ms! b6 
os i. © 24st 
a6mst — b 10ms® 
6 a sins +xeors te 4 idtad be 
b S(r-2) , imo cal ¢ lms? 
T ax+2xinxte oF ae a 
bite 436 e 202 H 
8 a sin3x+3xcos3x ‘ $ 
1 eat 3 
b jr) 3 4 
7 34 
8 aC 
4 
Seis rar 2) b 5Ams"! 
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Answers 


5 a2 b in(2)m c 0<r< Sand t>4 cr6 d 2m 
¢ -025ms* 
et a dctea 
622 b 1.90ms 
ie pete Exercise 16.2 


8 a v=4sin%#, @=Bcosd 


« 
b .s=4 
= Exercise 16.3 
s 2232 bIB Sia 
aa 
2 2a 
¢ im 
© 
10 2 2maway from O mee 
b v= 2-4sin2, a = -8cos2r b 
n Lm 
ct=3,s= < 
12°" 6 i 
pea a (228): 
5 bO75ms*  ¢ 109m 
ws 6 pxbg=-4 
b a=—4hsin4t gli 
5 b 
Ra « 
bi 2mst r 
w 2 mst 
3 
ci Oms* a . 
2 
i 2 ms? 
9 3h ii k= 30,a=1 
ds asia b 50ms 
— 8 al-2%t-6 b 55m i 
ee ee 
a © 12m i as 
9 a12sa=12 b 574m i es 
10 2 0.6¢ms*  b 1.1m 2 
on iii 10 
aa t= 
T : 8 10 
wi 30 - 224 00 
te Fe + 90 
iva 78 
b 88.5 
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Index 


absolute value see modulus 
acceleration 405, 412— 
signs for 405. 
addition 
of polynomials 71-2 
of vectors 316 
addition/subtraction rule, for differentiation 277. 
310 
amplitude 196, 198-9 


angles 
between 0° and 90° 187-90 
general definition 190-1 


negative 190, 220 
positive 190, 290 
approximations 291-3, 310 
ares 174 
length 174-6 
areas 
bounded by graphs of two functions 393 
rectilinear figures 148-51 
regions bounded by line and curve 392-6 
sector 177-80 
under curves 385-92, 397 
arithmetic progressions 259-7 
common difference 2! 
formula tor nth term 252 
notation 252 
sum 
arithmetic series 253-5, 267-9 
arrangements 22 
rule for 226 


base 50 
change of 124-6 

binomial 244 

binomial expansions 249-51, 269 

binomial theorem 249-51, 269 

boxing in method 149, 150 


Cartesian plane 190 
chain rule 280-2, 310 
change of base rule 124-6 
chords 174 

gradients of 275-6, 291 
circular measure 170-80 
collinear points 316 


combinations 232-7 
order and 232-2 
rule for finding 238 

common difference 252 

common ratio 257 

completing the square method 25, 29-30 

composite functions 5~7 

conjugate surds 60 

convergent series 263 

cosecant function (cosec) 216-17 

cosine function (cos) 187, 192 
amplitude 196, 199 
derivative of 345-50 

hs of 195-6, 199-200, 202 
integration of 370-2 
period 196, 199 
sign of , 20 

cotangent function (cot) 216-17 

cubic equations 78-82 

cubic inequalities 102-3 

cubic polynomials 71, 78- 

curve 
area of region bounded by line 392-6 
area under 385-92, 397 
intersection of line and 42-4 


98-101 


definite mtegrals 
degree, of polynomial 71 
degrees 171 
converting from radians to 172 
converting to radians from 172 
ionalising 60-3 


denominator 
derivatives 276 
of cos (ax +b) 347 
of ef 338-9 
of exponential functions 387-40, 350-6 
first 298 
of In f(x) 341-2 
of logarithinic functions 341-5, 350-6 
second 298-9 
and stationary points 302-3 
of sin (ax+0) 347 
of tan (ax +b) 847 
of trigonometric functions 845-56 
see also differentiation 
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differentiation 274-311, 386-56 
addition/subtraction rule 277, 310 
applications in kinematics of 404-12 
approximations 291-3, 310 
chain rule 280-2, 310 
first derivative 298 
from first principles 276 
notation 276 
power rule 276-80, 310 
product rule 282-4, 310 
quotient rule 285-7, 310 
rates of change 204-8 

connected 295 
reversed, integration as 362-5, $72, 375, 397 
scalar multiple rule 277, 310 
second derivatives 298-9 
and stationary points 302-8 
see also derivatives; stationary points 

iminant 39-40 

displacement 316, 404, 412-13, 418 
signs for 405-6 

distance 403 

distance-time graphs 403 

dividend 73 

division 
of polynomials 73-5 
of surds 58 

division law 118 

divisor 75 

domain 3, 12 


© 126,338 
elimination method 24 
equations 
cubic 78-82 
involving indices sve exponential equations 
involving surds 63-6 
logarithmic 120-1 
modulus 90-4 
quadratic see quadratic equations roots 39 
of type lax + b] = lex + d| 90-4 
‘equivalent to’ symbol 90 
exponential equations 
practical applications 128-9 
solving 51-4, 122-8 
exponential functions 111-35 
derivatives of 337-40, 350-6 
graphs of 129-32 
“integration of 368270 
inverse of 133-4 
exponents sevindices 


Inde 


factor theorem 75-8, 86 
factorial notation 225 
factorisation method 25 
factors, of polynomials 75-86 
Ferris wheel 195 
fractions, rationalising denominator 60-3 
functions 1-18 
composite 5~7 
definition 3 
domain 3,12 
exponential see exponential functions 
gradient 275-80 
inverse 12-15 
of exponential functions 133-4 
graphs of 15-18 
of logarithmic funetions 133-4 
Jogarithmic see logarithmic functions 
modulus 7-9 
periodic 196 
range 3, 12 
trigonometric see trigonometric functions 


geometric progressions 257-62 
common ratio 257 
formula for nth term 257 
notation 257 
sum 259-60 
geometric series 262-9, 270 
condition for convergence 263, 270 
infinite 262—7 
geometry, of vectors 323-7 
gradient 
curve 275-6 
line 139, 275 
parallel lines 139, 143-5 
perpendicular lines 139, 143-5 
gradient function 275-80 
graphs 89-106 
of cubic polynomials and their moduli 98-101 
of exponential functions 129-32 
of functions and inverses 15-18 
of logarithmic functions 129-32 
in solving cubic inequalities 102-8 
in solving equations of type 
Jax+ b| = |ox= d| 91,92 
in solving modulus inequalities 94-8 
see straight-line graphs 
netions/ ratios 195-20! 


of y= asin bx+¢ 196, 199 
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of y=asin x 197 
of y=atan bx +c 196, 199 
of y=cos x 195-6 


of y=e* 129 
ofy=ke™+a 130-2 
of y= kin ax +b 130-2 


of y=sin bx 197-8 
of y=sin x 195-6 
ofy 
ofy 


of y= |f(s)] 
where f(x) is lincar 10-12 
where f(x) is quadratic 34~7 
where f(x) is trigonometric function 205-7 


image sct see range 
indefinite integrals 365-7, 375-8, 397 
indices 49-54 
rules of 50, 67 
simplifying expressions involving 50-1 
solving equations involving 51-4, 122-3 
inequalities 
cubic 102. 
linear 37 
modulus 948 
quadratic 37-9 
inflexion, points of 301-2 
instantaneous rest 406, 418 
integration 361-98 
applications in kinematics of 412-18 
area of regions bounded by line and curve 
392-6 
area under curve 385-92, 597 
areas bounded by graphs of two functions 393, 
98 
of cosine functions 370-2 
definite 378-85, 397 
as differentiation reversed 362-5, 372, 375, 397 
of exponential functions 368-70 
formulae for 397 


3 


of functions of form. 


1 
Carry 
of functions of form 4, 872-5, 380, 388-9 


of functions of form (ax+ 8)" 367-8 
indefinite 365-7, 375-8, 397 
of powers of ¥ 36 
ofsine functions 370-2 
symbol for 365 


inverse functions 12-15 
of exponential functions 133-4 
graphs of 15-18 


of logarithmic functions 189-4 


kinematics 402-18 
applications of differentiation in 404-12 
applications of integration in 412-18 


laws of logarithms 118-19, 134 
length 
are 174-6 
line 139 
problems involving 140-8 
linear inequalities 37 
linear polynomials ‘71 
line(s) 
equations of straight 139, 145-8 
gradient 139, 275 
intersection of curve and 42-4 
length 189 
mid-point 139 
parallel 139, 145-5 
perpendicular 129, 143-5 
problems involving length and midpoint 140-3 
see also straight-line graphs 
logarithmic equations, solving 120-1 
logarithmic functions 111-35 
change of base of 124-6 
derivatives of 341-5, 350-6 
graphs of 129-32 
inverse of 1334 
laws/rules of logarithms 118-19, 134 
natural logarithms 126-7, 135 
product rule for 135 
to base 10 112-15 
tobase @ 115-17 
many-one mappings 2 
mappings 2 
many-one 2 
one-many 2 
one-one 2 
maximum points 28-33, 300 
first derivative test for 300, 311 
practical problems 505-10 
second derivative test for 302, 811 
mid-point of line 139 
problems involving 140-3 
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minimum points 28-83, 300 
first derivative test for 300, 311 
practical problems 305-10 
second derivative test for 308, 311 

modulus 
of number 7-9 
of vector 316 

modulus equations 90-4 

modulus inequalities 94-8 

motion diagrams 404 

multiplication 
of polynomials 71-2 
of surds 57-8 
of vector by scalar 316 

multiplication law 118 


natural logarithms 126-7, 135 
non-linear equations 
converting from linear form to 155-8 
converting to linear form 151-4 
finding relationships from data 159-64 
normals 287-91 
equations of 288, 310. 


one-many mappings 2 
one-one mappings 2 
order 
and combinations 232-3 
and permutations 220-30 


parabola 28 

intersection of line and 42-4 
Pascal's triangle 244-8 
period 196, 199 
periodic functions 196 
permutations 220-82 

notation 229 

order and 229-80 

rule for finding 229 
points of inflexion 301-2 
polynomials 70-86 

addition 71-2 

cubic 71, 78-82, 98-101 

definition 71 

degree 71 

division 73-5 

factor theorem 75-8, 86 


Index 


multiplication 71-2 
quadratic 71 
quartic 71 
remainder theorem 82-6 
subtraction 71-2 

position vectors 319-23, 331 

power law 118 

power rule 276-80, 310 

powers serindices 

product rule 
for differentiation 282-4, 310 
for logarithms 135 

progressions 252 
arithmetic see arithmetic progressions 
geometric we geometric progressions 
rule forall 254 


quadrants 190-1 

quadratic equations 25, 28-87, 39-41, 103-6 
completing the square method 25, 29-30 
condition for real roots 42, 45 
and corresponding curves 45 
factorisation method 25 
graphs of y ~ |f(x)| where F(x) is quadratic $4-7 
maximum values 28-33 
minimum values 28-33 
more complex 103-6 
quadratic formula method 25 
roots of 39-41 

quadratic formula 39 

quadratic formula method 25 

quadratic inequalities 37-9 

quadratic polynomials 71 

quartic polynomials 71 

quotient 73 

quotient rule 285-7, 310 


radians 171 
converting from degrees to 172 
converting to degrees from 172 
range 3, 12 
rates of change 294-8 
connected 295 
rectilinear figures, areas 148-51 
remainder theorem 82-6 
rest, instantaneous 406, 418 


o —_ 
of quadratic equations 39-41 
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scalar multiple rule, for differentiation 277, 310 
scalars 316, 403 
secant function (sec) 216-17 
sectors 174 
area 177-80 
segments 174 
series 243-70 
arithmetic 253-5, 267-9 
convergent 263 
definition 253 
geometric sez geometric series 
infinite 262 
sev also progressions 
shoestring/shoelace method 149 
simultaneous equations 23—4, 25-7 
elimination method 24 
one linear and one nondinear 25-7 
substitution method 24 
sine function (sin) 187, 192 
amplitude 196, 198-9 
derivative of 345-5) 
equivalent uigonometric expressions for 215 
graphs of 195-9, 201-2 
integration of 370-5 
period 196, 199 
gn of 192-3, 220 
small increments 291-3, 310 
speed 403 
constant 327 
see also velocity 
speed-time graphs 403 
stationary points (turning points) 28, 300-4, 310 
ofinflexion 301-2 
second derivatives and 302-3 
se alo maximum points; minimum points 
stepping stone game 248 
straightline graphs 138 
areas of rectilinear figures 148-51 
converting from linear form to non-linear 
equation 155-8 
converting from non-linear equation 
to linear form 151-4 
equations of straight lines 139, 145-8 
finding relationships from data 159-64 
see also line (s) 
substitution method 24 
subtraction 
of polynomials 71-2 
of vectors 316 


surds 55-67 
conjugate 60 
division 58 
multiplication 57-8 
rationalising denominator of fraction 60 
rules of 67 
simplification 57-60 
solving equations involving 63-6 


tangent function (tan) 187, 192 
derivative of 346-50 
graphs of 196, 199 
period 196, 199 
sign of 192-8, 220 
tangents 45, 287-91 
equations of 288, 810 
tetrahedral numbers 245 
wanslation 198-9 
trigonometric equations 208-18, 215-17 
trigonometric functions/ratios 187 
derivatives of 345-56 
of general angles 192-4 
graphs of 195-205 
graphs of y =|f(x)| where f(x) is trigonometric 
function 205-7 
igns of 192-3, 220 
sketching 200-2 
sve als cosecant fun 
function; cotangent 
function; secant function; 
sine function; tangent, 
function 
trigonometric identities 214-15, 218-19, 220 
trigonometry 186-220 
equivalent trigonometric expressions 215 
sev also angles; trigonometric 
‘equations; trigonometric 
functions/ratios; 
trigonometric identities 
turning points sve stationary points 


cosine 


vectors 315-31 
addition 316 
component form 317 
constant velocity problems 327-80 
definition 316, 403 
equal 316 
geometry 323-7 
jnotation 317 


‘Scanned with CamScanner 


magnitude 316 velocity 327, 331, 404-5, 412-13, 418 


modulus 316 constant, problems 327-30 
inultiplication by scalar $16 signs for 405-6 
notation 816, 317-19 splitting into components 328-9 


position $19-23, 881 
subtraction 316 
unit 317 


459 
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Converting from degrees to radians 


x 
Since 180° =n, then 90° = 2, 45° = i 


Angles that are not simple fractions of 180° can be converted using the 
following ru 


ae 


To change from degrees to radians, multiply by 7. 


Converting from radians to degrees 
since n= 180°, © = 30°, © = 18° etc. 

6 10 
Angles that are not simple fractions of x can be converted using the 
following rule: 


To change from radians to degrees, multiply by “2. 
™ 


(it is useful to remember that I radian = 1x 182 = 57.) 


1 
WORKED EXAMPLE 1 


@ Change 60° to radians, giving your answer in terms of m, 


b Change = radians to degrees. 
Answers 
2 Method 1: Method 2: 
x 
180° = 60° = (60x 4) radians 
sear (00%) a 
K 
2) eee 60° = radians 
60° 
Db Method 1: 


me radians = 180° 


x . 
= nadians = 36 


on 
= radians = 108° 
5 
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Chapter 8: Circular measure 


Exercise 8.1 
1 Change these angles to radians, in terms of t. 


a 10° b 20° © 40° 50° es 
f 120° gu ht BHO" 720" 
k 80° 13007 om n 75° © 210° 
2 Change these angles to degrees. 
K 1 X n on 
Ld b2 = a? on 
2 é ba 9 ae) 
he an bx Bn on 
eZ us b= i= le 
5 20 12 20 4 10 
6n Tn 8x on 
ko U 3x my ies o> 
3. Write cach of these angles in radians correct 10 8 sf. 
a 32° b 55 © st 413° e UT 
4 Write each of these angles in degrees correct to 1 decimal place. 
a lSrad — b 25rd € 10rd a L8Brad @ O.58rad 
5 Copy and complete the tables, giving your answers in terms of x. 
a [Degrees | 0 | 45 | 90 | 135] 180 | 225 | 270 | 315 | 360 
Radians | 0 5 on 


> [Degrees] 0 | 30 | 60 | 90 | 120] 150] 180 | 210 | 240 | 270 | 300] 330 | 360 


|Radians 0 n 2a 
6 Use your calculator to find 
a sinl.3rad b tan08rad ¢ sin 1.2rad Note: 
@ sin ie eee f unt You do not need to change the 
3 


angle to degrees. You should 
set the angle mode on your 
calculator to radians, 


CHALLENGEQ 
7 Annais told the size of angle BAC in degrees and she is 
then asked to calculate the length of the line BC, She Cc 


uses her calculator but forgets that her calculator is in 
radian mode, Luckily she still manages to obtain the 
correct answer. Given that angle BAC is between 10° 

and 15°, use graphing software to help you find the size 
‘of angle BAGin degrees correct to 2 decimal places. 
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